CHAPTER 2
Derivatives

Review of Prerequisite Skills,
pp. 62-63

l.a.a® X @ = a°*3
b. (—24*) = (=2)%a?)?
— _8(a2><3)
= —8a°
4p” x 6p°  24p’"?
C. 12p°  ~ 12p"
= Qpl6-15
= 2Zp
d. (a3 2) = (a5 2)
— a72b77
_ 1
@b’
e. (3¢°)(2¢°)" = (3)(e")(2*)(e’)*
= (3)(2*)(e)(e™)
= (3)(16)(e"" )
= 48¢'®
o Ga20 (b)) 3= 1Pla)p)
' 124’ a 12a°p
_ —6(a_1_5)(b3_2)
12
i (G (1)
2
__b
240

3. A perpendicular line will have a slope that is the
negative reciprocal of the slope of the given line:

-1
a. slope = ——
3

3

2
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-1
b. slope = —
2
=2
-1
c. slope = ——
3
__3
5
-1
d. sl =—
slope 1
=1
—4 — (=2
4. a. This line has slope m = ﬁ
_ 2
-12

_1

The equation of the desired line is therefore
y+4==%x+3)orx — 6y — 21 =0.

b. The equation 3x — 2y = 5 can be rewritten as
2y = 3x — Sory = 3x — 3, which has slope 3.
The equation of the desired line is therefore
y+5=3(x+2)or3x — 2y — 4 =0.

c. The line perpendicular to y = 3x — 6 will have

-1
slope m = = —3% The equation of the desired line

-Nu‘

is therefore y + 3 = —3(x — 4)ordx + 3y — 7 = 0.
5.a. (x — 3y)(2x + y) = 2x* + xy — 6xy — 3y’
= 2x% — Sxy — 3)?
b. (x — 2)(x* — 3x + 4)
=x—3x" +4x —2x* + 6x — 8
=x -5+ 10x — 8
c. (6x —3)(2x +7) = 12x* + 42x — 6x — 21
= 12x* + 36x — 21
d.2(x +y) — 5(3x — 8y) = 2x + 2y — 15x + 40y
= —13x + 42y
e. (2x — 3y)* + (5x + y)?
= 4x* — 12xy + 9y* + 25x* + 10xy + y*
= 29x% — 2xy + 10y?
f.3x(2x — y)> — x(5x — y)(5x + y)
= 3x(4x* — 4xy + y?) — x(25x% — y?)
= 12x° — 12x% + 3xy? — 25x° + x)?
= —13x° — 12x% + 4xy?
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6. a 3x(x +2) 5x° _ 15x*(x + 2)
t x? 2x(x +2) 2 (x + 2)
:1275)6473
15
= x
x#+0,-2
y (y —5)
b'(y -5 4
_ Yy =350 ~-5)
4y°(y + 2)(y = 5)
__y=5
4y +2)
y# —2,0,5
4 9 4 2(h + k)
“hrk 20h+k) Ktk 9
_ 8(h + k)
C9(h + k)
8
9
h+—k
(x+y)x—y) . (x+y)
S5(x —y) . 10
_ () —y) 10
5(x—y) (x +y)
_10(x + y)(x — y)
5(x = y)(x +y)’
2
S (x+y)?
xX#F -y, +y
x =17 S5x x—=—7x-1) (5x)(2x)
e. + =
2x x—1 2x(x — 1) 2x(x — 1)
_)62—7)c—x+7-i-10x2
a 2x(x — 1)
B 1162 — 8 + 7
o 2x(x - 1)
x#0,1
£ x+1 x+2
"x—2 x+3
C(x+Dx+3) (x+2)(x—2)
S (x=2)(x+3) (x+3)(x—2)
X+ x+3x+3-x+4
a (x +3)(x —2)
. 4dx + 7
T (x+3)(x —2)
x#+ —3,2

7.a.4k* — 9 = (2k + 3)(2k — 3)

2-2

b.x? +4x — 32 =x*+ 8 — 4x — 32
=x(x +8) —4(x +8)
=(x—4)(x +8)

c.3—4a—7=3a">—Ta+3a—17

a(3a—7) +1(Ba—-17)
=(a+1)Ba—-17)
dx*-1=x+1DE*-1)
=X+ DEE+1Dx-1)

ex’—y = (x—y)*+xy+y>)

A -5 +4=rF—4>-r+14
=r(rr—4)—-1(r*—-4)

(=1 —4)

=r+D(r—-1D+2)(r—2)

8. a. Letting f(a) = a® — b%, f(b) = b* — b?

=0

So b is a root of f(a), and so by the factor theorem,

a — b is a factor of a® — b*. Polynomial long

division provides the other factor:

a’* + ab + b*
a—bd + 0%+ 0a — b
a® — a’b
a*b + 0a — b?
a*b — ab?
ab* — b®
ab* — b*
0

Soa® — b’ = (a — b)(a* + ab + b?).

b. Using long division or recognizing a pattern from

the work in part a.:

@ — b= (a— b)(a" + a’b + a*b* + ab® + b*).

c¢. Using long division or recognizing a pattern from

the work in part a.: a’ — b’

= (a — b)(a® + @b + a'b* + a’b’

+ a*b* + ab’® + b°).

d. Using the pattern from the previous parts:

a'—b"=(a—b)(a" '+a"h+ a3+ ...
+a’h" 3+ ab" "t + b,

9.a.f(2) = -2(2) +3(2>) + 7 — 2(2)
=-32+12+7—-4

=17
b f(—1) = —2(—1)* + 3(=12 + 7 — 2(—1)

= —2+3+7+2

=10

4 2
N f@) _ _2@ ; 3@ 7 2@)
1 3

=gt t7-1

_ 3

-8
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1) 1\2 <1>

=2 =) +3(-=) +7-2(-—=

(4 3(4 / 4
+

10. a 3 = 73\5
V2 (V2)(V2)
_3\V2
2
4-V2  (4—V2)(V3)
Vi (VB)(V3)
_4V3 -6
3
2+3V2  (2+3V2)(3 +4V2)
“3-42T (3-4V2)(3 + 4V2)
64+ 9V2+8V2 +12(2)
- 32 — (4V2)
30+ 17V2
~9-16(2)
30 +17V2

b.

23
3V2 —4V3  (3V2 - 4V3)(3V2 — 4V3)
"3V2+4V3 T (3V2 + 4V3)(3V2 — 4V3)
~(3V2)2 - 24V6 + (4V3)?
- (3V2)* = (4V3)
~9(2) —24V6 + 16(3)
a 9(2) — 16(3)
66 — 246
30
11 — 4V6
5

11. a. f(x) = 3x* — 2x
When a = 2,
fla+h) = fla) fQ2+h)~-f(2)
h h
32+ h? -2 +h) —[3(27 —2(2)]
a h
_3(4+4h+ ) —4-21n-38
h
12 + 12h + 3h* — 2h — 12
h
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_ 31* + 10h

ok

=3h + 10

This expression can be used to determine the slope of
the secant line between (2, 8) and (2 + A, f(2 + h)).
b. For & = 0.01: 3(0.01) + 10 = 10.03

¢. The value in part b. represents the slope of the
secant line through (2, 8) and (2.01, 8.1003).

2.1 The Derivative Function, pp. 73-75

1. A function is not differentiable at a point where its
graph has a cusp, a discontinuity, or a vertical tangent:
a. The graph has a cusp atx = —2, so f'is
differentiable on {x e R|x # —2}.

b. The graph is discontinuous at x = 2, so fis
differentiable on {x e R|x # 2}.

c¢. The graph has no cusps, discontinuities, or
vertical tangents, so f'is differentiable on {x € R}.
d. The graph has a cusp at x = 1, so fis
differentiable on {x e R|x # 1}.

e. The graph has no cusps, discontinuities, or
vertical tangents, so f is differentiable on {x e R}.

f. The function does not exist for x < 2, but has

no cusps, discontinuities, or vertical tangents
elsewhere, so fis differentiable on {x e R|x > 2}.
2. The derivative of a function represents the slope of
the tangent line at a given value of the independent
variable or the instantaneous rate of change of the
function at a given value of the independent variable.

Y Y
4- 4

2 /"? 2_
X

A L T
N
w-

SOEP 20| By
V L
i i)
4. a. f(x)=5x -2
fla+h)=5@a+h)—-2
=5S5a + 5h —2
fla+h) — fla) =5a +5h — 2 — (5a — 2)

Sh
b. fx)=x*+3x—1
fla+h)=(a+h)>+3(a+h)—1
=a*>+ 2ah + h* + 3a
+3h -1
f(a + h) — f(a) = a* + 2ah + h* + 3a + 3h
—1—(a>+3a—-1)
= 2ah + h* + 3h
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fx)=x—4x + 1 Cian s
fla+h)y=(a+h)?’—4(a+h)+1 « f(o)_}llg(l)

e

f(O + h) — f(0)
h

=a’ + 3a*h + 3ah* + 1’ T - VT
—d4a — 4h + 1 = lim
fla + h) — f(a) = d® + 3a®h + 3ah*> + K® — 4a heo\/ih
— 4+ 1 (@ —da+ 1) TN 2
= 3a’h + 3ah* + h® — 4h h0 L -
d. fx)=x+x—-6 :lim(\/h+1—1)(\/h+1+1)
fla+h) = (;1+h)2+(621+h)—6 h—0 h(\/th—i—l)
fla+h)—fla)=a>+2ah + > +a+h—6 :hm(\/m) 1
— (@®+a—6) haoh(\/erl)
=2ah + h* + h o Bt 1—1
e flx) = ~7x + 4 —0h(Vh+1+ 1)
fla+h)=~T(a+h)+4
f(a+h)—f(a)= —T7a —Th +4 — (_7a+4) h—>0(\/h+1+1)
— = lim——
f. f(x)=4—-2x—x* 'HO(\flJrl)
fla+h)=4—2(a+h)— (a+h) B
=4 —2a—2h—a*>—2ah— W —2
f(a+h) — f(a) =4 —2a — 2h — &* — 2ah , . f(=1+h)—f(—-1)
— W =442+ d® d.f(—1):}11123) 2
= —2h — h* — 2ah s s
’ = fim /() =S = ljm=Lthr -1
5. a. f(l)—llgir(]) p hl_l‘)I(l) ;
+ h)> — 12 s
SPYIN C L) it R
h—0 h =11m?
1 +2h+ K -1 h—0
= lim . S S e m
h—0 o 2 1+
C2h+ K _},Lmo -
= lim
fm 2+ 35S
“lme s g ek
o =lim——
th)— o h(—=1 4+ h)
b. '(3) = lim! G =)
h—0 h IR T
= lim .
h—0 h _ 5
(3 +303)+1) ) :;
h =
—+ —
. 9+6h+h +94+3h+1-19 6-a.f’(x):1imf(x h) — f(x)
:}IHI;I) h h—0 h
— ) ! ) . . i
. 9n+ n? - lim S5(x +h) — 8 — (—5x — 8)
:’lllmo h h—0 h
n B —5h — 8 + +
— im(9 + /) = lim > 8 + 5x +8
. h—0 h
=9
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b. f'(x) = lim

flx + h) — f(x)
h

= lim
h—0

h
(2% + 4x)}
h
{2}(2 + dxh + 2h% + 4x
h
4h — 2x* — 4x}
+ -
h
dxh + 2h* + 4h
m

h—0 h

= lim (4x + 2h + 4)
h—0

=4x +4
f(x + h) — f(x)
h

_ -
~ lim 6(x +h)y —7(x+ h)

h—0 | h
B (6x° — 7x)}

h

. [6x® + 18x*h + 18xh* + 6h°
= lim

h—0 | h

—7x — Th — 6x° + 7x]
+

{Z(x + h)* + 4(x + h)

= lim
h—0

¢ f'(x) = lim

h
. 18x%h + 18xh?> + 6K* — Th
= lim
h—0 h
= ;lllmo (18x* + 18xh + 6h> — 7)
=18x*> — 7
, . fx +h) — f(x
d'f(x):,ljf})( ;)l (x)
. V3(x+h)+2—V3x+2
= lim
h—0 h
V3 +3h+2—-V3x+2
= lim
h—0 h
. [(V3x +3h+2 - V3x +2)
= lim "
h—0

(V3x +3h +2 + V3x + 2)

><(\/3x+3h+2+\/3x+2)
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~im (V3x +3h + 2P — (V3x + 20
n-0 h(V3x +3h + 2+ V3x + 2)
— lim 3x+3h+2—-3x—-2
n-0 h(V3x +3h + 2 + V3x + 2)
. 3
_}llir(l)\/3x+3h+2+\/3x+2
3
C2\V3x +2
7.a.Lety = f(x), then
+ —
dx h—0 h
_ lim6 —7(x + h) — (6 — 7x)
h—0 h
. 6—Tx—Th—6+"Tx
= lim
h—0 h

= hm

= lim —7
h—0

=7
b. Let y = f(x), then
ay _ oy S+ h) — f(x)
& @) = lm h

x+h+1_x+1
— 1 x+h—-1 x —1
hlilé h
x+h+1D(x—-1)
— lim x+h-=1)(x—-1)
h—0 h
(x+D(x+h—-1)
(k=D +h-1)
h
X2+ hx +x—x—h-1
(x+h—=1)(x—1)

:1.
hlg(l) h
x2+hx —x+x+h—-1
x+h—-1)(x-1)
h
—2h
. (x+h-1D(x-1)
= lim
h—0 h
= lim 2
so(x+h—1)(x—1)
__ 2
(x — 1)
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c. Let y = f(x), then
dy .\ _. fx+h) - flx)
= /() = lim

h
2 a2
_ lim3(x + h)” — 3x
h—0 h
. 3x? + 6xh + 30 — 3x?
= lim
h—0 h
. 6xh + 3K
= lim—
h—0 h
= lim 6x + 3h
h—0
= 6x

8. Let y = f(x), then the slope of the tangent at
each point x can be found by calculating f' (x)

)  fim ) = )

h
+ h)? - +h) — 2x* +
_ limZ(x h)y —4(x + h) — 2x" + 4x
h—0 ]’l
. [2)62 + 4xh + 2h* — 4x — 4h
= lim
h—0 h
—2x* + 4x}
+ -
h
. dxh + KW — 4k
=lim———
h—0 h
=limd4x + h — 4
h—0
=4x — 4

So the slope of the tangent at x = 0 is
f(0) =4(0) — 4
= —4

At x = 1, the slope of the tangent is

f(1)=4(@1) -4
=0
At x = 2, the slope of the tangent is
£(2)=4(2) - 4
=4

Y

2-6

b. Let y = f(x), then the slope of the tangent at
each point x can be found by calculating f(x)

o) = tim ) 1)

T RY — P
SN CRAD it

h—0 h

X+ 3R+ R =X
= lim

h—0 h

o 3x%h 4+ 3xh* + W
= lim

h—0 h
= lim 3x*> + 3xh + K?

h—0
= 3x?

So the slope of the tangent at x = —2 is
f(=2) =3(-2)
=12

At x = —1, the slope of the tangent is
fi(=1) = 3(=1)?

=3
At x = 0, the slope of the tangent is

f(0) =3(0)
-0

At x = 1, the slope of the tangent is

fr(1) =371y
=3

At x = 2, the slope of the tangent is

) =300
=12
C. Yy
12
O_
8_
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d. The graph of f(x) is a cubic. The graph of f'(x)
seems to be a parabola.

10. The velocity the particle at time 7 is given by s'(¢)

s(t+ h) —s(r)

"(r) =1
s'(0) hl—r>r(1) h
— 2 — (=
Cm (t+h)?+8(t+h)— (—£+8)
h—0 h
.~ —2th—h +8+8h+ 1 —8t
= lim
h—0 h
. —2th— W+ 8h
= lim
h—0 h
=lim —2t—h + 8
h—0
=—2t+8
So the velocity at t = 0 is
s'(0) = —=2(0) + 8
=8m/s
At t = 4, the velocity is
s'(4) = —2(4) + 8
=0m/s
At t = 6, the velocity is
s'(6) = —2(6) + 8
= —4m/s

1. (0 = tim G = 1)

Vx+h+1-Vx+1

=1
hlg(l) h
[(Vx+h+1—Vx+1)
= lim
h—0 h

><(\/x+h+1+\/x+1)

(Vx+h+1+Vx+1)
Cim (Vx+h+1P—(Vx+1)2
0 A(Vx+h+1+ Vx+1)
— lim x+h+1—-x-1
Casoh(Vx+h+ 1+ Vx + 1)

h
=i
ioh(Vx + h+ 1+ Va+ 1)

1
=1li
hglé(\/x+h+ I+ Vx+1)
_ 1
2Vx + 1

The equation x — 6y + 4 = 0 can be rewritten as
y = 1x + 2 so this line has slope i. The value of x
where the tangent to f(x) has slope ¢ will satisfy

r =4

Calculus and Vectors Solutions Manual

1
2Vx +1 6
6=2Vx+1
2:( )2
9=x+1
8=x
f(8)=\/8T1
=9
=3

So the tangent passes through the point (8, 3), and its
equationis y — 3 = 2(x — 8) orx — 6y + 10 = 0.
12. a. Let y = f(x), then

d £(x) = f(x

h) — f(x)
h

- limg
h—0
0
= lim—
=)
=0
b. Let y = f(x), then

gxzfgjzhmﬂx+h)—ﬂw

(x+h)—x

c. Lety = f(_x) then
@) = iR =0

m(x+h)+b—mx—b
m
h—0 h
mx +mh+b—mx—0>b

d Lety f(x), then
D p = il 1)

h—0

2
- lim a(x +h)+b(x+h)+c
h—0 h
_ (ax* + bx + ¢)
h
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ax® + 2axh + ah® + bx + bh

= 1'
hlg(l) h
—ax> — bx — ¢
h
2axh + ah* + bh
= lim
h—0 h

= }11in(1) (2ax + ah + b)

=2ax + b
13. The slope of the function at a point x is given by

) = i I

h
R — O
BTN C R0 M
h—0 h
X+ 3h 3k + R - )P
= lim
h—0 h
3x*h + 3xh* + K
= lim
h—0 h
= lim 3x*> + 3xh + K?
h—0
= 3x?

Since 3x” is nonnegative for all x, the original
function never has a negative slope.
14. h(t) = 18t — 4.97

h(t + k) — h(r)

. h(t) =1
= w0) = im

k
_ 2
_ lim18(t + k) —49(t + k)
k—0 k
(18t — 4.97)
k
. 18t + 18k — 4.9 — 9.8tk — 4.9k
= lim
k—0 k
_ 18t + 4.9
k
. 18k — 9.8tk — 4.9k
= lim
k—0 k
= 1lim (18 — 9.8t — 4.9k)
k—0
=18 — 9.8t — 4.9(0)
=18 — 9.8¢

Then A’ (2) = 18 — 9.8(2) = —1.6 m/s.

b. 4’ (2) measures the rate of change in the height
of the ball with respect to time when ¢ = 2.

15. a. This graph has positive slope for x < 0, zero
slope at x = 0, and negative slope for x > 0, which
corresponds to graph e.

b. This graph has positive slope for x < 0, zero
slope at x = 0, and positive slope for x > 0, which
corresponds to graph f.

2-8

c¢. This graph has negative slope for x < —2,
positive slope for —2 < x < 0, negative slope for
0 < x < 2, positive slope for x > 2, and zero slope

atx = —2,x = 0, and x = 2, which corresponds to
graph d.
16. This function is defined piecewise as f(x) = —x?

for x < 0, and f(x) = x* for x = 0. The derivative
will exist if the left-side and right-side derivatives are
the same at x = O:

0+ h)—f(O
LSO+ h) = f0) _

h—0" h

—(0 + h)> — (—0?)

o FO+ 1) = £(0)

h—0* h

2 _ (2
lim (0 + h)*> — (0?)
h—0* h
2
= lim £
h—0" h

= lim (h)

h—0"
=0
Since the limits are equal for both sides, the derivative
exists and f'(0) = 0.
17. Since f'(a) = 6 and f(a) = 0,
Jla+h) = f(a)

6 = li
hl—% h
_l’_ —_
6 = lim! /) 0
h—0
. fla+h)
3 = lim L
o 2h
18. 5
6_

N
1 1
i\/

>3 Il

=] 12

o gt
N
1%

f(x) is continuous.

f3) =2

But f'(3) = oo.

(Vertical tangent)

19. y = x> — 4x — 5 has a tangent parallel to
2x —y=1.

Let f(x) = x> — 4x — 5. First, calculate

P00 = im0 = )

Chapter 2: Derivatives



e B
~ lim (x+h)y—4(x+h)—-5
h—0 | h
_(x2—4x—5)}
h
X+ 2xh+ W —4x —4h -5
= lim
h—0 [ h
—x2+4x+5]
h
. 2xh + h* — 4h
=lim——
h—0 h
=limQ2x + h — 4
fm@x 4= 4)
=2x+0—4
=2x — 4

Thus, 2x — 4 is the slope of the tangent to the curve
at x. We want the tangent parallel to 2x — y = 1.
Rearranging, y = 2x — 1.
If the tangent is parallel to this line,
2x—4=2
x =3
Whenx =3,y = (3)> —4(3) — 5= -8
The point is (3, —8).
20. f(x) = x*
The slope of the tangent at any point (x, ¥?) is

S ) = f)

! h—0 h
2 _ 2
~ lim (x +h) —x
h—0 h
:lim(x+h+x)(x+h—x)
h—0 l’l
_ limh(2x + h)
h—0 h

= lim(2x + h)
h—0

=2x+0
= 2x

Let (a, a*) be a point of tangency. The equation of

the tangent is
y —a = (2a)(x - a)
y = (2a)x — a*
Suppose the tangent passes through (1, —3).
Substitute x = 1 and y = —3 into the equation of
the tangent:
-3 =(2a)(1) - &

@ —2a—-3=0

(a=3)(a+1)=0
a=—-1,3

So the two tangents are y = —2x — 1 or

2x+y+1=0andy=6x —9o0r6x —y —9=0.
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2.2 The Derivatives of Polynomial
Functions, pp. 82-84

1. Answers may vary. For example:

d
constant function rule: df(S) =0
X

power rule: E(f) = 3x?

d
constant multiple rule: ?(4x3) = 12x*
x

d
sum rule: a(x2 + x) =2x+1

d
difference rule: a()f —x*+3x)=3x"—-2x+3
d d
2.a.f"(x) = —(4x) — ——(7
a.f(x) = S (4) = (])

d d
=40 ——(7)
=4(x°) -0

b () = () = ()

= 3x? — 2x
c fi(x)= dix(—xz) + dix(Sx) + dix(g)
d

d d
—a(xz) + Sa(x) + 5(8)

=—(2x) +5+0
=—-2x+5
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f. f'(x) = %(x‘3)

= (=3)(x7)

3x 4

3a. 0 (x) = dii((zx +3)(x + 4)

= %(2;& + 8x + 3x + 12)

d, d d
= — + — + —
dx(zx ) dx(nx) dx(lZ)
d, , d d
—(x) + 11— (x) + —(12
=2(2x) + 11(1) + 0

=4x + 11

=2

d
b. f'(x) = E(M + 5x% — 4x — 3.75)

ds

d

d
:723 + —
dx(x) dx

(5¢) = - (4x)

d
- (375
2 7)

d d

d
= 25()(3) + 55()&'2) — 45()()

d
-~ -(375)

=2(3x%) +5(2x) —4(1) -0
=6x" + 10x — 4
d

¢ = E(tz(t2 - 2t))

— g(ﬂ _ 2t3)

dt

d d

=) =)

d d

— (4 (43

)~ 24"
= 4 — 2(3¢%)
=43 — 61

di

“dx  dx

_ d<
dx

(

)

1 1 1
dy —d<5x5+x3—x2+1>

3 2

1) df1 3> d(l 2> d
sx) dx<3x 25 ) T

i+ ()i (e

d
+ a(l)

1

= —(5x%) +

5

4

%(3x2) - %(2;;) +0

2

=Xx"+tx"—x

2-10

d

=4

dx

-

et - 6

() = 64

= —2x7 + 6x72

dy d

¢ dx  dx

d

=6

dx

&
x3

(x_3) + 2

2

)

X

d.
dx

() - 43

=6(=-3)(x N +2(-2)x>) -0
= —18x7* —4x73
_—18_ 4
- 3

X4

X
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=2 — -
d = o2y vk 20— 6(1) + 0

dx dx =2t—6
= 96%({2) + 36%()&) 6. a. f'(x) = d%(f ~Vh)
_g(—2)(x 1) + 3@()&—1) = 4wy - Ly
= —18x % + %x*% =32 — %(x?_l)
e. = dx (\/ + 6V + 2) — 32 %x,%
- d%(f) di( 2) o (a) = f'(4) = 34 — 2(4)"
= %(XH) + 6<2)( )+ ~ 3(16) - ;\}Z

= ) +od -8 @@

fdy_d<1+\/£> = 47.75
Cdxode\ xo ) b. f'(x) = (7 ~ 6\Vx + 5¢)
(1), () )
ddx X dxd X = 5(7) - 65()65) + 5;(]@)
= 7()‘71) + 7()‘7%) (1) 1 2) 2
d d —0—6l2 )20 +5(2) (4
x 11x_1(11) 062(x)53(x)
=(=Dx """+ —(x" ] 1
. 2 =—-3x+ (130>(x’)
= xt o N (10,
P sof'(a) = f'(64) = —3(647%) + <3>(643)
as _ a5
S. a. o dt( 202 + 7t) 1 10/1
d d -8 "3\
= — — =+ [
( 2)( dt(rz)) 7( dt(”) T
=(—2)(2t) +7(1) Y
= —4t+7 d d
Y _ 4
7.a. — = —(3x%)
b L — d<18 + 56— 1z3) dx  dx
dt dt 3 d( 4)
=3—(x
d d 1\d dx
= — J’_ _ — —_ 3
PASLUEINO) ( )dt(t) = 3(4x%)
N, = 12x°
=0+5(1) - <3>(3t ) The slope at (1, 3) is found by substituting x = 1 into
= 5 — 7 the equation for % So the slope = 12(1)?
ds =12
= i(tz — 6r + 9) ) dx dx x75
dt d,
d - dx(x )

= L0) = ()50 +50) i
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The slope at (—1,—1) is found by substituting x = —1
d
into the equation for d% So the

slope = 5(—1)*
=5

o d(2)
“dx  dx\x

= —2x?
The slope at (—2,—1) is found by substituting
x = —2 into the equation for % So the
slope = —2(—2)72
__!
2
dy d
d. — = —V1e6x’
dx dx( * )

- Vie g (¥)

e

= 6
The slope at (4, 32) is found by substituting x = 4

. . d
into the equation for % So the

i d
slope = 6(4):
=12
8.a.y = 2x° + 3x
dy d
- = (2 3 +
dx dx( * 3x)
d, d
= — + —
de(x) 3dx(x)

= 2(3%?) + 3(1)
=6x>+3
The slope at x = 1 is found by substituting x = 1

. . d .
into the equation for d%( So the slope is

6(1)2 +3=09.
b.y=2Vx+5
dy_i
dx—dx(z\/}+5)

d, . d
=2 {x) + (5

. z@(xw) 0

2-12

The slope at x = 4 is found by substituting x = 4

. . d . —_1
into the equation for ﬁ So the slope is (4) P =1

e, 16
V=2
4 _ d<16)
dx  dx\x*
d
=16—(x2
S7)
=16(—2)x*"!
= —32x°
The slope at x = —2 is found by substituting
x = —2 into the equation for % So the slope is
_ 93 (=32) _
32(=2) =5 4.
dy=x7x"'+1)
=x 44+ x3
dy _d -3
= +
dx  dx (x )
= —4x 5 —3x7*
__4_3
©ooxt

The slope at x = 1 is found by substituting

. . d .
x = 1 into the equation for d% So the slope is

d
=2 (x) = )
=2(1) = (=1 !
=24+ x2
The slope at x = 0.5 is found by substituting

. . d
x = 0.5 into the equation for ﬁ

So the slope is 2 + (0.5)% = 6.
The equation of the tangent line is therefore
y+1=6(x—-05)or6x —y—4=0.

b dy d (3 4>
Tdx  dx\x* X
_ 24/ di 3
—3dx(x )—4dx(x )
=3(—2)x 2 —4(=3)x 3!
=12x*—6x7?
The slope at x = —1 is found by substituting

. . d .
x = —1 into the equation for d% So the slope is

12(-1)*—-6(-1)"°=18.
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The equation of the tangent line is therefore
y—7=18(x + 1)or18x — y + 25 = 0.

e 2 =2 (Var)

d
- \@a(xz)

(e

C3VE
2

The slope at x = 3 is found by substituting x = 3
dy

into the equation for e

3V3(3) 9
So the slope is\/z() =7

The equation of the tangent line is therefore
y—9=3(x—3)or9% — 2y — 9 =0.

dy d(1(, 1))
—_ + —_
d. dx dx< (x X

The slope at x = 1 is found by substituting

. . d
into the equation for d%

So the slopeis 1 — 2(1)° = —1.
The equation of the tangent line is therefore
y—2=—(x—1)orx +y—3=0.

e & (V= 2)(3va + 8))

dx dx
= %(3(\/;)2 +8Vx — 6Vx — 16)

- %(3)6 +2Vx — 16)

d d, » d
dx(3x) 2 dx(x) dx(16)

=3(1) + 2@))&—' -0

=3+ x
The slope at x = 4 is found by substituting x = 4
into the equation for %

So the slope is 3 + (4)7 = 3.5.

Calculus and Vectors Solutions Manual

The equation of the tangent line is therefore
y=35(x—4)or7x —2y —28 = 0.

oy _ d(\/i - 2)
“dx  dx \3/;
(2
Cdx\ ¥
d 1_1 _1
= a(xz 3 — 2X )
d, . d, .
= a(xﬁ) — 25()( 3
O ISP A S
6(x ) 2( 3)x 0
1 5 2 4
g(x ) + 3x

The slope at x = 1 is found by substituting x = 1

. . d
into the equation for d%

So the slope is %(1)’% +2(1)
The equation of the tangent line is therefore
y+1=2(x—1)or5x — 6y — 11 = 0.
10. A normal to the graph of a function at a point is
a line that is perpendicular to the tangent at the
given point.

3 4
y=a2-gaP(=17)

o

Slope of the tangent is 18, therefore, the slope of
the normal is — 15

Equationisy — 7 = —f(x + 1).
x+ 18y —125=0
3 1
11.y=—~=3x"
*

Parallel tox + 16y + 3 — 0
Slope of the line is — 1.

dy 4
dx x
L1
Y T 16
11
¥ 16
¥ =16
x=(16) =8
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1
12.y=;=x_1:y=x3
dy 1. dy .,
dx xz'dx_3x

Now, —— = 3x*
x

xt= -

1

g.

No real solution. They never have the same slope.
_ 2 dy _

13.y =x e 2x

The slope of the tangent at A(2, 4) is 4 and at

B(~1,&)is —1

Since the product of the slopes is —1, the tangents

at A(2,4) and B(—é, é) will be perpendicular.

4Ny

—I —I —I 0 T T
3-2-10

4. y=-x*"+3x+4
dy

= —2x+3
dx o
dy
For— =35
Ordx
5=—-2x+3
x=—1.

The point is (=1, 0).

6

2
15,y =x+2
d
LA 3x2, slope is 12
dx
X2 =4
x=2o0orx=—-2

Points are (2, 10) and (—2, —6).

2-14

16.y = tx° — 10x, slope is 6
dy

— 4 —

i 10=06

xt =16

xX*=4or x*=—-4

Xx = *2 non-real
Tangents with slope 6 are at the points ( , —%)
and (— 2, %)
17.y = 2x* + 3

a. Equation of tangent from A (2, 3):
Ifx=a,y=2x*+3.
Let the point of tangency be P(a, 24 + 3).

Now, ny = 4x and when x = a, a _ 4a.
x dx
The slope of the tangent is the slope of AP.
24 _4
L5 "4
2a*> = 4a*> — 8a
20> = 8a =0
2a0(a —4) =0
a=0ora=4
Point (2, 3):
Slope is 0. Slope is 16.
Equation of tangent is Equation of tangent is
y—3=0. y—3=16(x —2)or

16x —y — 29 =0.
b. From the point B(2,—7):
24> + 10
2a> + 10 = 4a* — 8a
20> =81 —10=0
@ —4a—-5=0
(a=5@+1)=0
a=>5
Slope is 4a = 20.
Equation is
y+7=20(x—2) y+7=—-4(x—2)
or20x —y — 47 = 0. ordx +y—1=0.
18.ax — 4y + 21 = Oistangenttoy = %atx = —-2.

Slope of BP: = 4a

a=-1
Slope is 4a = —4.
Equation is

Therefore, the point of tangency is <— 2, Z),

This point lies on the line, therefore,

a(—2) - 4(3) +21 =0
~3a+21=0

a=17.
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19. a. When & = 200,
d = 3.53\V200
=499
Passengers can see about1 49.9 km.
b. d = 3.53Vh = 3.53

;o 1.
d —3.53<2h )

353
" 2Vh
When & = 200,
g = 3.53
21200
=0.12

The rate of change is about 0.12 km/m.
20. d(1) = 4.97
a.d(2) =49(2)* = 19.6 m

d(5) =49(5)*=1225m

The average rate of change of distance with respect

to time from 2 s to 5 s is
Ad 1225 —-19.6
At 5-2
=343 m/s
b. d'(t) = 9.8¢
Thus, d’'(4) = 9.8(4) = 392 m/s.
¢. When the object hits the ground, d = 150.
Set d(t) = 150:

4.97 = 150
1500
£="09
t= i17—0\/g
Sincet=0,t = g\/g
Then,
1 1
d’<70\/B> = 9.8(70\/B>
=542 m/s
2l v(t) =s'(t) =2t — ¢
05=2t— ¢

£—-2t+05=0
280 —4t+1=0
4+\B
=y
t=1.71,0.29
The train has a velocity of 0.5 km/min at about
0.29 min and 1.71 min.

Calculus and Vectors Solutions Manual

22.v(t) = R'(t) = —10¢

v(2) = =20
The velocity of the bolt at r = 2 is —20 m/s.
23. y
34 (0,3)
2

2_

3_
Let the coordinates of the points of tangency be
A(a, - 3a2).
% = —6x, slope of the tangent at A is —6a

—3a° -3
Slope of PA: = —6a
—3a’ — 3 = — 64
3a> =3
a=1lora=-1

Coordinates of the points at which the tangents
touch the curve are (1, —3) and (=1, —3).
24.y = x> — 6x° + 8x, tangent at A (3, —3)
dy

dx=3x2—12x+8
When x = 3,
dy

—=27-36+8= -1
dx

The slope of the tangent at A(3, —3) is —1.
Equation will be
y+3=-1(x—3)
y=—x
—x =x>— 6x* + 8
=6 +9%x =0
x(x2—6x+9)=0
x(x =37 =0
x=0orx=3
Coordinates are B(0, 0).

y

|
—_

(@]
A
w-
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25. a.i. f(x) = 2x — 5x°

f'(x) =2 —10x
Set f'(x) = 0O:
2—-—10x =0
10x =2
1
Y75
Then,
1 1 1)\?
f(S) - 2(5) 5(5)
201
5 5
1
5

Thus the point is (é, é)
iil. f(x)=4*+2x -3
fi(x) =8x +2
Set f'(x) = 0:
& +2=0

Thus the point is (—};, —%)
iii. f(x)=x>— 8"+ 5x + 3
f(x) =3x*—16x + 5

Set f'(x) = 0:
3 —16x+5=0
x> —15x—x+5=0
3x(x—=5)—-(x—-5=0
Bx—1)(x-5)=0
1

:—’5
Y73

1 1\ 1\2 1
f<3> - <3> 8<3> " 5(3
_1_24 4 8
27 27 27 27
103

27

2-16

)+3

f(5)= (5 —-8(5)*+5(5) +3
=25-200+25+3
= —47

Thus the two points are (%, 17073) and (5, —47).

b. At these points, the slopes of the tangents are
zero, meaning that the rate of change of the value
of the function with respect to the domain is zero.
These points are also local maximum or minimum
points.

26.Vx +Vy=1

P(a, b) is on the curve, therefore a = 0, b = 0.
Vy=1-Vx

y=1-2Vx +x
dy 1

==+ 1
dx 2
1 -1+
At x = a, slope is —\/a+1=\/;l\/&.
But Va + Vb =1
~Vb=Va—1.

\/l; \/g
Therefore, slope 1S ——— = —, [ —.
PRV~ Va

27. f(x) = x", f'(x) = nx""!
Slope of the tangent at x = 1is f'(1) = n,
The equation of the tangent at (1, 1) is:
y—1=n(x-1)
nx—y—-n+1=0
Lety=0,nx =n—1
n—1 1 1

X = =1--
n n

. . 1 1
The x-intercept is 1 — Z; as n — o, " — 0, and

the x-intercept approaches 1. As n — %, the slope
of the tangent at (1, 1) increases without bound, and
the tangent approaches a vertical line having equation
x—1=0.

28. a. )2
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f(x) ={

X, ifx <3

x+6,ifx=3

f'(3) does not exist.

b.

y

fx) = {3x2—6,ifx< ~\V2orx>V2
VT l6 -3t —V2 <x < V2

6x,if x < —\/20rx>\6
—6x,if —V2=x=V2

f' (\/i) and f’ (—\/2) do not exist.

ror-{

Lo f2xifx <3 e h(x) = (Bx +2)(2x = 7)
f(x)—{ Lifx =3 h'(x)zgx+3(2) + (3)(2x — 7)
= 12x —
d. h(x) = (57 + 1)(x* — 2x)
h'(x) = (5x7 + 1)(2x — 2) + (35x%)(x* — 2x)
=45x% — 80x" + 2x — 2
e. s(t)=(#+1)3 -2
s'(1) = (2 + 1)(—40) + (20)(3 - 27)
= =8 + 2t
o =
X fx) = (x = 3)(x +3)™"
frx)=(x=3)(-Dx+3)2+ ()(x+3)"
=(x+3)*(—x+3+x+3)
6
T (x+3)
2.a. y=(5x+1)>(x—4)

% = (5x + 13(1) + 3(5x + 1)(5)(x — 4)

= (B5x+ 1P +15(5x + 1)*(x — 4)
b. y=03@+4)(3+x

C.

3
24
1

y

o

Yo 3¢+ 4)(5)(3 + ¥)(3)

dx
+ (6x)(3 + X
= 15x°(3x* + 4)(3 + ¥*)* + 6x(3 + xX°)°

3309 154
x—Lifx=1 since [x —1=x—1
£(x) 1—-—xif0=x<1 since [x —1/=1—-x
x =
x+1Lif-1<x<0 since |[-x—-1]=x+1
—x— 1,ifx= -1 since |—x—1|=-x—1
1,ifx > 1 c. y=(1-x)2x+6)
_1 1f0<x<1 dy 2\3 3
‘ = ’ — =41 -x)P(—2x)(2x + 6
1) Lif—-1<x<0 ax ~ W20 )

f'(0), f'(—=1),and f'(1) do not exist.

2.3 The Product Rule, pp. 90-91

—1ifx < —1

l.a. h(x) =x(x — 4)

R (x) =x(1) + (1)(x — 4)

=2x — 4

b. h(x) =x*(2x — 1)
h(x)=x*(2)+ (2x)(2x — 1)
=6x> — 2x
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+ (1 = x)*3(2x + 6)*(2)
= —8x(1 — x*)*(2x + 6)°
+6(1 — x?)*(2x + 6)?
d. y=(¥*-9*2x - 1)

P (2 - 9p@e - 120)

dx
+ 4(x* — 9P (2x)(2x — 1)}
=6(x>—9)*(2x — 1)°
+ 8x(x* — 9)°(2x — 1)
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3. It is not appropriate or necessary to use the product
rule when one of the factors is a constant or when it
would be easier to first determine the product of the
factors and then use other rules to determine the
derivative. For example, it would not be best to
use the product rule for f(x) = 3(x* + 1) or
gx) = (x+1)(x = 1).
4. F(x) = [b(x)]c(x)]

F'(x) = [b(x)]c"(x)] + [b"(x)][c(x)]

5.a. y= 2+ 7x)(x —3)
dy
— =2+ 1) + -
L=+ W)+ - 3)
Atx = 2,
dy
—=(2+14) +7(—-1
L=+ 1) +7(-1)
=16 -7
=9

b. y=(1-2x)(1+ 2x)

% =1 -2x)(2)+ (—2)(1 + 2x)
1
Atx :E,
dy _
L= ) -20)
=—4
c. y=0B-2-X)(¥+x-2)
% =3 -2x - x)(2x + 1)

+ (=2 -20)(x* +x —2)
Atx = =2,
dy v
E_(3+4 4)(—=4 +1)
+(-2+4)(4-2-2)
= (39)(—3) +(2)(0)

d y=xCx+7)

% =3x*(3x + 7)* + x’6(3x + 7)
Atx = =2,
dy
— =12(1)> + (—=8)(6)(1
=120y + (-8)(6)(1)
=12 - 48
= —36
ee. y=(2x+1)Y CBx+2)*x=-1
d
d—i = 5(2x + 1)*(2)(3x + 2)*
+ (2x + 1)°4(3x + 2)*(3)
Atx = —1,
2-18

dy _ _1\4 _1)4
L =511

+ (=1’ (1))

=10 + 12
=22
f. y=x(5x-2)(5x +2)
= x(25x* — 4)
dl: 50x) + (25x* — 4)(1
& = x(500) + (252~ 4)(1)
Atx =3,
dy
- =3(150) + (25:9 - 4)
= 450 + 221
= 671

6. Tangent to y = (x3 — S5x + 2)(3x2 - Zx)
at (1, —-2)

dy _ (3x? — 5)(3x* — 2x)

dx
+ (¢ — 5x + 2)(6x — 2)
when x = 1,
Yo )+ (-2)@)
-2 +-8
- 10

Slope of the tangent at (1, —2)is —10.
The equationis y + 2 = —10(x — 1);
10x +y—-8=0.

7.a. y=2(x—29)(x +1)
%=2(x—29)(1) +2(1)(x + 1)
2x—58+2x+2=0

4x — 56 =0
4x = 56
x =14

Point of horizontal tangency is (14, —450).
b. y=(2+2x+1)x*+2x + 1)
= (x2 + 2x + 1)2

dy _ 22 + 2x + 1)(2x + 2)

dx
(+2x+1)2x+2)=0
2+ D(x+DH(x+1)=0
x=-1

Point of horizontal tangency is (—1, 0).
8.a. y=(x+1>%x+4)(x—-3)

dl =3(x+ 1)°(x +4)(x — 3)?

dx
+ (x + 1)’(1)(x — 3)
+ (x + 1)P°(x + 9)2(x — 3)]
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b. y=x(32+ 473 - %)
% = 2x(3x + 4)%(3 — X°)*
+ X7[2(3%% + 4)(6x)])(3 — x*)*
+ X737 + 4)4(3 — *)(—3%7)]
9. V(1) = 75(1 - t)z, 0=r=24

24
75L X 60% =45L

‘= ( + \/i - 1)(—24)

t = 42.590 (inadmissable) or t = 5.4097
t

vi=75(1-5)
V(1) = 75(1 - 2t4><1 - ;4)
v =7(1-5)(-3)
()1 33)
(1 - %))

V'(5.4097) = —4.84 L/h
10. Determine the point of tangency, and then find the
negative reciprocal of the slope of the tangent. Use
this information to find the equation of the normal.
h(x) = 2x(x + 1)%(x* + 2x + 1)
B (x) =2(x + 1)%(x* + 2x + 1)
+ (2x)(3)(x + DX (x* + 2x + 1)
+ 2x(x + 1)°2(x¥* + 2x + 1)(2x + 2)
h'(=2) =2(=1y(1)°
+2(=2)(3)(=1)’(1)
+2(=2)(=1)’(2)(1)(-2)
=-2-12-16
= =30

11.
a. f(x) = g1(x)g2(x)g3(x) - .. gu—1(x)g(x)
(%) = g/ (0)g2(x)gs(x) - - - gn-1(x)gu(x)
+ 81(%)g (0)g3(x) . .. gu-1(x)ga(x)
+ 81(0)g2(x)g5 (%) . .. gu-1(x)gu(x)
+o+ g1(0)g(x)gs(x) - - - gu-1(x)ga’ (x)
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b. flx) = (14 x)(1 + 2x)(1 + 3x)...

(1 + nx)

f(x)=1(1+2x)(1 +3x)...(1 + nx)
+ (1 +x)(2)(1 + 3x)...(1 + nx)
+ (1 +x)(1 +2x)(3)...(1 + nx)
+ .0+ (1T +2x)(1 +20)(1 + 3x)
... (n)

0y = 1)1 ... (1)
+ 1(2)(1)(1) ... (1)
+ 1(1)3)(1) ... (1)
+ ..o+ (D)) ... (n)

=1+2+3+... +n
Lo n(n+ 1)
F(o) ="t
12. f(x) = ax’ + bx + ¢
f'(x) =2ax + b (1

Horizontal tangent at (—1, —8)
f'(x)=0at x = -1
—2a+b=0

Since (2, 19) lies on the curve,
4a +2b + c =19 )
Since (—1, —8) lies on the curve,

a—b+c=-8 3)
4a +2b +c =19
—3a — 3b = =27
a+b=09
—2a+b=0
3a =9
a=3 b=6
3—-6+c= -8
c= -5
The equation is y = 3x* + 6x — 5.
13. Y
3_
2_

3301 33

a. x=1lorx=—-1
b. f'(x) =2x,x<—-lorx>1
flfix)y=-2x,-1<x<1
y
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c. f'(=2)=2(-2)=—4
f1(0)=-2(0)=0
f3)=23)=6

14. y = g -1

X
dy 32
dx x
Slope of the line is 4.
4 = =32
X’ = -8
x==2

Point is at (-2, 3).
Find intersection of line and curve:
4 —y+11 =0
y=4x + 11
Substitute,
dx + 11 = g -1
X
4’ + 11x* = 16 — x> or 4x° + 12x* — 16 = 0.
Let x = =2
RS = 4(—2)* + 12(-2)* - 16
=0
Since x = —2 satisfies the equation, therefore it is
a solution.
When x = =2, y =4(-2) + 11 = 3.
Intersection point is (—2, 3). Therefore, the line is
tangent to the curve.

Mid-Chapter Review, pp. 92-93
1. a. y

((x + h)> = 5(x + h)) — (¥* — 5x)

b. f'(x) = lim

h
x>+ 2hx + h* — 5x — S5h — x* + 5x
= lim
h—0 h
. h* + 2hx — 5h
=lim—————
h—0 h

2-20

_ limh(h +2x = 5)
h—0 h
=2x—5

Use the derivative function to calculate the slopes of
the tangents.

x Slope of Tangent
f'(x)
0 -5
1 -3
2 -1
3 1
4 3
5 5
¢ y

6

4

2

d. f(x) is quadratic; f'(x) is linear.
2.a.f'(x) = lim(6(x + h) +15) — (6x + 15)

h—0 ]’l
= lim@
h—0

= lim6
h—0

=6
b. f(x) = }g%(z(x + h)? _;) —(2x* — 4)
_ gg(}z(x + }22 - x?
_ limz((x + h) — x)h((x + h) + x)
h—0
h(2x + h)

= lim2
h—0

= lim2(2x + h)

h—0

= 4x
5 5

(x+h)+5 x+5
h
=lim5(x+5)_5((x+h)+5)
>0 ((x +h) +5)(x +5)h

— lim —oh
n-0((x + h) +5)(x + 5)h

¢ f(x) = lim
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d. f'(x) = lim

. -5
S G ) - 5)(x +9)
-5
T (x+5)?

Vix+h)—-2-Vx-2

h
CIVix+h)—-2-Vx-2
= lim
h—0 h
V(ix+h) -2+ Vx—2
V(x+h)—2+Vx—-2
- lim (x+h)—=2)— (x—2)
ha(l)h(\/(x+h)—2+\/x—2)
= lim L
h—>(l)h(\/()€+h)—2+\/x—2)
. 1
_}ll—{%\/(x+h)—2+\/x—2
1
2Vx — 2
J.a.y ' =2x — 4
When x =1,
Yy =2(1) - 4
= -2
When x = 1,

y= (17— 4(1) +3
=0

Equation of the tangent line:
y—0=-2(x—1),ory=—-2x+2

g

Calculus and Vectors Solutions Manual

dy
. ——=2(11t + 1) (11
e. © =211 + H(1D)
=242t + 22
1
f.y—l—;
=1—x"!

5.1 (x) =8
8x* =1

Equation of the tangent line:

i=1(v3)
——=1lx—=),ory=x——
y 3 5 ) y 3

6.a.f"(x) =8 —7

b. f'(x) = —6x> + 8 + 5

c. f(x) =5x%—-3x"
f(x)=—10x"3+ 9x*
10 9

d.f(x)=x+x

1 &
flx)=—x"2+-x":

e f(x) =7x2 - 3x
3
f(x)=—14x73% - Exff

f.f(x)=4x2+5

4
== +5
xZ

3
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7.a.y' = —6x + 6
When x = 1,
y =-6(1)+6
= 0.
When x = 1,
y=-3(1%) +6(1) + 4
=1.
Equation of the tangent line:
y—=7=0(x—1),0r
y =17
b.y=3-2x
yo=-x"
-1
T Vx
When x = 9,
, -1
RV
1

3
When x = 9,
y=3-2V9

= —3.
Equation of the tangent line:
y—(=3)=
e f(x)=—8+ 12x* —4x — 8

f(3) =—-8(3) +12(3)> —4(3) — 8
—216 + 108 — 12 — 8
—218
—-2(3)*+4(3)* —2(3*-8(3) +9
—162 + 108 — 18 — 24 + 9

= —87
Equation of the tangent line:
y— (—87) = —128(x — 3), or
y = —128x + 297

(4x — 9%x)(3%% + 5)

1 1
—g(x —9),ory= —gx

f(3)

8.a.f'(x) =

d
2 2
+ (4x* — 9x) dx(3x +5)

= (8x — 9)(3x* + 5) +

= 24x> — 27x* + 40x — 45
+ 24x% — 54x7

= 48x> — 81x% + 40x — 45

bf(t)——( 32 — Tt + 8)(4t — 1)

+ (=32 -7t + S)E(4z -1)

= (—6r—7)(4t—1)
+ (=32 — 7t + 8)(4)

2-22

(4x* — 9x)(6x)

= =24 — 28t + 6t + 7 — 12£2 — 28t + 32
= —36£ — 50t + 39
dy

d, , )
= (3% 4 4x — -
c dx(sx 4x — 6)(2x* — 9)

+ (3%2 +4x—6)d (2x* - 9)

= (6x + 4)(2x* — 9) + (3% + 4x — 6)(4x)
= 12x° — 54x + 8x* — 36 + 12x°

+ 16x% — 24x
= 24x> + 24x* — 78x — 36

Ay _ 4 sy
e dx(s 23 — 2°)

d
_ 3\2 _ 3
+ (3 —-2¢) dx(3 2x%)

d.

= [;(3 - 2x°)(3 — 2x%)

+(3 - 2x3)%(3 — 2x3)}(3 - 2x%)

+ (3 — 2°(—6x?)
= [2(~6x?) (3 - 2x)|(3 - 2¢)
(3 — 207(~6x7)
3 - ) (—6x?)
(3 ) (—18x)
(9 — 122 + 4x%)(—18%%)
= —162x* + 216x° — 724°

9. y =

/‘i+

di;(s)c2 +9x — 2)(—x% + 2x + 3)

+ (5%% 4+ 9x — 2)0%

= (10x + 9)(—x> + 2x + 3)
+ (5%% + 9x — 2)(2 — 2x)
y'(1) = (10(1) + 9)(=(1)* + 2(1) + 3)
+(5(1)° +9(1) = 2)(2 - 2(1))
= (19)(4)
=176
Equation of the tangent line:
y—48—76(x—1), or 76x —y —28=0

(—x2 + 2x + 3)

dy _
10. I ( (5 —x)
+2 1 d 5
(x = 1) 3(5 = %)
=2(5—-x)—-2(x—-1)
=12 — 4x
The tangent line is horizontal when % = 0.
12 -4x=0
12 = 4x
x=3
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When x = 3,
y=2(3) -1 - 3)
=8

Point where tangent line is horizontal: (3, 8)
2 _
ll.ﬂzlim (5(x + h) 8(x + h) +4)
X h—0 h
(5¢* — 8x + 4)
h
2 =2
_ limS(x + h)” — 5x° — 8h
h—0 h

_ th((x +h) —x)((x + h) +x)— 8h
h—0 h

. Sh(2x + h) — 8h
m
h—0 h
=1lim(5(2x + h) — 8)
h—0
=10x — 8
2
12. V(¢) = 500<1 - 9t0> 0=r=90
a. After 1 h, t = 60, and the volume is
V(60) = 500(1 — &)’

30\
- so(3p)

1 2
= 500{ =
5
500
=—L
9
b. V(0) = 500(1 — 0)> = 500 L
500
The average rate of change of volume with respect
to time from O min to 60 min is

AV 3P =500
At 60 — 0
_ 5(500)
60
200 :
=07 L/min
c. Calculate V' (¢):
V(t+h)—V(t
V'(t) = lim ( ) (&)
h—0 h

t+ h\? %
500(1 — 90> — 500(—1 + 90>
= lim

h—0 h

Calculus and Vectors Solutions Manual

h 2t + h
500(—90)<2 s )
= lim

h—0 h

o 500(., 2t+h
= hm =g \2 90)

_—900 + 10z
81
Then,
—900 + 10(30
V' (30) = (30)

81

200 .
=07 L/min

13. V(r) = 27713

a. V(10) = %(10)3 V(15) = %(15)3

4 4

= —7(1000) = —7(3375)
3 3
4000

= TW = 45007

Then, the average rate of change of volume with
respect to radius is
AV 4500 — “m
Ar o 15-10
500m(9 — §)
=

19
= 1007| —
”(3)

1
= ?W cm?/cm
b. First calculate V' (r):
. V(r+h)—=V(r)
"(r) =1
Vi) oo h
h—0 h
; sm(r + 3°h + 3k + B = P)
0 h
; im(3°h + 3k + 1)
= lim

h—0 h
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= limgw(?arz + 3rh + h?)

h—0
= %77(3}’2 +3r(0) + (0)%)
= 41’
Then, V'(8) = 47 (8)*
= 47 (64)
= 2567 cm®/cm

14. This statement is always true. A cubic polynomial

function will have the form f(x) = ax® + bx*> +

cx + d, a # 0. So the derivative of this cubic is
f'(x) = 3ax* + 2bx + c, and since 3a # 0, this
derivative is a quadratic polynomial function. For
example, if f(x) = x> + x> + 1,

we get

f(x) = 3x* + 2x,

and if

f(x) =2x* + 3x* + 6x + 2,

we get

fi(x)=6x>+6x+6
2a+3b
15.y=W,(l,bEI

Simplifying,
y = x23b=(@mb) = ya+db
Then,
yr — ((l + 4b)a+4b—l
16.a. f(x) = —6x° + 4x — 5x* + 10

fi(x) = —18x* + 4 — 10x
Then, f'(x) = —18(3)* + 4 — 10(3)

= —188

b. f'(3) is the slope of the tangent line to f(x) at
x = 3 and the rate of change in the value of f(x)
with respect to x at x = 3.
17. a. P(t) = 100 + 120t + 107 + 2¢

P(t) = 100 + 120t + 10 + 27

P(0) = 100 + 120(0) + 10(0)* + 2(0)*

= 100 bacteria

b. At 5 h, the population is
P(5) = 100 + 120(5) + 10(5)* + 2(5)°

= 1200 bacteria
c. P'(t) =120 + 20t + 67
At 5 h, the colony is growing at
P'(5) = 120 + 20(5) + 6(5)*

= 370 bacteria/h

1
18. C(¢) = %,t> 2
Simplifying, C(¢) = 100¢".
, S 100
Then, C'(¢) = =100t~ = ——~.

2-24

C'(5) C'(50)

~ 100 ~ 100
(57 (50)
100 100
25 2500
= —4 = —0.04

C'(100)

100
(100)?
1

100
~0.01

These are the rates of change of the percentage with
respect to time at 5, 50, and 100 min. The percentage
of carbon dioxide that is released per unit time from
the pop is decreasing. The pop is getting flat.

2.4 The Quotient Rule, pp. 97-98

1. For x, a, b real numbers,
xaxb — xa+b
For example,

Py 6 = 3
Also,
(xa)b — xab
For example,
(2P =«
Also,
x¢ _
—- =X bx#0
X
For example,
)CS )
3 X
X
2.
Differentiate
and Simplify,
Function Rewrite If Necessary
X + 3x
o) ="—— f(x) = x + 3 £ =1
x#0
3X§ 2 , 1
g(x)=X,X¢O g(x) = 3% g'(x) = 2x7:
h(x) = . 1 1
10x°" h(x) = E{B h'(x) = TX’S
x#0
8% + 6x y
Y =4x + 3 Y_g
v ax
x#0
-9 ds
= =t+ = =1
S 3 t+3 s=t+3 ot
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3. In the previous problem, all of these rational
examples could be differentiated via the power rule
after a minor algebraic simplification.

A second approach would be to rewrite a rational
example

) =

using the exponent rules as

h(x) = f(x)(g(x) ",

and then apply the product rule for differentiation
(together with the power of a function rule to find
h'(x).

A third (and perhaps easiest) approach would be to
just apply the quotient rule to find /' (x).

4oa vy = DA = x()

(x + 1)2
_ 1
B (x + 1)
b. 1 (1) = (t + 5)(2()[ - §)22t 3)(1)
13
C(t+5)
Lo (22 = 1)(3x%) — x(4x)
c. h'(x) = (2x2 _ 1)2
B 2x* — 3x?
(22— 1)
2
(x* + 3)?
~ x(3x +5)  3x*+ 5x
©r= (l—xz) 1=
dy  (6x +5)(1 —x?) — (3% + 5x)(—2x)
dx (1 - x2>2
_6)c~I—5—6)(3—5x2+6x3—|-10x2
(1 - x2)2
B 5> +6x + 5
(1 - xz)2
¢ dy _ (@ +3)(2x—1) - (¥ —x +1)(2x)
" dx (x* + 3)
2+ 6x —x* =320 + 2% — 2x
B (x2 + 3)2
_ x>+ 4x — 3

Calculus and Vectors Solutions Manual

S.a.y = % =-3
dy (x+5)(3)— (3x+2)(1)
dx (x +5)?

Atx = —3:

dy _ (2)3) — (=1(1)

dx (2)?

Atx = 1:
dy _(10)(3) — (1)(2)
dx (10
28
100
7
a 25
x> - 25
“r= x>+ 25 =2
dy  2x(x* +25) — (¥* = 25)(2x)
dx (x> + 25)
Atx = 2:
dy  4(29) — (—21)(4)
dx (29)
116 + 84
29
200
841
(x +1)(x +2)
(x —1)(x — 2)
_ X2 +3x+2
X2 —3x+2
dy  (2x +3)(x* = 3x + 2)
dx (x —1)X(x — 20
(x* + 3x +2)(2x — 3)

(v = 1P(x - 2)
Atx = 4:

dy _ (11)(6) — (30)(5)
dx (9)(4)
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x3

x’ =6
dy  3x%(x* — 6) — x*(2x)
dx (x> — 6)
At (3,9):
dy _309)3) — (27)(6)
dx (3)?
=9-18
=-9

6.y =

The slope of the tangent to the curve at (3, 9) is —9.

3x
x —4
dy 3(x—4)—3x 12
dx (x - 4)2 (x — 4)2
Slope of the tangent is —312.

7. y=

1 V)
(x — 4 %
x—4=50rx—4=-5
x=9orx = —1
Points are (9, %) and (— 1, %)
S5x + 2
8. f(x)= T2
(x +2)(5) — (5x + 2)(1)
(x +2)

Therefore,

fx) =
.8

f(x) = (x +2)

Since (x + 2)* is positive or zero for all x R,

8 7 > 0 for x # —2. Therefore, tangents to

(x +2
the graph of f(x) = 5;: 22 do not have a negative
slope.
2
9.a.y = )62%4, x # 4
dy _ (x = 4)(4x) — (2%)(1)
dx (x — 4)
4P — 16x — 247
-y
_ 2x* — 16x
-y
_ 2x(x — 8)
-4y

. d
Curve has horizontal tangents when d%; =0, or
whenx = 0 or 8. Atx = O:

_ 0
"
Atx =
2-26

_2(8)

4

=32
So the curve has horizontal tangents at the points
(0, 0) and (8, 32).

-1
b.y= X+ x-2
C(x=Dx+1)
S (x+2)(x—1)
x+1
=——x+1
x+2
dy (x+2)—(x+1)
dx (x +2)
B 1
; (x + 2)?
Curve has horizontal tangents when D 0.

dx
No value of x will produce a slope of 0, so there

are no horizontal tangents.

4t
. = +
10. p (1) 1000(1 T 50)

o) = 10004 e 0 )
~1000(200 — 4¢%)
(2 + 50

p'(1) = 10(22329 % _ 7536

p'Q2) = 10(2(5)3284) = 63.10

Population is growing at a rate of 75.4 bacteria per
hour at t = 1 and at 63.1 bacteria per hour at t = 2.

-1
11. y =
Y 3x
_Lo 1
33
dy_1,1
dx« 3 3
1 1
3 3x
Atx = 2:
@1
3(2)
_1
2
and
1,1
de 3 3(2)
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Y
312
_
12
So the equation of the tangent to the curve at x = 2 is:
1 5
y—E—E(x—2),or5x—12y—4—0.
10(6 — 1)
12.a.5(t) = ————
as) == 73
5(0) =20
The boat is initially 20 m from the dock.
ol DD = (6= n9()
2
(t+3)

,0=1t=6,t=0,

b.v(t) =s'(t) =1

-90
N
Att = 0,v(0) = —10, the boat is moving towards
the dock at a speed of 10 m/s. When s(¢) = 0, the
boat will be at the dock.
10(6 — 1)

t+3
W6 = 5 =~y
The speed of the boat when it bumps into the dock
is ¥ m/s.
13.a.i.t=0
1+ 2(0)
="
=1cm
1+2t L5
1+t
1+2t=15(1+1)
1+2t=15+1.5¢
0.5t =05
t=1s
(1+06)(2)— (1+20)(1)
(1 + 1)
2+ 2t—1—-2t
(1 4P

1
)2

17

=0,t=6.

ii.

iii. (1) =

—~
—_

— +
~

r(1.5) =

1

—~

—+

NG

= 0.25cm/s
b. No, the radius will never reach 2 cm, because
y = 2 is a horizontal asymptote of the graph of the
function. Therefore, the radius approaches but never
equals 2 cm.

Calculus and Vectors Solutions Manual

ax + b
(x—1)(x—4)
(x = D(x = 4)(a)
(x — 1)X(x — 4)
(ax + b)d%c[(x - 1(x —4)]

(r = 1)(x — 4
- ) - 4)(a)
(xr = 1P(x — 47
(ax + b)[(x — 1) + (x — 4)]
(x = 1)(x — 4)
_ (x> = 5x + 4)(a) — (ax + b)(2x — 5)

14. f(x) =
f'(x) =

(x = 1)*(x — 4’
_ —ax’ — 2bx + 4a + 5b
(x = 1)°(x — 4y’
Since the point (2, —1) is on the graph (as it’s on
the tangent line) we know that

-1=f(2)
_ 20 + b
(H(=2)
2=2a+b
b=2-2a

Also, since the tangent line is horizontal at (2, —1),
we know that

0=r(2)
—a(2)? — 2b(2) + 4a + 5b
- (L(~2F
b=0
0=2—-2a
a=1
So we get

X

M= = -9

Since the tangent line is horizontal at the point

(2, —1), the equation of this tangent line is

y—(-1)=0(x—2),ory= -1

Here are the graphs of both f(x) and this horizontal

tangent line:
f(x)

X
“(x=1)(x—4)

y
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(262 + 7)(5) — (5t)(4t)

15.¢'(¢) = (2 1 77
1062 + 35 — 20¢7
- (22477
1022 + 35
22+ 7P
Set ¢'(¢) = 0 and solve for 7.
—10s> + 35
Q2 +77
—10* +35=0
1062 = 35
* =35
t=+\V35
t= *1.87

To two decimal places, t = —1.87 ort = 1.87,
because s’ (t) = 0 for these values. Reject the
negative root in this case because time is positive
(t = 0). Therefore, the concentration reaches its
maximum value at ¢ = 1.87 hours.

16. When the object changes direction, its velocity
changes sign.

(£ + 8)(1) — £(2¢)

N (t) - (t2 4 8)2
P+ 821
(1 + 8)?
1P +8

(> + 8)?

solve for r when s'(¢) = 0.

- +8 0

(2 + 87

—t2+8=0
t?=8
t==+\V38
t= *283

To two decimal places, t = 2.83 or t = —2.83,
because s’ (1) = 0 for these values. Reject the

negative root because time is positive (1 = 0).
The object changes direction when ¢t = 2.83 s.

17. f(x) = z ::: Z,x ¥+ —%
, _(ex+d)(a) — (ax + b)(c)
= (cx + d
., ad— bc
F'x) = (cx + d)2

For the tangents to the graph of y = f(x) to have
positive slopes, f'(x) > 0. (cx + d)? is positive for
all xeR. ad — bc > 0 will ensure each tangent has
a positive slope.
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2.5 The Derivatives of Composite
Functions, pp. 105-106

Lf(x) = Vx,glx)=x*—1

a. f(g(1)) = f(1 = 1)

= f(0)
=0
b. g(f(1)) = g(1)
=0
c. g(f(0) = g(0)
=0-1
= -1
d. f(g(—=4) = f(16 — 1)
= f(15)
= V15
e. f(g(x) = f(x* = 1)
=Vxt-1
f. g(f(x) = g(Vx)
= (Vip -1
=x—-1

2.a. f(x) =x% g(x) = Vx
(feg)(x) = f(g(x))
= f(Vx)
(Vx)
=X
Domain = {x = 0}
(8°Nx) = g(f(x)
= g(x’)
Ve
= |x]
Domain = {xeR}
The composite functions are not equal for negative
x-values (as (fe° g) is not defined for these x), but
are equal for non-negative x-values.

b. f(x)= %, gx)=x*+1
(fe8)(x) = f(g(x))
=f(x*+1)
1
2+
Domain = {xeR}

(8°N(x) = g(f(x)

)
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1
=—+1
2
Domain = {x # 0}
The composite functions are not equal here. For

instance, (fo g)(1) =%and (gof)(1) = 2.
c. f(x)= %, g(x) = Vx +2

(fo8)(x) = f(g(x))
- [(VEFD)
1
T Vxt2
Domain = {x > —2}

(g°Nx) = g(f(x)
1
¥a
_[r+2
X

The domain is all x such that

)1; + 2 =0 and x # 0, or equivalently

Domain = {x = —} orx > 0}
The composite functions are not equal here. For
instance, (f°g)(2) =3 and (g°)(2) =\/5.
3. If f(x) and g(x) are two differentiable functions
of x, and
h(x) = (f°g)(x)

= f(g(x)
is the composition of these two functions, then
h(x) = f(g(x) - g'(x)
This is known as the “chain rule” for differentiation of
composite functions. For example, if f(x) = x'* and
g(x) = x> + 3x + 5, then h(x) = (x> + 3x + 5)°,
and so
h(x) =f(g(x) - g'(x)

= 10(x* + 3x + 5)°(2x + 3)
As another example, if f(x) = x* and
g(x) = x* + 1, then h(x) = (x* + 1V,
and so

W (x) = %(x2 +1)7(2x)

4. a. f(x) = (2x + 3)*
f(x) = 4(2x + 3)°(2)
= 8(2x + 3)°
b. g(x) = (x* — 4)
g'(x) = 3(x* — 4)°(2x)
= 6x(x* — 4)?
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c. h(x) = (2x* + 3x — 5)*

h'(x) = 4(2x* + 3x — 5)°(4x + 3)

d. f(x) = (7° = &)
F(x) = 3(m* = ¥P(-2x)

= —6x(772 - xz)z

e.y=Vx— 3
— (1x2 _ 3)2
y' = 5(362 — 3)(2x)
_ X
V-3
1
f. f(x) “ @16
= (x2 - 16)_5
f'(x) = —S(x2 - 16)_6(2x)
. —10x
- (- 16)°
2
5. a.y = —;
= —2x?
Ay _ o3y
GG
_6
=
1
b.y = x +1
=(x+1)"!
dy _ _ -2
L= D+
1
B (x + 1)2
1
c.y= Z-2
- (-4
d
2~ D=4
X
]
3
dy=9_ 2=3(9—x2) !
dy _ 6x
dx (9 — ¥
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_ 1
©“r= S5x* + x
= (52 + x)!
% = (—1D)(5% + x) 2(10x + 1)
_ 10x + 1
(5% + x)
R
"y (x2 +x + 1)4

= (x2 +x + 1)_4

% = (4P +x+1)732x+ 1)
B 8x + 4
(> +x+1p
6. h=geof
= g(f(x))
h(-1) = g(f(=1)
=g(1)
= —4

h(x) = g(f(x))
h(x) = g"(f(x))f'(x)
R (=1) =g (f(=1)f (1)
=g (D)(=5)
= (=7)(=5)
=35

7.00) = (x = 3. g(x) = . h(x) = f(5(x)).

f(x)=2(x-3),8x) =3
h(x) = f'(g(x))g' (x)

A

8.a.f(x) = (x + 4)3(x - 3)6
feo) = Lix+ 4y (x - 3
+ e+ 4P - 3)]

= 3(x + 4(x — 3)°

+ (x + 4)P(6)(x — 3)°

= (x + 4P (x — 3y

X [3(x —3) +6(x + 4)]
= (x + 47(x — 3P (9x + 15)

2-30

b.y = (x> + 3(x* + 3)?
= ey
(23 (e + 3]

= 3(x* + 32 (2x)(x* + 3)?
+ (2 + 3P2)(x* + 3)(3x)

= 6x(x? + 3P + 3)[(x® + 3) + x(x* + 3)]
= 6x(x* + 3)%(x* + 3)(2¢ + 3x + 3)
3x% + 2x
“r= ¥ +1
dy (6x +2)(x* + 1) — (3x* + 2x)(2x)
dx (x2 + 1)2
_6x3+2x2+6x+2—6x3—4x2
(x> + 1)
=2+ 6x + 2
(xz + 1)

d. h(x) = x(3x — 5
h(x) = d%c[xﬂ -(3x =57 + x3dii[(3x - 50
=3¢%(3x — 57 + *(2)(3x — 5)(3)
=3x*(3x — 5)[(3x — 5) + 2x]
=3x*(3x — 5)(5x — 5)
=15¢°Bx — 5)(x — 1)
e.y = x4(1 - 4)62)3
Yo L - ey + 2 (1 - )]
= 4%(1 — 4% + x*(3)(1 — 4x*)X(—8x)
=41 — 4?)(1 — 4x%) — 6x7)
=41 — 42)X(1 — 10x?)

x2—3>

Ly= (x2 +3
452
dx| x>+ 3

@ _ 4<x2 - 3)
dx X +2
_ 4(x2 - 3)3 ) ¥+ 3)(2x) — (¥* — 3)(2x)
X +3 (x2 + 3)2
x2 -3 3
B 4<x2 + 3)

 48x(x* — 3)°
B (x2 + 3)5
9.a.5(1) = £(4r — 5)
= A(4 = 5)F
= [t(4t — 5)F
= [t(167 — 40 + 25)F
= (166 — 402 + 25t),t =

12x
x>+ 3)2

(
K
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2 — 3 5 _
s'(t) = %(1613 — 402 + 25¢)7 12. y=("—-7 atx=2

dy _ <3 4(2.2
X (4822 — 80t + 25) o =3 = 7))
(482 — 80r + 25) When x = 2,
 3(168 — 407 + 25t) dy 4
— =5(1)*(12
Rate of change at ¢t = &: dx (1)°(12)
/(3 — (48(8)* — 80(8) + 25) = 60
s'(®) = 3(16(8)* — 40(8)* + 25(8))% Slope of the tangent is 60.
2457 Equation of the tangent at (2, 1) is
S y— 1=260(x —2)
91 60x —y — 119 = 0.
~ 36 13.a.y =31 — 5u + 2
f— u=x>-1,x=2
b.s(t) = (t ) = u=73
u
i —~ = =6u—5-—=2
s'(t)—1<t ) {t ’T} du M T Ve
3 dt|t — 67 Q dy , du du
1( 67T> (t—6m)— (t—m) dx  du’ dx
Nt—m (t — 6m)’ = (6u — 5)(2x)
. 1( ) = (18 - 5)(4)
3\t—m (t - 671')2 =13(4)
Rate of change at ¢ = 27: =52 1
, 1 . —5m b.y=2u+3lu=x+xx=1
N (277) = g(—4)3 . Ton? dy dy dl
5V2 dx  du  dx
- 1
24m = (6u* + 6u (1 + )
10.y = (1 +xX°P y=2x ( ) 2Vx
dy dy Atx = 1:
—=2(14+x)(3x*) —=12x = 3
5= A3 = 12x w=1+1
For the same slope, p =2 .
6x}(1 + x°) = 12x° L A 622+62<1+)
6x* + 6x° = 12x° dx 6(2) 2) 2V1,
6x* — 6x° =0 3
=36 X =
6x}(x* — 1) =10 2
x=0orx =1. :542 , ,
Curves have the same slope at x = 0 and x = 1. c.y=u(u’ + 3) su=(x+3)x=-2
= — x2)2 d du
1L y = (3x — ') fyZ(u2+3)3+6u(u + 32— =2(x +3)
D y3x - )33 - 20) du &
“ DD sy
Atx =2, dx  du dx
dy =439 X 2
a = —2[6 — 4] 3(3 —4) = 878
=2(2)"° d. y =’ — 5’ — Tu),
1 u=Vx
4 =x,x=4
The slope of the tangent line at x = 2 is . @ dy  du
dx du dx
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= 3[3u® — 10(u® — Tu)(3u® — 7)] - (;&)

= [3u* — 10(u® — Tu)(3u* — 7)] - 2\1/;
Atx = 4

w =\
=2
@ Z 3P - 10(QF - 7)GE? - Dy 5
dx 2(2)
=78
14.  h(x) = f(g(x)), therefore
B (x) = f(g(x)) X g'(x)
flw) =u’—1,8(2) =3,8'(2) = —1
Now, 1'(2) = f'(g(2)) X g'(2)
=f(3) X g'(2).
Since f(u) = u*> — 1, f'(u) = 2u, and f'(3) = 6,
B(2) =6(—1)
= —6.

¢ 2
15. = 1——
5.V(t) =50 000< 3())

vio = soues - LY(-1)|
1

, _ 10
V'(10) = 50 000_2(1 30>< 30)}
2 1

= so00[2(2)( - )]

= 2222
At t = 10 minutes, the water is flowing out of the
tank at a rate of 2222 L/min.
16. The velocity function is the derivative of the
position function.
s(t) = (3 + %)

v(r) =s'(1) = %(R +12)7(3¢% + 2)

3P+ 2

SV 2

_ 303y +203)
RV

2746

-~ 2V36

_33

12

=275
The particle is moving at 2.75 m/s.
17.a. h(x) = p(x)g(x)r(x)

W (x) = p'(x)q(x)r(x) + p(x)q’ (x)r(x)

+ p(x)q(x)r'(x)

2-32

b. h(x) = x(2x + 7)*(x — 1)?
Using the result from part a.,
h(x)=(1)2x + 7)*(x — 1)

+ x[4(2x + 7)*(2)](x — 1)?

+ x(2x + 7)2(x — 1)]
h'(=3) = 1(16) + (—3)[4(1)(2)](16)
+ (=3)(D2(-4)]
16 — 384 + 24

= —344

18.y=(*+x—-207+3

=3 +x—2P02x+ 1)

ay
dx
At the point (1, 3), x = 1 and the slope of the
tangent will be 3(1 + 1 —2)*(2 + 1) = 0.
Equation of the tangent at (1, 3)isy — 3 = 0.
Solving this equation with the function, we have
(P+x—-2P+3=3
(x+2Px—-17°=0
x=-2orx =1
Since —2 and 1 are both triple roots, the line with
equation y — 3 = 0 will be a tangent at both x = 1

and x = —2. Therefore, y — 3 = 0 is also a tangent
at (=2, 3).
x(1 —x)*
19.y =
YT xy

-(1+x)— (- x)(l)}
(1 -l-x)2

|

-5 (1)
(
(

) [l

)

_ C2x(x¥* +3x — 1)(1 — x)?
1+ x)*

Review Exercise, pp. 110-113

1. To find the derivative f'(x), the limit

+h) —
h—0 h
must be computed, provided it exists. If this limit

does not exist, then the derivative of f(x) does not
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exist at this particular value of x. As an alternative Jbay=x"-5x+4

to this limit, we could also find f'(x) from the dy
definition by computing the equivalent limit dx 2x =5
() = tim )1 b f(x) =+
These two limits are seen to be equivalent by f(x) = Zyh
substituting z = x + h. 4
2.a.y=2x2—5x _ 31
dy .. (2(x+ h)*—5(x + h)) — (2x* — 5x) 4t
— = lim 7
dx  h-0 h ¢ y=-
. 2((x + h)> — x?) — 5h 3x
= lim 7
h—0 h — *X_4
B lim2(()( +h) —x)(x + h) +x)—5h
o0 h ‘Ly - —28 5
3 hm2h(2x + h) — 5h dx 3
h—0 h — _2785
= }limo(Z(Zx + h) —5) 3x
- 1
=4x — 5 d y= 215
b. y=Vx—-6 =(x2+5)‘1
dy . Vx+h)—6—-—Vx—-6 dy -
i A— 1 A _ 2 + 2 .
dx oo h dx ( 1)(x 5) (2)
. Vx+h) —6—-Vx—6 _ %
~ s h (¥ + 5)?
VE+h) -6+ Vi—6 e y— o
X (3 — X7
V(x+h) -6+ Vx—6 =33 - )
. ((x+h)y—6)—(x—0) d
= y —
(V= 7) =6 + VX —6) o= (OB = )7 (—20)
1
=i I
o V(x T h) — 6+ V-6 “G-oF
1
o1 Eoy=Vier il
2xvx—6 = (7> + 4x + 1)
= d 1 1
“ YTy D (702 + dx + 1) H(14x + 4)
dx 2
x+h X T+ 2
— + — =
LTGRO V7P + 4x + 1
dx  h—0 h 23 — 1
(x+h)4—x)—x(4— (x+ h)) 4. a. f(x) = 2
ey (44— (x+h)H4—x) 1
= Jim h =X -3
= lim 4h =2x —x?
n-0h(4 — (x + h))(4 — x) f(x)=2+2x73
= lim 4 =2 + 2
-0 (4 — (x + h))(4 — x) 3
_ 4
(4 —x)
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b. g(x) = Vx(x* — x)

= x%(x3 - X)
_ 4
g'x) = ;x; — %x;
- Ve -3
- X
“ Y755
dy (Bx=35)(1) -~ (x)(3)
dx (3x — 5)?
B 5
© (3x — 5)

d. y=(x—1)(x+1)
y=(x—DL%@+1K;yx—D;
x+1
=\/m+2 —
2 —2+4x+1
B 2Vx — 1
_ 3x -1
2V — 1
e. flx)=(Vx+2)"
=w+@%
fl(x) = (y+@x
_44J;47
3Va(Vax + 2)
X +5x+4
x+4
_ (Gt Hx+1)

x+4
=x+1,x# —4

1 1
2

)

5. a. y = x*(2x — 5)°
y = x6(2x — 5)°(2)] + 4*(2x — 5)°
= 4x3(2x - 5)3x + (2x — 5)]
=4x°(2x — 5)°(5x — 5)
=20x*(2x — 5)°(x — 1)

b. y =xVx*+1

1 ;
y=xL@H4)qnﬂ+(QVﬁ+1
2
= al + V¥ +1
X +1

2-34

_ (2x—5)*
o (x+ 1)
(x +1)%4(2x - 5)°(2)
- (x +1)°
3(2x — 5)*(x + 1)°
(x + 1)°
~ (x +1)*(2x — 5)°[8x + 8 — 6x + 15]
a (x +1)°
(2x — 5)*(2x + 23)
(x + 1)
6
d. y= (13(?_'_ 51> = (10x — 1)*(3x + 5)°¢
y' = (10x — 1)—6(3x + 5)77(3)]
+6(10x — 1)°(10)(3x + 5)°
= (10x —1)°(3x + 5) 7[x — 18(10x — 1)]
+ 60(3x +5)
= (10x — 1)°’3x +5)7’
X (—180x + 18 + 180x + 300)
_ 318(10x — 1)°
- (3x +5)
e. y=(x—2)x*+9)
= (x — 2)74(x* + 9) (2x)]
+xx—m%n( 9)°
= (x —2)%(x? )S[Sx(x —2) + 3(x* + 9)]
= (x = 2)(x* + 9P (11x* — 16x + 27)
£.y=(1-x)6+2x)"

1—x2\
<6+2x)
1 —x2\?
3
<6+2x)

X{(64—20(—2x)—(1—me2)

[ A—

y!

(6 + 2x)?
C3(1 = 2 (—12x — 4x? — 2 + 247)
a (6 + 2x)*
3(1 — (2% + 12x + 2)
o (6 + 2x)*
3(1 — P(x* + 6x + 1)
o 8(3 — x)*

6. a. g(x) = f(x?)

g'(x) = f(x*) X 2x
b. h(x) = 2xf(x)
b (x) = 2xf"(x) + 2f(x)

18
ca.y =5u’ + 3u — =
7.a.y =5u"+3u—1,u 215
x=2
u=72
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dy 4

—=10u + 3 =—-2-=
du " 5
du _ 36x _ 8
dx (x2 + 5)2 5
When x = 2, 8. flx) = (9 - xz)g
du 72 8 , 2 1
81" 9 f'(x) =§(9—x2) 3(—2x)
When u = 2, B —4x
D _ 943 309 -«
du (1) = 2
=23 Fay= 3
dl _ 23<_ 8) The slope of the tangent line at (1, 4) is —%.
dx 9 9. y=—x>+ 6x*
_ 184 y' = —3x% + 12x
9 -3+ 12x=—12 =3 + 12x = —15
b u+ 4 Vx + x XX —4x—4=0 X —4x—-5=0
YT u—e" T T 4+ V16 + 16
v =4 X=———0 (x—=35x+1)=0
_3 4 = 4\2
=73 =T, x=5x=-1
dy (u—4)— (ut4) x=2+2V2
du (u — 4)?
du _ 1<1 -4 1)
dx  10\2"
When x = 4, .
___ 8 du _ 1<5) e b4heBE 2EHaLE. R e 000004+ 10000000
(u—4)y>dx 10\4
_1
8
When u = é,
5 W - BEBYZPL f (! )
dy 3 ¥=-1Z 0D0G0EERAE s -5 F_ ¥ -1E. 00001 F+ B 000001
du <3 _ 20>2 10.a.i. y = (x* — 4)°
5 5 y' =50 — 4)*(2x)
8(25) Horizontal tangent,
- (—17)? 10)c(x2 - 4)4 =0
When x = 4, {C.ZO,x(Z3 i2)2
dy 8(25) 1 Ly =(x —x
ax 17 % 8 y =2 —x)(3x* - 1)
25 Horizontal tangent,
~ 789 2x(x* —1)(3x* —1) =0
¢ y=fVx+9),f(5)=-2x=4 x=0,x=t1,x=i\3@'
d 1 s
d—y = f (Vx> +9) X E(x2 +9)72(2x)
X
dy 11
_— = U 5 o — o — o
dx 1) 25 8
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T

W=-z
W= -1 0EHO00EHE “BH+ "2 04

h=os
i
L—1—J

[ L

N

=z
=1.0Z400064E “98+ "2 048

"
¥

i, L\ - J \ -

n=-1 W= EPPEEN:
w= L E00000gE "ER+ -1, 200. =7 697 9EE PR+ 14814858
\ .-"H"'\-\.m.-"ﬂ"'\-\.j L i

“ru+ 14B14BE

L

1
La000i0gE "SR+ -1 2000

11.a.y = (x> + 5x + 2)* at (0, 16)
y' =4 + 5x + 2 (2x + 5)
Atx = 0,
y' = 4(2)*(5)
= 160
Equation of the tangent at (0, 16) is
y — 16 = 160(x — 0)
y = 160x + 16
or160x —y + 16 =0
b.y =(3x2 -2 at(l, 1)
y = 5(3)(72 — 2)(3)4(—6x73 - 6x2)
Atx =1,
Y =5(1)*=6-6)
= —60
Equation of the tangent at (1, 1) is
y—1=-60(x—1)
60x +y —61=0.
12y =3x* —7x + 5

dy
= =6x—7
dx N

2-36

Slope of x + 5y — 10 = 0 is —1.
Since perpendicular, 6x — 7 = 5
x =2

y=3(4)—14+5

= 3.
Equation of the tangent at (2, 3) is
y—3=5(x-2)

S5x —y—7=0.

13.y = 8x + b is tangent to y = 2x*
dy
Ly
dx *

Slope of the tangent is 8, therefore 4x = 8§, x = 2.

Point of tangency is (2, 8).
Therefore, 8 = 16 + b, b = —8.
Or8x + b = 2x?
2 =8 —b=0
8+ V64 +8b
202

For tangents, the roots are equal, therefore

64 + 8 =0,b=-8.
Point of tangency is (2, 8), b = —8.

14. a.
-

b. -
3

Hah
v=-1 BEEAEEAYYYYYEE “FH+_

The equation of the tangent is y = 0.

™

wEh EYEEN 0T
vz -

" 9165E "PR+6.ZEF0EEE

The equation of the tangent is y = 6.36.

o

M= -4 EyEEh
w= -3 BiEEE -7H+ -6.363062

The equation of the tangent is y = —6.36.
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(x* — 6)(3x?) — x*(2x)

C. f(x) = (x2 _ 6)2
_ x* — 18x?
(P -e)
xt — 18x?
(e —op "
(- 18) =0
xX*=0o0rx*—18=0
x=0 x = *+3V2

The coordinates of the points where the slope is 0
are (0, 0), (3\f2, 97\/2), and (—3\@, —97\/2)

d. Substitute into the expression for f’(x) from
part b.

2y <1672

(-2)
=36

4
= 14

\Lf”

Rz
2= =14 00007 ZE00YE+ Y 00 _

15. a. f(x) = 2x — 5x

52 21
! =2 X —x3 — 5 X —x3
f'(x) =2 3 5 3
_10;_10
37 3
fx)=0 - x2x —5]=0
5
:0 = —
X orx =7

y = f(x) crosses the x-axis at x = 3, and

V2 1
=5X 32=5X2
V5
= (25 X 2)
= V30
b. To find a, let f(x) = 0.
10, 10_
3 3%
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30x = 30
x=1
Therefore a = 1.
16. M = 0.1 — 0.0017°

a. When ¢ = 10,

M = 0.1(100) — 0.001(1000)
=9

When ¢ = 15,

M = 0.1(225) — 0.001(3375)
= 19.125

One cannot memorize partial words, so 19 words
are memorized after 15 minutes.
b. M’ = 0.2t — 0.003¢

When ¢ = 10,
M' = 0.2(10) — 0.003(100)
=17

The number of words memorized is increasing by
1.7 words/min.

When ¢t = 15,
M' = 0.2(15) — 0.003(225)
= 2.325

The number of words memorized is increasing by
2.325 words/min.

30
17.a. N(1) = 20 —

V9 + 7

30t
(9 + 2
b. No, according to this model, the cashier never
stops improving. Since ¢ > 0, the derivative is always
positive, meaning that the rate of change in the
cashier’s productivity is always increasing. However,
these increases must be small, since, according to the
model, the cashier’s productivity can never exceed 20.

1
18. C(x) = §x3 + 40x + 700
a. C'(x) =x* + 40

N'(t) =

b. C'(x) =176
x* + 40 = 76
x* =36
x=26
Production level is 6 gloves/week.
X2,
19. R(x) = 750 s 7

a. Marginal Revenue

R'(x) = 750 — g — 2y
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1
b. R'(10) = 750 — ?O — 2(100)
= $546.67
20.D(p) =22 p>1
. p W,P
1 =
D'(p) = 20<—z>(p - 1)
10
(p—1y
L1010
Do =g 8
_ 3
4

Slope of demand curve at (5, 10) is —3.
21. B(x) = —0.2x* + 500,0 = x = 40
a. B(0) = —0.2(0)* + 500 = 500
B(30) = —0.2(30)* + 500 = 320
b. B'(x) = —0.4x
B'(0) = —-04(0) =0
B'(30) = —0.4(30) = —12
c. B(0) = blood sugar level with no insulin
B(30) = blood sugar level with 30mg of insulin
B’(0) = rate of change in blood sugar level
with no insulin
B’(30) = rate of change in blood sugar level
with 30 mg of insulin
d. B'(50) = —0.4(50) = —20
B(50) = —0.2(50)* + 500 = 0
B'(50) = —20 means that the patient’s blood sugar
level is decreasing at 20 units per mg of insulin 1 h
after 50 mg of insulin is injected.
B(50) = 0 means that the patient’s blood sugar level
is zero 1 h after 50 mg of insulin is injected. These
values are not logical because a person’s blood sugar
level can never reach zero and continue to decrease.

22.a.f(x) = 3_xx

2

. 3x
(1 —x)(1+x)
f(x) is not differentiable at x = 1 because it is not
defined there (vertical asymptote at x = 1).
x—1
b. 8(x) X+ 50— 6
x—1

(x+6)(x — 1)

1
= fi 1
(x + 6) or x #+

g(x) is not differentiable at x = 1 because it is not
defined there (hole at x = 1).

2-38

e h(x) =\ (x —2)
The graph has a cusp at (2, 0) but it is differentiable
atx = 1.
d.m(x)=[3x — 3| — 1.
The graph has a corner at x = 1, so m(x) is not
differentiable at x = 1.
3

23. a. f(x) = pE—
_ 3

Cx(4x — 1)
f(x) is not defined at x = 0 and x = 0.25. The
graph has vertical asymptotes at x = 0 and
x = 0.25. Therefore, f(x) is not differentiable at
x = 0and x = 0.25.

¥—x—6

b. f(X) - x2 -9

_ (x=3)(x+2)
C(x = 3)(x +3)
= Mforx +3
(x +3)
f(x) is not defined at x = 3 and x = —3. At
x = —3, the graph as a vertical symptote and at
x = 3 it has a hole. Therefore, f(x) is not

differentiable at x = 3 and x = —3.

e f(x)=VxX*—Tx+6
=VEx-6)(x—1)

f(x) is not defined for 1 < x < 6. Therefore,

f(x) is not differentiable for 1 < x < 6.

2. p' (1) = (t+ 1)(25) — (25t) (1)

(t+ 1)
25t + 25 — 25t
o (t+ 1)
25
S (r+ 1)
25. Answers may vary. For example,
fx)=2x+3
1
y= 2x + 3
s (2x+3)(0) = (D)(®2)
ryo (2x + 3)?
B 2
 (2x +3)?
f(x) =5x + 10
_ 1
YT st 10
,_ (5x +10)(0) — (1)(5)
- (5x + 10)
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_ 5
 (5x + 10)?
Rule: If f(x) = ax + band y = )%’ then
, _ —a
y- (ax + b)?
= liml L -
hsohla(x +h)+b ax + b
1[ ax + b —[a(x + h)b] |

N leoz_[a(x + h) + b](ax + h) |

_liml_ax—i-b—ax—ah—b_
n>oh|[a(x + h) + b](ax + D) |

—ah
= 1. —_
hlgtl)h_[a(x + h) + bl(ax + b) |

!

y

= lim —-
n—ola(x + h) + b](ax + b)

_ —a
~ (ax + b)?

26.a. Lety = f(x)
_(2x—3)Y+5
- 2« -3

Letu = 2x — 3.

‘+5
Thenyzuu .

y=u+5u"!

d
b. f'(x) = >
dy _dy  du
dx du = dx
= (1-5u7)(2)
=2(1—-5(2x —3)7?)

27.g(x) = V2x — 3+ 5(2x — 3)

a. Lety = g(x).
y=V2x -3+ 502x —3)
Letu = 2x — 3.
Theny = Vu + 5u.
dy dy du
b.g'(x) =—=—"X—
8'(x) dx du dx
1
= (2142 + 5)(2)
=u+10
= (2x—3)7+10

Calculus and Vectors Solutions Manual

28. a. f(x

) = (2x — 5)°(3x* + 4)°
f'(x)

(2x — 5)°(5)(3x* + 4)*(6x)
+ (3% + 4)°(3)(2x — 5)%(2)
= 30x(2x — 5)%(3%* + 4)*
+ 6(3x* + 4)°(2x — 5)?
= 6(2x — 5)%(3x* + 4)*
X [5x(2x = 5) + (3% + 4)]
= 6(2x — 5)%(3x* + 4)*
X (10x* — 25x + 3% + 4)
=6(2x — 5)°(3x* + 4)*
X (13x* — 25x + 4)
b. g(x) = (8%)(4x* + 2x — 3)°
g (x) = (8¢°)(5)(4x* + 2x — 3)*(8x + 2)
+ (4% 4+ 2x — 3)°(24x%)
= 40x°(4x* + 2x — 3)*(8x + 2)
+ 24x°(4x* + 2x — 3)°
= 8x?(4x* + 2x — 3)*[5x(8x + 2)
+ 3(4x* + 2x — 3)]
= 8x*(4x* + 2x — 3)*
(40x* + 10x + 12x* + 6x — 9)
= 8x?(4x* + 2x — 3)*(52x* + 16x — 9)
(5 + x)*(4 — 7x%)°
(5 + x)%(6) (4 — 7x*)°(—21x%)
+ (4 —7)%2)(5 + x)
—126x%(5 + x)*(4 — 7xX°)
+2(5+ x)(4 — 7°)°
2(5 + x)(4 — 7xX*)[—63x*(5 + x)
+ 4 — 7x%]
=2(5 + x)(4 — 7X*)°(4 — 315x* — 70x°)

6x — 1
d.h(x) = m

c.y
y!

(3x + 5)*(6) — (6x — 1)(4)(3x + 5)*(3)

W (x) = ((Bx + 5)*)?
_ 6(3x +5)[(3x +5) — 2(6x — 1)]
a (3x + 5)
_6(—9% +7)
 (Bx +5)
B (2x* = 5)°
© (x + 8y
dy  (x+8)*(3)(2x* — 5)*(4x)
dx ((x + 8)2)2
B (2x* = 5)}(2)(x + 8)
((x + 8P
~ 2(x + 8)(2x* — 5)*[6x(x + 8) — (2x* — 5)]

(x + 8)*
_2(2x* — 5)*(4x* + 48x + 5)
B (x + 8)°
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—3x*
4x — 8
B —3x*
© (4x — 8)
_ (4x — 8)(—12x)
((4x — 8)

_(%ﬂ@)%—&%@

((4x — 8))
=62 (4x — 8)[2(4x — 8) —
B 4x — 8
_ —6x°(7x — 16)
 (4x -8y
_ =3x(7x — 16)
 (4x -8y
g g(x) = <Zx_+ f)

X

g - 213

X
(6 — x*)(2) — (2x + 5)(—2x)
X ( (6 — ) )

(235 55)
25

1 3
hy=|——>3
Y [(4)6 + x2)3}
= (4x + x*)7’
d
= 9 £ ) (4 + 20)
29. f(x) = ax* + bx + ¢,
It is given that (0, 0) and (8, 0) are on the curve,

f. f(x) =

fr(x)

Il
o~

and f'(2) = 16.
Calculate f'(x) = 2ax + b.
Then,
16 =2a(2) + b
4a + b = 16 (1)

Since (0, 0) is on the curve,

0 =a(0)*+ b(0) + ¢

c=0

Since (8, 0) is on the curve,
0=a(8)>+b(8) +c
0=64a + 8b + 0

8a+b=0 (2)
Solve (1) and (2):

From (2),b = —8a (D)
2-40

In (1),
4a — 8a = 16
—4a = 16
a=—4
Using (1),

b=-8(—4)=32

a=—-4b=32c=0,f(x) = —4x* + 32x
30.a. A(t) = —F£ + 5t + 750

A'(t) = -3 +5

b. A'(5) = —3(25) + 5
=170
At 5 h, the number of ants living in the colony is
decreasing by 7000 ants/h.
c. A(0) = 750, so there were 750(100) or
75 000 ants living in the colony before it was
treated with insecticide.
d. Determine ¢ so that A(¢) = 0. —£ + 5t + 750
cannot easily be factored, so find the zeros by using
a graphing calculator.

2RF o
W=8.2690189 V=1

All of the ants have been killed after about 9.27 h.

Chapter 2 Test, p. 114

1. You need to use the chain rule when the derivative
for a given function cannot be found using the sum,
difference, product, or quotient rules or when writing
the function in a form that would allow the use of
these rules is tedious. The chain rule is used when

a given function is a composition of two or more
functions.

2. f'is the blue graph (it's a cubic). f" is the red graph
(it is quadratic). The derivative of a polynomial
function has degree one less than the derivative of
the function. Since the red graph is a quadratic
(degree 2) and the blue graph is cubic (degree 3),
the blue graph is f and the red graph is f".

3 o) = fim 1) =S

_ 2 (2
:limx+h (x +h)y — (x —x°)
h—0 h
x+h— (*+2hx+h)—x+x°
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h(1 —2x — h) 6.y = 3u’ + 2u

= lim
e h LA
= ,I}I%(l —2x — h) du
- —\/2
-1 -2 du = ) x+5
d 2N _ a_ - X2+ 5)72x
Therefore, E(x —x7)=1-2x. (ily 2( )
1 a _ X
4.a.y = §x3 —3x % + 47 dx (6u + 2)<\ /2 + 5)
dl:x2+15x—6 Atx = =2, u = 3.
dx 4 5
b.y = 6(2x — 9)° dy _ (20)(_>
Y _ 3002x - 9y dx ’
Iy~ 20(2x —9)'(2) _ 40
= 60(2x — 9)* 3 s
ey =2+ 46V Ty Gt e
YTNVE VA % = 5(3x 2 — 28} (—6x % — 6x2)
1 1 1
=27+ —F=x + 6x
V3 é{ty(l’ 1),
d 3 1 2 - = (- -
Qo g +2x7° dx S(A)(=6-6)
dx V3 — 60
dy— 46\ '
YT \3x + 4 Equation of tangent line at (1,1)isy —1=60(x—1)
2 4 (42
dyzs(x +6> 2x(3x + 4) (); + 6)3 y—1=—60x + 60
dx 3x + 4 Bx +4) 60x +y — 61 = 0.
_5(x* + 6)*(3x* + 8x — 18)
a (3x + 4)° 8. P(t) = (¢ +3)
ey = Vor’ -7 P(1) =3(t + 3)2<411f‘3>
d 1 1 ;
Y 2x(6x* — 7y + x*=(6x* — 7) 73 (12x) 1 1 \
dx .3 P'(16) = 3(16° + 3)2< X 164>
= 2x(6x> — 7)3((6x> — 7) + 2x?) 4
= 2x(6x2 — 7) (8¢ - 7) _ 3043 2(1 « 1)
4 — 5x* + 6x — 2 ( ) 4 8
f. y = x4 B 75
=4x—5+6x7—2x* 32
dy » s The amount of pollution is increasing at a rate of
e 4 — 18" + 8 %ppm/year.
4 —18x + 8 9. y=x'
x5 Q — 4x3
5.y =(x* +3x —2)(7 — 3x) dx
%: (2x 4+ 3)(7 — 3x) + (x* + 3x — 2)(-3) —%24)63
At (1,8
dy( -8), Normal line has a slope of 16. Therefore,
o W+ @2)(=3) dy _ 1
_ 14, dx 116
The slope of the tangent to P p—
y = (2 + 3x — 2)(7 — 3x) at (1,8) is 14. 64
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1
x=—-—

1

Y~ 256

Therefore, y = x* has a normal line with a slope of

16 at (—%, 2;76)

10 y=x— x> —x+1

dy

dx

For a horizontal tangent line, % =0.
X —-2x—-1=0

Bx+DH(x—-1)=0

=3 —-2x — 1

xz—% or x=1

R T
=0

=1 -3+9+27

a 27

32

T 27

The required points are (—%, 34, (1, 0).

2-42

1L.y=x>+ax+b
dy

dx=2x+a
y=x
dy
7232
dx *

Since the parabola and cubic function are tangent at
(1,1), then 2x + a = 3x°.
At (1,1)2(1) + a = 3(1)?

a=1.
Since (1, 1) is on the graph of
y=x*+x+b1=1"4+1+5b
b=-1
The required values are 1 and —1 for a and b,
respectively.
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CHAPTER 2
Derivatives

Review of Prerequisite Skills,
pp. 62-63

l.a.a® X @ = a°*3
b. (—24*) = (=2)%a?)?
— _8(a2><3)
= —8a°
4p” x 6p°  24p’"?
C. 12p°  ~ 12p"
= Qpl6-15
= 2Zp
d. (a3 2) = (a5 2)
— a72b77
_ 1
@b’
e. (3¢°)(2¢°)" = (3)(e")(2*)(e’)*
= (3)(2*)(e)(e™)
= (3)(16)(e"" )
= 48¢'®
o Ga20 (b)) 3= 1Pla)p)
' 124’ a 12a°p
_ —6(a_1_5)(b3_2)
12
i (G (1)
2
__b
240

3. A perpendicular line will have a slope that is the
negative reciprocal of the slope of the given line:

-1
a. slope = ——
3

3

2

Calculus and Vectors Solutions Manual

-1
b. slope = —
2
=2
-1
c. slope = ——
3
__3
5
-1
d. sl =—
slope 1
=1
—4 — (=2
4. a. This line has slope m = ﬁ
_ 2
-12

_1

The equation of the desired line is therefore
y+4==%x+3)orx — 6y — 21 =0.

b. The equation 3x — 2y = 5 can be rewritten as
2y = 3x — Sory = 3x — 3, which has slope 3.
The equation of the desired line is therefore
y+5=3(x+2)or3x — 2y — 4 =0.

c. The line perpendicular to y = 3x — 6 will have

-1
slope m = = —3% The equation of the desired line

-Nu‘

is therefore y + 3 = —3(x — 4)ordx + 3y — 7 = 0.
5.a. (x — 3y)(2x + y) = 2x* + xy — 6xy — 3y’
= 2x% — Sxy — 3)?
b. (x — 2)(x* — 3x + 4)
=x—3x" +4x —2x* + 6x — 8
=x -5+ 10x — 8
c. (6x —3)(2x +7) = 12x* + 42x — 6x — 21
= 12x* + 36x — 21
d.2(x +y) — 5(3x — 8y) = 2x + 2y — 15x + 40y
= —13x + 42y
e. (2x — 3y)* + (5x + y)?
= 4x* — 12xy + 9y* + 25x* + 10xy + y*
= 29x% — 2xy + 10y?
f.3x(2x — y)> — x(5x — y)(5x + y)
= 3x(4x* — 4xy + y?) — x(25x% — y?)
= 12x° — 12x% + 3xy? — 25x° + x)?
= —13x° — 12x% + 4xy?

2-1



6. a 3x(x +2) 5x° _ 15x*(x + 2)
t x? 2x(x +2) 2 (x + 2)
:1275)6473
15
= x
x#+0,-2
y (y —5)
b'(y -5 4
_ Yy =350 ~-5)
4y°(y + 2)(y = 5)
__y=5
4y +2)
y# —2,0,5
4 9 4 2(h + k)
“hrk 20h+k) Ktk 9
_ 8(h + k)
C9(h + k)
8
9
h+—k
(x+y)x—y) . (x+y)
S5(x —y) . 10
_ () —y) 10
5(x—y) (x +y)
_10(x + y)(x — y)
5(x = y)(x +y)’
2
S (x+y)?
xX#F -y, +y
x =17 S5x x—=—7x-1) (5x)(2x)
e. + =
2x x—1 2x(x — 1) 2x(x — 1)
_)62—7)c—x+7-i-10x2
a 2x(x — 1)
B 1162 — 8 + 7
o 2x(x - 1)
x#0,1
£ x+1 x+2
"x—2 x+3
C(x+Dx+3) (x+2)(x—2)
S (x=2)(x+3) (x+3)(x—2)
X+ x+3x+3-x+4
a (x +3)(x —2)
. 4dx + 7
T (x+3)(x —2)
x#+ —3,2

7.a.4k* — 9 = (2k + 3)(2k — 3)

2-2

b.x? +4x — 32 =x*+ 8 — 4x — 32
=x(x +8) —4(x +8)
=(x—4)(x +8)

c.3—4a—7=3a">—Ta+3a—17

a(3a—7) +1(Ba—-17)
=(a+1)Ba—-17)
dx*-1=x+1DE*-1)
=X+ DEE+1Dx-1)

ex’—y = (x—y)*+xy+y>)

A -5 +4=rF—4>-r+14
=r(rr—4)—-1(r*—-4)

(=1 —4)

=r+D(r—-1D+2)(r—2)

8. a. Letting f(a) = a® — b%, f(b) = b* — b?

=0

So b is a root of f(a), and so by the factor theorem,

a — b is a factor of a® — b*. Polynomial long

division provides the other factor:

a’* + ab + b*
a—bd + 0%+ 0a — b
a® — a’b
a*b + 0a — b?
a*b — ab?
ab* — b®
ab* — b*
0

Soa® — b’ = (a — b)(a* + ab + b?).

b. Using long division or recognizing a pattern from

the work in part a.:

@ — b= (a— b)(a" + a’b + a*b* + ab® + b*).

c¢. Using long division or recognizing a pattern from

the work in part a.: a’ — b’

= (a — b)(a® + @b + a'b* + a’b’

+ a*b* + ab’® + b°).

d. Using the pattern from the previous parts:

a'—b"=(a—b)(a" '+a"h+ a3+ ...
+a’h" 3+ ab" "t + b,

9.a.f(2) = -2(2) +3(2>) + 7 — 2(2)
=-32+12+7—-4

=17
b f(—1) = —2(—1)* + 3(=12 + 7 — 2(—1)

= —2+3+7+2

=10

4 2
N f@) _ _2@ ; 3@ 7 2@)
1 3

=gt t7-1

_ 3

-8
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1) 1\2 <1>

=2 =) +3(-=) +7-2(-—=

(4 3(4 / 4
+

10. a 3 = 73\5
V2 (V2)(V2)
_3\V2
2
4-V2  (4—V2)(V3)
Vi (VB)(V3)
_4V3 -6
3
2+3V2  (2+3V2)(3 +4V2)
“3-42T (3-4V2)(3 + 4V2)
64+ 9V2+8V2 +12(2)
- 32 — (4V2)
30+ 17V2
~9-16(2)
30 +17V2

b.

23
3V2 —4V3  (3V2 - 4V3)(3V2 — 4V3)
"3V2+4V3 T (3V2 + 4V3)(3V2 — 4V3)
~(3V2)2 - 24V6 + (4V3)?
- (3V2)* = (4V3)
~9(2) —24V6 + 16(3)
a 9(2) — 16(3)
66 — 246
30
11 — 4V6
5

11. a. f(x) = 3x* — 2x
When a = 2,
fla+h) = fla) fQ2+h)~-f(2)
h h
32+ h? -2 +h) —[3(27 —2(2)]
a h
_3(4+4h+ ) —4-21n-38
h
12 + 12h + 3h* — 2h — 12
h

Calculus and Vectors Solutions Manual

_ 31* + 10h

ok

=3h + 10

This expression can be used to determine the slope of
the secant line between (2, 8) and (2 + A, f(2 + h)).
b. For & = 0.01: 3(0.01) + 10 = 10.03

¢. The value in part b. represents the slope of the
secant line through (2, 8) and (2.01, 8.1003).

2.1 The Derivative Function, pp. 73-75

1. A function is not differentiable at a point where its
graph has a cusp, a discontinuity, or a vertical tangent:
a. The graph has a cusp atx = —2, so f'is
differentiable on {x e R|x # —2}.

b. The graph is discontinuous at x = 2, so fis
differentiable on {x e R|x # 2}.

c¢. The graph has no cusps, discontinuities, or
vertical tangents, so f'is differentiable on {x € R}.
d. The graph has a cusp at x = 1, so fis
differentiable on {x e R|x # 1}.

e. The graph has no cusps, discontinuities, or
vertical tangents, so f is differentiable on {x e R}.

f. The function does not exist for x < 2, but has

no cusps, discontinuities, or vertical tangents
elsewhere, so fis differentiable on {x e R|x > 2}.
2. The derivative of a function represents the slope of
the tangent line at a given value of the independent
variable or the instantaneous rate of change of the
function at a given value of the independent variable.

Y Y
4- 4

2 /"? 2_
X

A L T
N
w-

SOEP 20| By
V L
i i)
4. a. f(x)=5x -2
fla+h)=5@a+h)—-2
=5S5a + 5h —2
fla+h) — fla) =5a +5h — 2 — (5a — 2)

Sh
b. fx)=x*+3x—1
fla+h)=(a+h)>+3(a+h)—1
=a*>+ 2ah + h* + 3a
+3h -1
f(a + h) — f(a) = a* + 2ah + h* + 3a + 3h
—1—(a>+3a—-1)
= 2ah + h* + 3h

23



fx)=x—4x + 1 Cian s
fla+h)y=(a+h)?’—4(a+h)+1 « f(o)_}llg(l)

e

f(O + h) — f(0)
h

=a’ + 3a*h + 3ah* + 1’ T - VT
—d4a — 4h + 1 = lim
fla + h) — f(a) = d® + 3a®h + 3ah*> + K® — 4a heo\/ih
— 4+ 1 (@ —da+ 1) TN 2
= 3a’h + 3ah* + h® — 4h h0 L -
d. fx)=x+x—-6 :lim(\/h+1—1)(\/h+1+1)
fla+h) = (;1+h)2+(621+h)—6 h—0 h(\/th—i—l)
fla+h)—fla)=a>+2ah + > +a+h—6 :hm(\/m) 1
— (@®+a—6) haoh(\/erl)
=2ah + h* + h o Bt 1—1
e flx) = ~7x + 4 —0h(Vh+1+ 1)
fla+h)=~T(a+h)+4
f(a+h)—f(a)= —T7a —Th +4 — (_7a+4) h—>0(\/h+1+1)
— = lim——
f. f(x)=4—-2x—x* 'HO(\flJrl)
fla+h)=4—2(a+h)— (a+h) B
=4 —2a—2h—a*>—2ah— W —2
f(a+h) — f(a) =4 —2a — 2h — &* — 2ah , . f(=1+h)—f(—-1)
— W =442+ d® d.f(—1):}11123) 2
= —2h — h* — 2ah s s
’ = fim /() =S = ljm=Lthr -1
5. a. f(l)—llgir(]) p hl_l‘)I(l) ;
+ h)> — 12 s
SPYIN C L) it R
h—0 h =11m?
1 +2h+ K -1 h—0
= lim . S S e m
h—0 o 2 1+
C2h+ K _},Lmo -
= lim
fm 2+ 35S
“lme s g ek
o =lim——
th)— o h(—=1 4+ h)
b. '(3) = lim! G =)
h—0 h IR T
= lim .
h—0 h _ 5
(3 +303)+1) ) :;
h =
—+ —
. 9+6h+h +94+3h+1-19 6-a.f’(x):1imf(x h) — f(x)
:}IHI;I) h h—0 h
— ) ! ) . . i
. 9n+ n? - lim S5(x +h) — 8 — (—5x — 8)
:’lllmo h h—0 h
n B —5h — 8 + +
— im(9 + /) = lim > 8 + 5x +8
. h—0 h
=9
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b. f'(x) = lim

flx + h) — f(x)
h

= lim
h—0

h
(2% + 4x)}
h
{2}(2 + dxh + 2h% + 4x
h
4h — 2x* — 4x}
+ -
h
dxh + 2h* + 4h
m

h—0 h

= lim (4x + 2h + 4)
h—0

=4x +4
f(x + h) — f(x)
h

_ -
~ lim 6(x +h)y —7(x+ h)

h—0 | h
B (6x° — 7x)}

h

. [6x® + 18x*h + 18xh* + 6h°
= lim

h—0 | h

—7x — Th — 6x° + 7x]
+

{Z(x + h)* + 4(x + h)

= lim
h—0

¢ f'(x) = lim

h
. 18x%h + 18xh?> + 6K* — Th
= lim
h—0 h
= ;lllmo (18x* + 18xh + 6h> — 7)
=18x*> — 7
, . fx +h) — f(x
d'f(x):,ljf})( ;)l (x)
. V3(x+h)+2—V3x+2
= lim
h—0 h
V3 +3h+2—-V3x+2
= lim
h—0 h
. [(V3x +3h+2 - V3x +2)
= lim "
h—0

(V3x +3h +2 + V3x + 2)

><(\/3x+3h+2+\/3x+2)
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~im (V3x +3h + 2P — (V3x + 20
n-0 h(V3x +3h + 2+ V3x + 2)
— lim 3x+3h+2—-3x—-2
n-0 h(V3x +3h + 2 + V3x + 2)
. 3
_}llir(l)\/3x+3h+2+\/3x+2
3
C2\V3x +2
7.a.Lety = f(x), then
+ —
dx h—0 h
_ lim6 —7(x + h) — (6 — 7x)
h—0 h
. 6—Tx—Th—6+"Tx
= lim
h—0 h

= hm

= lim —7
h—0

=7
b. Let y = f(x), then
ay _ oy S+ h) — f(x)
& @) = lm h

x+h+1_x+1
— 1 x+h—-1 x —1
hlilé h
x+h+1D(x—-1)
— lim x+h-=1)(x—-1)
h—0 h
(x+D(x+h—-1)
(k=D +h-1)
h
X2+ hx +x—x—h-1
(x+h—=1)(x—1)

:1.
hlg(l) h
x2+hx —x+x+h—-1
x+h—-1)(x-1)
h
—2h
. (x+h-1D(x-1)
= lim
h—0 h
= lim 2
so(x+h—1)(x—1)
__ 2
(x — 1)

2-5



c. Let y = f(x), then
dy .\ _. fx+h) - flx)
= /() = lim

h
2 a2
_ lim3(x + h)” — 3x
h—0 h
. 3x? + 6xh + 30 — 3x?
= lim
h—0 h
. 6xh + 3K
= lim—
h—0 h
= lim 6x + 3h
h—0
= 6x

8. Let y = f(x), then the slope of the tangent at
each point x can be found by calculating f' (x)

)  fim ) = )

h
+ h)? - +h) — 2x* +
_ limZ(x h)y —4(x + h) — 2x" + 4x
h—0 ]’l
. [2)62 + 4xh + 2h* — 4x — 4h
= lim
h—0 h
—2x* + 4x}
+ -
h
. dxh + KW — 4k
=lim———
h—0 h
=limd4x + h — 4
h—0
=4x — 4

So the slope of the tangent at x = 0 is
f(0) =4(0) — 4
= —4

At x = 1, the slope of the tangent is

f(1)=4(@1) -4
=0
At x = 2, the slope of the tangent is
£(2)=4(2) - 4
=4

Y
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b. Let y = f(x), then the slope of the tangent at
each point x can be found by calculating f(x)

o) = tim ) 1)

T RY — P
SN CRAD it

h—0 h

X+ 3R+ R =X
= lim

h—0 h

o 3x%h 4+ 3xh* + W
= lim

h—0 h
= lim 3x*> + 3xh + K?

h—0
= 3x?

So the slope of the tangent at x = —2 is
f(=2) =3(-2)
=12

At x = —1, the slope of the tangent is
fi(=1) = 3(=1)?

=3
At x = 0, the slope of the tangent is

f(0) =3(0)
-0

At x = 1, the slope of the tangent is

fr(1) =371y
=3

At x = 2, the slope of the tangent is

) =300
=12
C. Yy
12
O_
8_
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d. The graph of f(x) is a cubic. The graph of f'(x)
seems to be a parabola.

10. The velocity the particle at time 7 is given by s'(¢)

s(t+ h) —s(r)

"(r) =1
s'(0) hl—r>r(1) h
— 2 — (=
Cm (t+h)?+8(t+h)— (—£+8)
h—0 h
.~ —2th—h +8+8h+ 1 —8t
= lim
h—0 h
. —2th— W+ 8h
= lim
h—0 h
=lim —2t—h + 8
h—0
=—2t+8
So the velocity at t = 0 is
s'(0) = —=2(0) + 8
=8m/s
At t = 4, the velocity is
s'(4) = —2(4) + 8
=0m/s
At t = 6, the velocity is
s'(6) = —2(6) + 8
= —4m/s

1. (0 = tim G = 1)

Vx+h+1-Vx+1

=1
hlg(l) h
[(Vx+h+1—Vx+1)
= lim
h—0 h

><(\/x+h+1+\/x+1)

(Vx+h+1+Vx+1)
Cim (Vx+h+1P—(Vx+1)2
0 A(Vx+h+1+ Vx+1)
— lim x+h+1—-x-1
Casoh(Vx+h+ 1+ Vx + 1)

h
=i
ioh(Vx + h+ 1+ Va+ 1)

1
=1li
hglé(\/x+h+ I+ Vx+1)
_ 1
2Vx + 1

The equation x — 6y + 4 = 0 can be rewritten as
y = 1x + 2 so this line has slope i. The value of x
where the tangent to f(x) has slope ¢ will satisfy

r =4

Calculus and Vectors Solutions Manual

1
2Vx +1 6
6=2Vx+1
2:( )2
9=x+1
8=x
f(8)=\/8T1
=9
=3

So the tangent passes through the point (8, 3), and its
equationis y — 3 = 2(x — 8) orx — 6y + 10 = 0.
12. a. Let y = f(x), then

d £(x) = f(x

h) — f(x)
h

- limg
h—0
0
= lim—
=)
=0
b. Let y = f(x), then

gxzfgjzhmﬂx+h)—ﬂw

(x+h)—x

c. Lety = f(_x) then
@) = iR =0

m(x+h)+b—mx—b
m
h—0 h
mx +mh+b—mx—0>b

d Lety f(x), then
D p = il 1)

h—0

2
- lim a(x +h)+b(x+h)+c
h—0 h
_ (ax* + bx + ¢)
h

2-7



ax® + 2axh + ah® + bx + bh

= 1'
hlg(l) h
—ax> — bx — ¢
h
2axh + ah* + bh
= lim
h—0 h

= }11in(1) (2ax + ah + b)

=2ax + b
13. The slope of the function at a point x is given by

) = i I

h
R — O
BTN C R0 M
h—0 h
X+ 3h 3k + R - )P
= lim
h—0 h
3x*h + 3xh* + K
= lim
h—0 h
= lim 3x*> + 3xh + K?
h—0
= 3x?

Since 3x” is nonnegative for all x, the original
function never has a negative slope.
14. h(t) = 18t — 4.97

h(t + k) — h(r)

. h(t) =1
= w0) = im

k
_ 2
_ lim18(t + k) —49(t + k)
k—0 k
(18t — 4.97)
k
. 18t + 18k — 4.9 — 9.8tk — 4.9k
= lim
k—0 k
_ 18t + 4.9
k
. 18k — 9.8tk — 4.9k
= lim
k—0 k
= 1lim (18 — 9.8t — 4.9k)
k—0
=18 — 9.8t — 4.9(0)
=18 — 9.8¢

Then A’ (2) = 18 — 9.8(2) = —1.6 m/s.

b. 4’ (2) measures the rate of change in the height
of the ball with respect to time when ¢ = 2.

15. a. This graph has positive slope for x < 0, zero
slope at x = 0, and negative slope for x > 0, which
corresponds to graph e.

b. This graph has positive slope for x < 0, zero
slope at x = 0, and positive slope for x > 0, which
corresponds to graph f.

2-8

c¢. This graph has negative slope for x < —2,
positive slope for —2 < x < 0, negative slope for
0 < x < 2, positive slope for x > 2, and zero slope

atx = —2,x = 0, and x = 2, which corresponds to
graph d.
16. This function is defined piecewise as f(x) = —x?

for x < 0, and f(x) = x* for x = 0. The derivative
will exist if the left-side and right-side derivatives are
the same at x = O:

0+ h)—f(O
LSO+ h) = f0) _

h—0" h

—(0 + h)> — (—0?)

o FO+ 1) = £(0)

h—0* h

2 _ (2
lim (0 + h)*> — (0?)
h—0* h
2
= lim £
h—0" h

= lim (h)

h—0"
=0
Since the limits are equal for both sides, the derivative
exists and f'(0) = 0.
17. Since f'(a) = 6 and f(a) = 0,
Jla+h) = f(a)

6 = li
hl—% h
_l’_ —_
6 = lim! /) 0
h—0
. fla+h)
3 = lim L
o 2h
18. 5
6_

N
1 1
i\/

>3 Il

=] 12

o gt
N
1%

f(x) is continuous.

f3) =2

But f'(3) = oo.

(Vertical tangent)

19. y = x> — 4x — 5 has a tangent parallel to
2x —y=1.

Let f(x) = x> — 4x — 5. First, calculate

P00 = im0 = )
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e B
~ lim (x+h)y—4(x+h)—-5
h—0 | h
_(x2—4x—5)}
h
X+ 2xh+ W —4x —4h -5
= lim
h—0 [ h
—x2+4x+5]
h
. 2xh + h* — 4h
=lim——
h—0 h
=limQ2x + h — 4
fm@x 4= 4)
=2x+0—4
=2x — 4

Thus, 2x — 4 is the slope of the tangent to the curve
at x. We want the tangent parallel to 2x — y = 1.
Rearranging, y = 2x — 1.
If the tangent is parallel to this line,
2x—4=2
x =3
Whenx =3,y = (3)> —4(3) — 5= -8
The point is (3, —8).
20. f(x) = x*
The slope of the tangent at any point (x, ¥?) is

S ) = f)

! h—0 h
2 _ 2
~ lim (x +h) —x
h—0 h
:lim(x+h+x)(x+h—x)
h—0 l’l
_ limh(2x + h)
h—0 h

= lim(2x + h)
h—0

=2x+0
= 2x

Let (a, a*) be a point of tangency. The equation of

the tangent is
y —a = (2a)(x - a)
y = (2a)x — a*
Suppose the tangent passes through (1, —3).
Substitute x = 1 and y = —3 into the equation of
the tangent:
-3 =(2a)(1) - &

@ —2a—-3=0

(a=3)(a+1)=0
a=—-1,3

So the two tangents are y = —2x — 1 or

2x+y+1=0andy=6x —9o0r6x —y —9=0.

Calculus and Vectors Solutions Manual

2.2 The Derivatives of Polynomial
Functions, pp. 82-84

1. Answers may vary. For example:

d
constant function rule: df(S) =0
X

power rule: E(f) = 3x?

d
constant multiple rule: ?(4x3) = 12x*
x

d
sum rule: a(x2 + x) =2x+1

d
difference rule: a()f —x*+3x)=3x"—-2x+3
d d
2.a.f"(x) = —(4x) — ——(7
a.f(x) = S (4) = (])

d d
=40 ——(7)
=4(x°) -0

b () = () = ()

= 3x? — 2x
c fi(x)= dix(—xz) + dix(Sx) + dix(g)
d

d d
—a(xz) + Sa(x) + 5(8)

=—(2x) +5+0
=—-2x+5
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f. f'(x) = %(x‘3)

= (=3)(x7)

3x 4

3a. 0 (x) = dii((zx +3)(x + 4)

= %(2;& + 8x + 3x + 12)

d, d d
= — + — + —
dx(zx ) dx(nx) dx(lZ)
d, , d d
—(x) + 11— (x) + —(12
=2(2x) + 11(1) + 0

=4x + 11

=2

d
b. f'(x) = E(M + 5x% — 4x — 3.75)

ds

d

d
:723 + —
dx(x) dx

(5¢) = - (4x)

d
- (375
2 7)

d d

d
= 25()(3) + 55()&'2) — 45()()

d
-~ -(375)

=2(3x%) +5(2x) —4(1) -0
=6x" + 10x — 4
d

¢ = E(tz(t2 - 2t))

— g(ﬂ _ 2t3)

dt

d d

=) =)

d d

— (4 (43

)~ 24"
= 4 — 2(3¢%)
=43 — 61

di

“dx  dx

_ d<
dx

(

)

1 1 1
dy —d<5x5+x3—x2+1>

3 2

1) df1 3> d(l 2> d
sx) dx<3x 25 ) T

i+ ()i (e

d
+ a(l)

1

= —(5x%) +

5

4

%(3x2) - %(2;;) +0

2

=Xx"+tx"—x

2-10

d

=4

dx

-

et - 6

() = 64

= —2x7 + 6x72

dy d

¢ dx  dx

d

=6

dx

&
x3

(x_3) + 2

2

)

X

d.
dx

() - 43

=6(=-3)(x N +2(-2)x>) -0
= —18x7* —4x73
_—18_ 4
- 3

X4

X
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=2 — -
d = o2y vk 20— 6(1) + 0

dx dx =2t—6
= 96%({2) + 36%()&) 6. a. f'(x) = d%(f ~Vh)
_g(—2)(x 1) + 3@()&—1) = 4wy - Ly
= —18x % + %x*% =32 — %(x?_l)
e. = dx (\/ + 6V + 2) — 32 %x,%
- d%(f) di( 2) o (a) = f'(4) = 34 — 2(4)"
= %(XH) + 6<2)( )+ ~ 3(16) - ;\}Z

= ) +od -8 @@

fdy_d<1+\/£> = 47.75
Cdxode\ xo ) b. f'(x) = (7 ~ 6\Vx + 5¢)
(1), () )
ddx X dxd X = 5(7) - 65()65) + 5;(]@)
= 7()‘71) + 7()‘7%) (1) 1 2) 2
d d —0—6l2 )20 +5(2) (4
x 11x_1(11) 062(x)53(x)
=(=Dx """+ —(x" ] 1
. 2 =—-3x+ (130>(x’)
= xt o N (10,
P sof'(a) = f'(64) = —3(647%) + <3>(643)
as _ a5
S. a. o dt( 202 + 7t) 1 10/1
d d -8 "3\
= — — =+ [
( 2)( dt(rz)) 7( dt(”) T
=(—2)(2t) +7(1) Y
= —4t+7 d d
Y _ 4
7.a. — = —(3x%)
b L — d<18 + 56— 1z3) dx  dx
dt dt 3 d( 4)
=3—(x
d d 1\d dx
= — J’_ _ — —_ 3
PASLUEINO) ( )dt(t) = 3(4x%)
N, = 12x°
=0+5(1) - <3>(3t ) The slope at (1, 3) is found by substituting x = 1 into
= 5 — 7 the equation for % So the slope = 12(1)?
ds =12
= i(tz — 6r + 9) ) dx dx x75
dt d,
d - dx(x )

= L0) = ()50 +50) i
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The slope at (—1,—1) is found by substituting x = —1
d
into the equation for d% So the

slope = 5(—1)*
=5

o d(2)
“dx  dx\x

= —2x?
The slope at (—2,—1) is found by substituting
x = —2 into the equation for % So the
slope = —2(—2)72
__!
2
dy d
d. — = —V1e6x’
dx dx( * )

- Vie g (¥)

e

= 6
The slope at (4, 32) is found by substituting x = 4

. . d
into the equation for % So the

i d
slope = 6(4):
=12
8.a.y = 2x° + 3x
dy d
- = (2 3 +
dx dx( * 3x)
d, d
= — + —
de(x) 3dx(x)

= 2(3%?) + 3(1)
=6x>+3
The slope at x = 1 is found by substituting x = 1

. . d .
into the equation for d%( So the slope is

6(1)2 +3=09.
b.y=2Vx+5
dy_i
dx—dx(z\/}+5)

d, . d
=2 {x) + (5

. z@(xw) 0

2-12

The slope at x = 4 is found by substituting x = 4

. . d . —_1
into the equation for ﬁ So the slope is (4) P =1

e, 16
V=2
4 _ d<16)
dx  dx\x*
d
=16—(x2
S7)
=16(—2)x*"!
= —32x°
The slope at x = —2 is found by substituting
x = —2 into the equation for % So the slope is
_ 93 (=32) _
32(=2) =5 4.
dy=x7x"'+1)
=x 44+ x3
dy _d -3
= +
dx  dx (x )
= —4x 5 —3x7*
__4_3
©ooxt

The slope at x = 1 is found by substituting

. . d .
x = 1 into the equation for d% So the slope is

d
=2 (x) = )
=2(1) = (=1 !
=24+ x2
The slope at x = 0.5 is found by substituting

. . d
x = 0.5 into the equation for ﬁ

So the slope is 2 + (0.5)% = 6.
The equation of the tangent line is therefore
y+1=6(x—-05)or6x —y—4=0.

b dy d (3 4>
Tdx  dx\x* X
_ 24/ di 3
—3dx(x )—4dx(x )
=3(—2)x 2 —4(=3)x 3!
=12x*—6x7?
The slope at x = —1 is found by substituting

. . d .
x = —1 into the equation for d% So the slope is

12(-1)*—-6(-1)"°=18.
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The equation of the tangent line is therefore
y—7=18(x + 1)or18x — y + 25 = 0.

e 2 =2 (Var)

d
- \@a(xz)

(e

C3VE
2

The slope at x = 3 is found by substituting x = 3
dy

into the equation for e

3V3(3) 9
So the slope is\/z() =7

The equation of the tangent line is therefore
y—9=3(x—3)or9% — 2y — 9 =0.

dy d(1(, 1))
—_ + —_
d. dx dx< (x X

The slope at x = 1 is found by substituting

. . d
into the equation for d%

So the slopeis 1 — 2(1)° = —1.
The equation of the tangent line is therefore
y—2=—(x—1)orx +y—3=0.

e & (V= 2)(3va + 8))

dx dx
= %(3(\/;)2 +8Vx — 6Vx — 16)

- %(3)6 +2Vx — 16)

d d, » d
dx(3x) 2 dx(x) dx(16)

=3(1) + 2@))&—' -0

=3+ x
The slope at x = 4 is found by substituting x = 4
into the equation for %

So the slope is 3 + (4)7 = 3.5.
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The equation of the tangent line is therefore
y=35(x—4)or7x —2y —28 = 0.

oy _ d(\/i - 2)
“dx  dx \3/;
(2
Cdx\ ¥
d 1_1 _1
= a(xz 3 — 2X )
d, . d, .
= a(xﬁ) — 25()( 3
O ISP A S
6(x ) 2( 3)x 0
1 5 2 4
g(x ) + 3x

The slope at x = 1 is found by substituting x = 1

. . d
into the equation for d%

So the slope is %(1)’% +2(1)
The equation of the tangent line is therefore
y+1=2(x—1)or5x — 6y — 11 = 0.
10. A normal to the graph of a function at a point is
a line that is perpendicular to the tangent at the
given point.

3 4
y=a2-gaP(=17)

o

Slope of the tangent is 18, therefore, the slope of
the normal is — 15

Equationisy — 7 = —f(x + 1).
x+ 18y —125=0
3 1
11.y=—~=3x"
*

Parallel tox + 16y + 3 — 0
Slope of the line is — 1.

dy 4
dx x
L1
Y T 16
11
¥ 16
¥ =16
x=(16) =8
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1
12.y=;=x_1:y=x3
dy 1. dy .,
dx xz'dx_3x

Now, —— = 3x*
x

xt= -

1

g.

No real solution. They never have the same slope.
_ 2 dy _

13.y =x e 2x

The slope of the tangent at A(2, 4) is 4 and at

B(~1,&)is —1

Since the product of the slopes is —1, the tangents

at A(2,4) and B(—é, é) will be perpendicular.

4Ny

—I —I —I 0 T T
3-2-10

4. y=-x*"+3x+4
dy

= —2x+3
dx o
dy
For— =35
Ordx
5=—-2x+3
x=—1.

The point is (=1, 0).

6

2
15,y =x+2
d
LA 3x2, slope is 12
dx
X2 =4
x=2o0orx=—-2

Points are (2, 10) and (—2, —6).

2-14

16.y = tx° — 10x, slope is 6
dy

— 4 —

i 10=06

xt =16

xX*=4or x*=—-4

Xx = *2 non-real
Tangents with slope 6 are at the points ( , —%)
and (— 2, %)
17.y = 2x* + 3

a. Equation of tangent from A (2, 3):
Ifx=a,y=2x*+3.
Let the point of tangency be P(a, 24 + 3).

Now, ny = 4x and when x = a, a _ 4a.
x dx
The slope of the tangent is the slope of AP.
24 _4
L5 "4
2a*> = 4a*> — 8a
20> = 8a =0
2a0(a —4) =0
a=0ora=4
Point (2, 3):
Slope is 0. Slope is 16.
Equation of tangent is Equation of tangent is
y—3=0. y—3=16(x —2)or

16x —y — 29 =0.
b. From the point B(2,—7):
24> + 10
2a> + 10 = 4a* — 8a
20> =81 —10=0
@ —4a—-5=0
(a=5@+1)=0
a=>5
Slope is 4a = 20.
Equation is
y+7=20(x—2) y+7=—-4(x—2)
or20x —y — 47 = 0. ordx +y—1=0.
18.ax — 4y + 21 = Oistangenttoy = %atx = —-2.

Slope of BP: = 4a

a=-1
Slope is 4a = —4.
Equation is

Therefore, the point of tangency is <— 2, Z),

This point lies on the line, therefore,

a(—2) - 4(3) +21 =0
~3a+21=0

a=17.
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19. a. When & = 200,
d = 3.53\V200
=499
Passengers can see about1 49.9 km.
b. d = 3.53Vh = 3.53

;o 1.
d —3.53<2h )

353
" 2Vh
When & = 200,
g = 3.53
21200
=0.12

The rate of change is about 0.12 km/m.
20. d(1) = 4.97
a.d(2) =49(2)* = 19.6 m

d(5) =49(5)*=1225m

The average rate of change of distance with respect

to time from 2 s to 5 s is
Ad 1225 —-19.6
At 5-2
=343 m/s
b. d'(t) = 9.8¢
Thus, d’'(4) = 9.8(4) = 392 m/s.
¢. When the object hits the ground, d = 150.
Set d(t) = 150:

4.97 = 150
1500
£="09
t= i17—0\/g
Sincet=0,t = g\/g
Then,
1 1
d’<70\/B> = 9.8(70\/B>
=542 m/s
2l v(t) =s'(t) =2t — ¢
05=2t— ¢

£—-2t+05=0
280 —4t+1=0
4+\B
=y
t=1.71,0.29
The train has a velocity of 0.5 km/min at about
0.29 min and 1.71 min.
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22.v(t) = R'(t) = —10¢

v(2) = =20
The velocity of the bolt at r = 2 is —20 m/s.
23. y
34 (0,3)
2

2_

3_
Let the coordinates of the points of tangency be
A(a, - 3a2).
% = —6x, slope of the tangent at A is —6a

—3a° -3
Slope of PA: = —6a
—3a’ — 3 = — 64
3a> =3
a=1lora=-1

Coordinates of the points at which the tangents
touch the curve are (1, —3) and (=1, —3).
24.y = x> — 6x° + 8x, tangent at A (3, —3)
dy

dx=3x2—12x+8
When x = 3,
dy

—=27-36+8= -1
dx

The slope of the tangent at A(3, —3) is —1.
Equation will be
y+3=-1(x—3)
y=—x
—x =x>— 6x* + 8
=6 +9%x =0
x(x2—6x+9)=0
x(x =37 =0
x=0orx=3
Coordinates are B(0, 0).

y

|
—_

(@]
A
w-
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25. a.i. f(x) = 2x — 5x°

f'(x) =2 —10x
Set f'(x) = 0O:
2—-—10x =0
10x =2
1
Y75
Then,
1 1 1)\?
f(S) - 2(5) 5(5)
201
5 5
1
5

Thus the point is (é, é)
iil. f(x)=4*+2x -3
fi(x) =8x +2
Set f'(x) = 0:
& +2=0

Thus the point is (—};, —%)
iii. f(x)=x>— 8"+ 5x + 3
f(x) =3x*—16x + 5

Set f'(x) = 0:
3 —16x+5=0
x> —15x—x+5=0
3x(x—=5)—-(x—-5=0
Bx—1)(x-5)=0
1

:—’5
Y73

1 1\ 1\2 1
f<3> - <3> 8<3> " 5(3
_1_24 4 8
27 27 27 27
103

27

2-16

)+3

f(5)= (5 —-8(5)*+5(5) +3
=25-200+25+3
= —47

Thus the two points are (%, 17073) and (5, —47).

b. At these points, the slopes of the tangents are
zero, meaning that the rate of change of the value
of the function with respect to the domain is zero.
These points are also local maximum or minimum
points.

26.Vx +Vy=1

P(a, b) is on the curve, therefore a = 0, b = 0.
Vy=1-Vx

y=1-2Vx +x
dy 1

==+ 1
dx 2
1 -1+
At x = a, slope is —\/a+1=\/;l\/&.
But Va + Vb =1
~Vb=Va—1.

\/l; \/g
Therefore, slope 1S ——— = —, [ —.
PRV~ Va

27. f(x) = x", f'(x) = nx""!
Slope of the tangent at x = 1is f'(1) = n,
The equation of the tangent at (1, 1) is:
y—1=n(x-1)
nx—y—-n+1=0
Lety=0,nx =n—1
n—1 1 1

X = =1--
n n

. . 1 1
The x-intercept is 1 — Z; as n — o, " — 0, and

the x-intercept approaches 1. As n — %, the slope
of the tangent at (1, 1) increases without bound, and
the tangent approaches a vertical line having equation
x—1=0.

28. a. )2
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f(x) ={

X, ifx <3

x+6,ifx=3

f'(3) does not exist.

b.

y

fx) = {3x2—6,ifx< ~\V2orx>V2
VT l6 -3t —V2 <x < V2

6x,if x < —\/20rx>\6
—6x,if —V2=x=V2

f' (\/i) and f’ (—\/2) do not exist.

ror-{

Lo f2xifx <3 e h(x) = (Bx +2)(2x = 7)
f(x)—{ Lifx =3 h'(x)zgx+3(2) + (3)(2x — 7)
= 12x —
d. h(x) = (57 + 1)(x* — 2x)
h'(x) = (5x7 + 1)(2x — 2) + (35x%)(x* — 2x)
=45x% — 80x" + 2x — 2
e. s(t)=(#+1)3 -2
s'(1) = (2 + 1)(—40) + (20)(3 - 27)
= =8 + 2t
o =
X fx) = (x = 3)(x +3)™"
frx)=(x=3)(-Dx+3)2+ ()(x+3)"
=(x+3)*(—x+3+x+3)
6
T (x+3)
2.a. y=(5x+1)>(x—4)

% = (5x + 13(1) + 3(5x + 1)(5)(x — 4)

= (B5x+ 1P +15(5x + 1)*(x — 4)
b. y=03@+4)(3+x

C.

3
24
1

y

o

Yo 3¢+ 4)(5)(3 + ¥)(3)

dx
+ (6x)(3 + X
= 15x°(3x* + 4)(3 + ¥*)* + 6x(3 + xX°)°

3309 154
x—Lifx=1 since [x —1=x—1
£(x) 1—-—xif0=x<1 since [x —1/=1—-x
x =
x+1Lif-1<x<0 since |[-x—-1]=x+1
—x— 1,ifx= -1 since |—x—1|=-x—1
1,ifx > 1 c. y=(1-x)2x+6)
_1 1f0<x<1 dy 2\3 3
‘ = ’ — =41 -x)P(—2x)(2x + 6
1) Lif—-1<x<0 ax ~ W20 )

f'(0), f'(—=1),and f'(1) do not exist.

2.3 The Product Rule, pp. 90-91

—1ifx < —1

l.a. h(x) =x(x — 4)

R (x) =x(1) + (1)(x — 4)

=2x — 4

b. h(x) =x*(2x — 1)
h(x)=x*(2)+ (2x)(2x — 1)
=6x> — 2x

Calculus and Vectors Solutions Manual

+ (1 = x)*3(2x + 6)*(2)
= —8x(1 — x*)*(2x + 6)°
+6(1 — x?)*(2x + 6)?
d. y=(¥*-9*2x - 1)

P (2 - 9p@e - 120)

dx
+ 4(x* — 9P (2x)(2x — 1)}
=6(x>—9)*(2x — 1)°
+ 8x(x* — 9)°(2x — 1)
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3. It is not appropriate or necessary to use the product
rule when one of the factors is a constant or when it
would be easier to first determine the product of the
factors and then use other rules to determine the
derivative. For example, it would not be best to
use the product rule for f(x) = 3(x* + 1) or
gx) = (x+1)(x = 1).
4. F(x) = [b(x)]c(x)]

F'(x) = [b(x)]c"(x)] + [b"(x)][c(x)]

5.a. y= 2+ 7x)(x —3)
dy
— =2+ 1) + -
L=+ W)+ - 3)
Atx = 2,
dy
—=(2+14) +7(—-1
L=+ 1) +7(-1)
=16 -7
=9

b. y=(1-2x)(1+ 2x)

% =1 -2x)(2)+ (—2)(1 + 2x)
1
Atx :E,
dy _
L= ) -20)
=—4
c. y=0B-2-X)(¥+x-2)
% =3 -2x - x)(2x + 1)

+ (=2 -20)(x* +x —2)
Atx = =2,
dy v
E_(3+4 4)(—=4 +1)
+(-2+4)(4-2-2)
= (39)(—3) +(2)(0)

d y=xCx+7)

% =3x*(3x + 7)* + x’6(3x + 7)
Atx = =2,
dy
— =12(1)> + (—=8)(6)(1
=120y + (-8)(6)(1)
=12 - 48
= —36
ee. y=(2x+1)Y CBx+2)*x=-1
d
d—i = 5(2x + 1)*(2)(3x + 2)*
+ (2x + 1)°4(3x + 2)*(3)
Atx = —1,
2-18

dy _ _1\4 _1)4
L =511

+ (=1’ (1))

=10 + 12
=22
f. y=x(5x-2)(5x +2)
= x(25x* — 4)
dl: 50x) + (25x* — 4)(1
& = x(500) + (252~ 4)(1)
Atx =3,
dy
- =3(150) + (25:9 - 4)
= 450 + 221
= 671

6. Tangent to y = (x3 — S5x + 2)(3x2 - Zx)
at (1, —-2)

dy _ (3x? — 5)(3x* — 2x)

dx
+ (¢ — 5x + 2)(6x — 2)
when x = 1,
Yo )+ (-2)@)
-2 +-8
- 10

Slope of the tangent at (1, —2)is —10.
The equationis y + 2 = —10(x — 1);
10x +y—-8=0.

7.a. y=2(x—29)(x +1)
%=2(x—29)(1) +2(1)(x + 1)
2x—58+2x+2=0

4x — 56 =0
4x = 56
x =14

Point of horizontal tangency is (14, —450).
b. y=(2+2x+1)x*+2x + 1)
= (x2 + 2x + 1)2

dy _ 22 + 2x + 1)(2x + 2)

dx
(+2x+1)2x+2)=0
2+ D(x+DH(x+1)=0
x=-1

Point of horizontal tangency is (—1, 0).
8.a. y=(x+1>%x+4)(x—-3)

dl =3(x+ 1)°(x +4)(x — 3)?

dx
+ (x + 1)’(1)(x — 3)
+ (x + 1)P°(x + 9)2(x — 3)]

Chapter 2: Derivatives



b. y=x(32+ 473 - %)
% = 2x(3x + 4)%(3 — X°)*
+ X7[2(3%% + 4)(6x)])(3 — x*)*
+ X737 + 4)4(3 — *)(—3%7)]
9. V(1) = 75(1 - t)z, 0=r=24

24
75L X 60% =45L

‘= ( + \/i - 1)(—24)

t = 42.590 (inadmissable) or t = 5.4097
t

vi=75(1-5)
V(1) = 75(1 - 2t4><1 - ;4)
v =7(1-5)(-3)
()1 33)
(1 - %))

V'(5.4097) = —4.84 L/h
10. Determine the point of tangency, and then find the
negative reciprocal of the slope of the tangent. Use
this information to find the equation of the normal.
h(x) = 2x(x + 1)%(x* + 2x + 1)
B (x) =2(x + 1)%(x* + 2x + 1)
+ (2x)(3)(x + DX (x* + 2x + 1)
+ 2x(x + 1)°2(x¥* + 2x + 1)(2x + 2)
h'(=2) =2(=1y(1)°
+2(=2)(3)(=1)’(1)
+2(=2)(=1)’(2)(1)(-2)
=-2-12-16
= =30

11.
a. f(x) = g1(x)g2(x)g3(x) - .. gu—1(x)g(x)
(%) = g/ (0)g2(x)gs(x) - - - gn-1(x)gu(x)
+ 81(%)g (0)g3(x) . .. gu-1(x)ga(x)
+ 81(0)g2(x)g5 (%) . .. gu-1(x)gu(x)
+o+ g1(0)g(x)gs(x) - - - gu-1(x)ga’ (x)

Calculus and Vectors Solutions Manual

b. flx) = (14 x)(1 + 2x)(1 + 3x)...

(1 + nx)

f(x)=1(1+2x)(1 +3x)...(1 + nx)
+ (1 +x)(2)(1 + 3x)...(1 + nx)
+ (1 +x)(1 +2x)(3)...(1 + nx)
+ .0+ (1T +2x)(1 +20)(1 + 3x)
... (n)

0y = 1)1 ... (1)
+ 1(2)(1)(1) ... (1)
+ 1(1)3)(1) ... (1)
+ ..o+ (D)) ... (n)

=1+2+3+... +n
Lo n(n+ 1)
F(o) ="t
12. f(x) = ax’ + bx + ¢
f'(x) =2ax + b (1

Horizontal tangent at (—1, —8)
f'(x)=0at x = -1
—2a+b=0

Since (2, 19) lies on the curve,
4a +2b + c =19 )
Since (—1, —8) lies on the curve,

a—b+c=-8 3)
4a +2b +c =19
—3a — 3b = =27
a+b=09
—2a+b=0
3a =9
a=3 b=6
3—-6+c= -8
c= -5
The equation is y = 3x* + 6x — 5.
13. Y
3_
2_

3301 33

a. x=1lorx=—-1
b. f'(x) =2x,x<—-lorx>1
flfix)y=-2x,-1<x<1
y
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c. f'(=2)=2(-2)=—4
f1(0)=-2(0)=0
f3)=23)=6

14. y = g -1

X
dy 32
dx x
Slope of the line is 4.
4 = =32
X’ = -8
x==2

Point is at (-2, 3).
Find intersection of line and curve:
4 —y+11 =0
y=4x + 11
Substitute,
dx + 11 = g -1
X
4’ + 11x* = 16 — x> or 4x° + 12x* — 16 = 0.
Let x = =2
RS = 4(—2)* + 12(-2)* - 16
=0
Since x = —2 satisfies the equation, therefore it is
a solution.
When x = =2, y =4(-2) + 11 = 3.
Intersection point is (—2, 3). Therefore, the line is
tangent to the curve.

Mid-Chapter Review, pp. 92-93
1. a. y

((x + h)> = 5(x + h)) — (¥* — 5x)

b. f'(x) = lim

h
x>+ 2hx + h* — 5x — S5h — x* + 5x
= lim
h—0 h
. h* + 2hx — 5h
=lim—————
h—0 h

2-20

_ limh(h +2x = 5)
h—0 h
=2x—5

Use the derivative function to calculate the slopes of
the tangents.

x Slope of Tangent
f'(x)
0 -5
1 -3
2 -1
3 1
4 3
5 5
¢ y

6

4

2

d. f(x) is quadratic; f'(x) is linear.
2.a.f'(x) = lim(6(x + h) +15) — (6x + 15)

h—0 ]’l
= lim@
h—0

= lim6
h—0

=6
b. f(x) = }g%(z(x + h)? _;) —(2x* — 4)
_ gg(}z(x + }22 - x?
_ limz((x + h) — x)h((x + h) + x)
h—0
h(2x + h)

= lim2
h—0

= lim2(2x + h)

h—0

= 4x
5 5

(x+h)+5 x+5
h
=lim5(x+5)_5((x+h)+5)
>0 ((x +h) +5)(x +5)h

— lim —oh
n-0((x + h) +5)(x + 5)h

¢ f(x) = lim
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d. f'(x) = lim

. -5
S G ) - 5)(x +9)
-5
T (x+5)?

Vix+h)—-2-Vx-2

h
CIVix+h)—-2-Vx-2
= lim
h—0 h
V(ix+h) -2+ Vx—2
V(x+h)—2+Vx—-2
- lim (x+h)—=2)— (x—2)
ha(l)h(\/(x+h)—2+\/x—2)
= lim L
h—>(l)h(\/()€+h)—2+\/x—2)
. 1
_}ll—{%\/(x+h)—2+\/x—2
1
2Vx — 2
J.a.y ' =2x — 4
When x =1,
Yy =2(1) - 4
= -2
When x = 1,

y= (17— 4(1) +3
=0

Equation of the tangent line:
y—0=-2(x—1),ory=—-2x+2

g

Calculus and Vectors Solutions Manual

dy
. ——=2(11t + 1) (11
e. © =211 + H(1D)
=242t + 22
1
f.y—l—;
=1—x"!

5.1 (x) =8
8x* =1

Equation of the tangent line:

i=1(v3)
——=1lx—=),ory=x——
y 3 5 ) y 3

6.a.f"(x) =8 —7

b. f'(x) = —6x> + 8 + 5

c. f(x) =5x%—-3x"
f(x)=—10x"3+ 9x*
10 9

d.f(x)=x+x

1 &
flx)=—x"2+-x":

e f(x) =7x2 - 3x
3
f(x)=—14x73% - Exff

f.f(x)=4x2+5

4
== +5
xZ

3
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7.a.y' = —6x + 6
When x = 1,
y =-6(1)+6
= 0.
When x = 1,
y=-3(1%) +6(1) + 4
=1.
Equation of the tangent line:
y—=7=0(x—1),0r
y =17
b.y=3-2x
yo=-x"
-1
T Vx
When x = 9,
, -1
RV
1

3
When x = 9,
y=3-2V9

= —3.
Equation of the tangent line:
y—(=3)=
e f(x)=—8+ 12x* —4x — 8

f(3) =—-8(3) +12(3)> —4(3) — 8
—216 + 108 — 12 — 8
—218
—-2(3)*+4(3)* —2(3*-8(3) +9
—162 + 108 — 18 — 24 + 9

= —87
Equation of the tangent line:
y— (—87) = —128(x — 3), or
y = —128x + 297

(4x — 9%x)(3%% + 5)

1 1
—g(x —9),ory= —gx

f(3)

8.a.f'(x) =

d
2 2
+ (4x* — 9x) dx(3x +5)

= (8x — 9)(3x* + 5) +

= 24x> — 27x* + 40x — 45
+ 24x% — 54x7

= 48x> — 81x% + 40x — 45

bf(t)——( 32 — Tt + 8)(4t — 1)

+ (=32 -7t + S)E(4z -1)

= (—6r—7)(4t—1)
+ (=32 — 7t + 8)(4)

2-22

(4x* — 9x)(6x)

= =24 — 28t + 6t + 7 — 12£2 — 28t + 32
= —36£ — 50t + 39
dy

d, , )
= (3% 4 4x — -
c dx(sx 4x — 6)(2x* — 9)

+ (3%2 +4x—6)d (2x* - 9)

= (6x + 4)(2x* — 9) + (3% + 4x — 6)(4x)
= 12x° — 54x + 8x* — 36 + 12x°

+ 16x% — 24x
= 24x> + 24x* — 78x — 36

Ay _ 4 sy
e dx(s 23 — 2°)

d
_ 3\2 _ 3
+ (3 —-2¢) dx(3 2x%)

d.

= [;(3 - 2x°)(3 — 2x%)

+(3 - 2x3)%(3 — 2x3)}(3 - 2x%)

+ (3 — 2°(—6x?)
= [2(~6x?) (3 - 2x)|(3 - 2¢)
(3 — 207(~6x7)
3 - ) (—6x?)
(3 ) (—18x)
(9 — 122 + 4x%)(—18%%)
= —162x* + 216x° — 724°

9. y =

/‘i+

di;(s)c2 +9x — 2)(—x% + 2x + 3)

+ (5%% 4+ 9x — 2)0%

= (10x + 9)(—x> + 2x + 3)
+ (5%% + 9x — 2)(2 — 2x)
y'(1) = (10(1) + 9)(=(1)* + 2(1) + 3)
+(5(1)° +9(1) = 2)(2 - 2(1))
= (19)(4)
=176
Equation of the tangent line:
y—48—76(x—1), or 76x —y —28=0

(—x2 + 2x + 3)

dy _
10. I ( (5 —x)
+2 1 d 5
(x = 1) 3(5 = %)
=2(5—-x)—-2(x—-1)
=12 — 4x
The tangent line is horizontal when % = 0.
12 -4x=0
12 = 4x
x=3

Chapter 2: Derivatives



When x = 3,
y=2(3) -1 - 3)
=8

Point where tangent line is horizontal: (3, 8)
2 _
ll.ﬂzlim (5(x + h) 8(x + h) +4)
X h—0 h
(5¢* — 8x + 4)
h
2 =2
_ limS(x + h)” — 5x° — 8h
h—0 h

_ th((x +h) —x)((x + h) +x)— 8h
h—0 h

. Sh(2x + h) — 8h
m
h—0 h
=1lim(5(2x + h) — 8)
h—0
=10x — 8
2
12. V(¢) = 500<1 - 9t0> 0=r=90
a. After 1 h, t = 60, and the volume is
V(60) = 500(1 — &)’

30\
- so(3p)

1 2
= 500{ =
5
500
=—L
9
b. V(0) = 500(1 — 0)> = 500 L
500
The average rate of change of volume with respect
to time from O min to 60 min is

AV 3P =500
At 60 — 0
_ 5(500)
60
200 :
=07 L/min
c. Calculate V' (¢):
V(t+h)—V(t
V'(t) = lim ( ) (&)
h—0 h

t+ h\? %
500(1 — 90> — 500(—1 + 90>
= lim

h—0 h
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h 2t + h
500(—90)<2 s )
= lim

h—0 h

o 500(., 2t+h
= hm =g \2 90)

_—900 + 10z
81
Then,
—900 + 10(30
V' (30) = (30)

81

200 .
=07 L/min

13. V(r) = 27713

a. V(10) = %(10)3 V(15) = %(15)3

4 4

= —7(1000) = —7(3375)
3 3
4000

= TW = 45007

Then, the average rate of change of volume with
respect to radius is
AV 4500 — “m
Ar o 15-10
500m(9 — §)
=

19
= 1007| —
”(3)

1
= ?W cm?/cm
b. First calculate V' (r):
. V(r+h)—=V(r)
"(r) =1
Vi) oo h
h—0 h
; sm(r + 3°h + 3k + B = P)
0 h
; im(3°h + 3k + 1)
= lim

h—0 h
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= limgw(?arz + 3rh + h?)

h—0
= %77(3}’2 +3r(0) + (0)%)
= 41’
Then, V'(8) = 47 (8)*
= 47 (64)
= 2567 cm®/cm

14. This statement is always true. A cubic polynomial

function will have the form f(x) = ax® + bx*> +

cx + d, a # 0. So the derivative of this cubic is
f'(x) = 3ax* + 2bx + c, and since 3a # 0, this
derivative is a quadratic polynomial function. For
example, if f(x) = x> + x> + 1,

we get

f(x) = 3x* + 2x,

and if

f(x) =2x* + 3x* + 6x + 2,

we get

fi(x)=6x>+6x+6
2a+3b
15.y=W,(l,bEI

Simplifying,
y = x23b=(@mb) = ya+db
Then,
yr — ((l + 4b)a+4b—l
16.a. f(x) = —6x° + 4x — 5x* + 10

fi(x) = —18x* + 4 — 10x
Then, f'(x) = —18(3)* + 4 — 10(3)

= —188

b. f'(3) is the slope of the tangent line to f(x) at
x = 3 and the rate of change in the value of f(x)
with respect to x at x = 3.
17. a. P(t) = 100 + 120t + 107 + 2¢

P(t) = 100 + 120t + 10 + 27

P(0) = 100 + 120(0) + 10(0)* + 2(0)*

= 100 bacteria

b. At 5 h, the population is
P(5) = 100 + 120(5) + 10(5)* + 2(5)°

= 1200 bacteria
c. P'(t) =120 + 20t + 67
At 5 h, the colony is growing at
P'(5) = 120 + 20(5) + 6(5)*

= 370 bacteria/h

1
18. C(¢) = %,t> 2
Simplifying, C(¢) = 100¢".
, S 100
Then, C'(¢) = =100t~ = ——~.

2-24

C'(5) C'(50)

~ 100 ~ 100
(57 (50)
100 100
25 2500
= —4 = —0.04

C'(100)

100
(100)?
1

100
~0.01

These are the rates of change of the percentage with
respect to time at 5, 50, and 100 min. The percentage
of carbon dioxide that is released per unit time from
the pop is decreasing. The pop is getting flat.

2.4 The Quotient Rule, pp. 97-98

1. For x, a, b real numbers,
xaxb — xa+b
For example,

Py 6 = 3
Also,
(xa)b — xab
For example,
(2P =«
Also,
x¢ _
—- =X bx#0
X
For example,
)CS )
3 X
X
2.
Differentiate
and Simplify,
Function Rewrite If Necessary
X + 3x
o) ="—— f(x) = x + 3 £ =1
x#0
3X§ 2 , 1
g(x)=X,X¢O g(x) = 3% g'(x) = 2x7:
h(x) = . 1 1
10x°" h(x) = E{B h'(x) = TX’S
x#0
8% + 6x y
Y =4x + 3 Y_g
v ax
x#0
-9 ds
= =t+ = =1
S 3 t+3 s=t+3 ot
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3. In the previous problem, all of these rational
examples could be differentiated via the power rule
after a minor algebraic simplification.

A second approach would be to rewrite a rational
example

) =

using the exponent rules as

h(x) = f(x)(g(x) ",

and then apply the product rule for differentiation
(together with the power of a function rule to find
h'(x).

A third (and perhaps easiest) approach would be to
just apply the quotient rule to find /' (x).

4oa vy = DA = x()

(x + 1)2
_ 1
B (x + 1)
b. 1 (1) = (t + 5)(2()[ - §)22t 3)(1)
13
C(t+5)
Lo (22 = 1)(3x%) — x(4x)
c. h'(x) = (2x2 _ 1)2
B 2x* — 3x?
(22— 1)
2
(x* + 3)?
~ x(3x +5)  3x*+ 5x
©r= (l—xz) 1=
dy  (6x +5)(1 —x?) — (3% + 5x)(—2x)
dx (1 - x2>2
_6)c~I—5—6)(3—5x2+6x3—|-10x2
(1 - x2)2
B 5> +6x + 5
(1 - xz)2
¢ dy _ (@ +3)(2x—1) - (¥ —x +1)(2x)
" dx (x* + 3)
2+ 6x —x* =320 + 2% — 2x
B (x2 + 3)2
_ x>+ 4x — 3
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S.a.y = % =-3
dy (x+5)(3)— (3x+2)(1)
dx (x +5)?

Atx = —3:

dy _ (2)3) — (=1(1)

dx (2)?

Atx = 1:
dy _(10)(3) — (1)(2)
dx (10
28
100
7
a 25
x> - 25
“r= x>+ 25 =2
dy  2x(x* +25) — (¥* = 25)(2x)
dx (x> + 25)
Atx = 2:
dy  4(29) — (—21)(4)
dx (29)
116 + 84
29
200
841
(x +1)(x +2)
(x —1)(x — 2)
_ X2 +3x+2
X2 —3x+2
dy  (2x +3)(x* = 3x + 2)
dx (x —1)X(x — 20
(x* + 3x +2)(2x — 3)

(v = 1P(x - 2)
Atx = 4:

dy _ (11)(6) — (30)(5)
dx (9)(4)
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x3

x’ =6
dy  3x%(x* — 6) — x*(2x)
dx (x> — 6)
At (3,9):
dy _309)3) — (27)(6)
dx (3)?
=9-18
=-9

6.y =

The slope of the tangent to the curve at (3, 9) is —9.

3x
x —4
dy 3(x—4)—3x 12
dx (x - 4)2 (x — 4)2
Slope of the tangent is —312.

7. y=

1 V)
(x — 4 %
x—4=50rx—4=-5
x=9orx = —1
Points are (9, %) and (— 1, %)
S5x + 2
8. f(x)= T2
(x +2)(5) — (5x + 2)(1)
(x +2)

Therefore,

fx) =
.8

f(x) = (x +2)

Since (x + 2)* is positive or zero for all x R,

8 7 > 0 for x # —2. Therefore, tangents to

(x +2
the graph of f(x) = 5;: 22 do not have a negative
slope.
2
9.a.y = )62%4, x # 4
dy _ (x = 4)(4x) — (2%)(1)
dx (x — 4)
4P — 16x — 247
-y
_ 2x* — 16x
-y
_ 2x(x — 8)
-4y

. d
Curve has horizontal tangents when d%; =0, or
whenx = 0 or 8. Atx = O:

_ 0
"
Atx =
2-26

_2(8)

4

=32
So the curve has horizontal tangents at the points
(0, 0) and (8, 32).

-1
b.y= X+ x-2
C(x=Dx+1)
S (x+2)(x—1)
x+1
=——x+1
x+2
dy (x+2)—(x+1)
dx (x +2)
B 1
; (x + 2)?
Curve has horizontal tangents when D 0.

dx
No value of x will produce a slope of 0, so there

are no horizontal tangents.

4t
. = +
10. p (1) 1000(1 T 50)

o) = 10004 e 0 )
~1000(200 — 4¢%)
(2 + 50

p'(1) = 10(22329 % _ 7536

p'Q2) = 10(2(5)3284) = 63.10

Population is growing at a rate of 75.4 bacteria per
hour at t = 1 and at 63.1 bacteria per hour at t = 2.

-1
11. y =
Y 3x
_Lo 1
33
dy_1,1
dx« 3 3
1 1
3 3x
Atx = 2:
@1
3(2)
_1
2
and
1,1
de 3 3(2)
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Y
312
_
12
So the equation of the tangent to the curve at x = 2 is:
1 5
y—E—E(x—2),or5x—12y—4—0.
10(6 — 1)
12.a.5(t) = ————
as) == 73
5(0) =20
The boat is initially 20 m from the dock.
ol DD = (6= n9()
2
(t+3)

,0=1t=6,t=0,

b.v(t) =s'(t) =1

-90
N
Att = 0,v(0) = —10, the boat is moving towards
the dock at a speed of 10 m/s. When s(¢) = 0, the
boat will be at the dock.
10(6 — 1)

t+3
W6 = 5 =~y
The speed of the boat when it bumps into the dock
is ¥ m/s.
13.a.i.t=0
1+ 2(0)
="
=1cm
1+2t L5
1+t
1+2t=15(1+1)
1+2t=15+1.5¢
0.5t =05
t=1s
(1+06)(2)— (1+20)(1)
(1 + 1)
2+ 2t—1—-2t
(1 4P

1
)2

17

=0,t=6.

ii.

iii. (1) =

—~
—_

— +
~

r(1.5) =

1

—~

—+

NG

= 0.25cm/s
b. No, the radius will never reach 2 cm, because
y = 2 is a horizontal asymptote of the graph of the
function. Therefore, the radius approaches but never
equals 2 cm.

Calculus and Vectors Solutions Manual

ax + b
(x—1)(x—4)
(x = D(x = 4)(a)
(x — 1)X(x — 4)
(ax + b)d%c[(x - 1(x —4)]

(r = 1)(x — 4
- ) - 4)(a)
(xr = 1P(x — 47
(ax + b)[(x — 1) + (x — 4)]
(x = 1)(x — 4)
_ (x> = 5x + 4)(a) — (ax + b)(2x — 5)

14. f(x) =
f'(x) =

(x = 1)*(x — 4’
_ —ax’ — 2bx + 4a + 5b
(x = 1)°(x — 4y’
Since the point (2, —1) is on the graph (as it’s on
the tangent line) we know that

-1=f(2)
_ 20 + b
(H(=2)
2=2a+b
b=2-2a

Also, since the tangent line is horizontal at (2, —1),
we know that

0=r(2)
—a(2)? — 2b(2) + 4a + 5b
- (L(~2F
b=0
0=2—-2a
a=1
So we get

X

M= = -9

Since the tangent line is horizontal at the point

(2, —1), the equation of this tangent line is

y—(-1)=0(x—2),ory= -1

Here are the graphs of both f(x) and this horizontal

tangent line:
f(x)

X
“(x=1)(x—4)

y
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(262 + 7)(5) — (5t)(4t)

15.¢'(¢) = (2 1 77
1062 + 35 — 20¢7
- (22477
1022 + 35
22+ 7P
Set ¢'(¢) = 0 and solve for 7.
—10s> + 35
Q2 +77
—10* +35=0
1062 = 35
* =35
t=+\V35
t= *1.87

To two decimal places, t = —1.87 ort = 1.87,
because s’ (t) = 0 for these values. Reject the
negative root in this case because time is positive
(t = 0). Therefore, the concentration reaches its
maximum value at ¢ = 1.87 hours.

16. When the object changes direction, its velocity
changes sign.

(£ + 8)(1) — £(2¢)

N (t) - (t2 4 8)2
P+ 821
(1 + 8)?
1P +8

(> + 8)?

solve for r when s'(¢) = 0.

- +8 0

(2 + 87

—t2+8=0
t?=8
t==+\V38
t= *283

To two decimal places, t = 2.83 or t = —2.83,
because s’ (1) = 0 for these values. Reject the

negative root because time is positive (1 = 0).
The object changes direction when ¢t = 2.83 s.

17. f(x) = z ::: Z,x ¥+ —%
, _(ex+d)(a) — (ax + b)(c)
= (cx + d
., ad— bc
F'x) = (cx + d)2

For the tangents to the graph of y = f(x) to have
positive slopes, f'(x) > 0. (cx + d)? is positive for
all xeR. ad — bc > 0 will ensure each tangent has
a positive slope.

2-28

2.5 The Derivatives of Composite
Functions, pp. 105-106

Lf(x) = Vx,glx)=x*—1

a. f(g(1)) = f(1 = 1)

= f(0)
=0
b. g(f(1)) = g(1)
=0
c. g(f(0) = g(0)
=0-1
= -1
d. f(g(—=4) = f(16 — 1)
= f(15)
= V15
e. f(g(x) = f(x* = 1)
=Vxt-1
f. g(f(x) = g(Vx)
= (Vip -1
=x—-1

2.a. f(x) =x% g(x) = Vx
(feg)(x) = f(g(x))
= f(Vx)
(Vx)
=X
Domain = {x = 0}
(8°Nx) = g(f(x)
= g(x’)
Ve
= |x]
Domain = {xeR}
The composite functions are not equal for negative
x-values (as (fe° g) is not defined for these x), but
are equal for non-negative x-values.

b. f(x)= %, gx)=x*+1
(fe8)(x) = f(g(x))
=f(x*+1)
1
2+
Domain = {xeR}

(8°N(x) = g(f(x)

)
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1
=—+1
2
Domain = {x # 0}
The composite functions are not equal here. For

instance, (fo g)(1) =%and (gof)(1) = 2.
c. f(x)= %, g(x) = Vx +2

(fo8)(x) = f(g(x))
- [(VEFD)
1
T Vxt2
Domain = {x > —2}

(g°Nx) = g(f(x)
1
¥a
_[r+2
X

The domain is all x such that

)1; + 2 =0 and x # 0, or equivalently

Domain = {x = —} orx > 0}
The composite functions are not equal here. For
instance, (f°g)(2) =3 and (g°)(2) =\/5.
3. If f(x) and g(x) are two differentiable functions
of x, and
h(x) = (f°g)(x)

= f(g(x)
is the composition of these two functions, then
h(x) = f(g(x) - g'(x)
This is known as the “chain rule” for differentiation of
composite functions. For example, if f(x) = x'* and
g(x) = x> + 3x + 5, then h(x) = (x> + 3x + 5)°,
and so
h(x) =f(g(x) - g'(x)

= 10(x* + 3x + 5)°(2x + 3)
As another example, if f(x) = x* and
g(x) = x* + 1, then h(x) = (x* + 1V,
and so

W (x) = %(x2 +1)7(2x)

4. a. f(x) = (2x + 3)*
f(x) = 4(2x + 3)°(2)
= 8(2x + 3)°
b. g(x) = (x* — 4)
g'(x) = 3(x* — 4)°(2x)
= 6x(x* — 4)?

Calculus and Vectors Solutions Manual

c. h(x) = (2x* + 3x — 5)*

h'(x) = 4(2x* + 3x — 5)°(4x + 3)

d. f(x) = (7° = &)
F(x) = 3(m* = ¥P(-2x)

= —6x(772 - xz)z

e.y=Vx— 3
— (1x2 _ 3)2
y' = 5(362 — 3)(2x)
_ X
V-3
1
f. f(x) “ @16
= (x2 - 16)_5
f'(x) = —S(x2 - 16)_6(2x)
. —10x
- (- 16)°
2
5. a.y = —;
= —2x?
Ay _ o3y
GG
_6
=
1
b.y = x +1
=(x+1)"!
dy _ _ -2
L= D+
1
B (x + 1)2
1
c.y= Z-2
- (-4
d
2~ D=4
X
]
3
dy=9_ 2=3(9—x2) !
dy _ 6x
dx (9 — ¥
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_ 1
©“r= S5x* + x
= (52 + x)!
% = (—1D)(5% + x) 2(10x + 1)
_ 10x + 1
(5% + x)
R
"y (x2 +x + 1)4

= (x2 +x + 1)_4

% = (4P +x+1)732x+ 1)
B 8x + 4
(> +x+1p
6. h=geof
= g(f(x))
h(-1) = g(f(=1)
=g(1)
= —4

h(x) = g(f(x))
h(x) = g"(f(x))f'(x)
R (=1) =g (f(=1)f (1)
=g (D)(=5)
= (=7)(=5)
=35

7.00) = (x = 3. g(x) = . h(x) = f(5(x)).

f(x)=2(x-3),8x) =3
h(x) = f'(g(x))g' (x)

A

8.a.f(x) = (x + 4)3(x - 3)6
feo) = Lix+ 4y (x - 3
+ e+ 4P - 3)]

= 3(x + 4(x — 3)°

+ (x + 4)P(6)(x — 3)°

= (x + 4P (x — 3y

X [3(x —3) +6(x + 4)]
= (x + 47(x — 3P (9x + 15)

2-30

b.y = (x> + 3(x* + 3)?
= ey
(23 (e + 3]

= 3(x* + 32 (2x)(x* + 3)?
+ (2 + 3P2)(x* + 3)(3x)

= 6x(x? + 3P + 3)[(x® + 3) + x(x* + 3)]
= 6x(x* + 3)%(x* + 3)(2¢ + 3x + 3)
3x% + 2x
“r= ¥ +1
dy (6x +2)(x* + 1) — (3x* + 2x)(2x)
dx (x2 + 1)2
_6x3+2x2+6x+2—6x3—4x2
(x> + 1)
=2+ 6x + 2
(xz + 1)

d. h(x) = x(3x — 5
h(x) = d%c[xﬂ -(3x =57 + x3dii[(3x - 50
=3¢%(3x — 57 + *(2)(3x — 5)(3)
=3x*(3x — 5)[(3x — 5) + 2x]
=3x*(3x — 5)(5x — 5)
=15¢°Bx — 5)(x — 1)
e.y = x4(1 - 4)62)3
Yo L - ey + 2 (1 - )]
= 4%(1 — 4% + x*(3)(1 — 4x*)X(—8x)
=41 — 4?)(1 — 4x%) — 6x7)
=41 — 42)X(1 — 10x?)

x2—3>

Ly= (x2 +3
452
dx| x>+ 3

@ _ 4<x2 - 3)
dx X +2
_ 4(x2 - 3)3 ) ¥+ 3)(2x) — (¥* — 3)(2x)
X +3 (x2 + 3)2
x2 -3 3
B 4<x2 + 3)

 48x(x* — 3)°
B (x2 + 3)5
9.a.5(1) = £(4r — 5)
= A(4 = 5)F
= [t(4t — 5)F
= [t(167 — 40 + 25)F
= (166 — 402 + 25t),t =

12x
x>+ 3)2

(
K
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2 — 3 5 _
s'(t) = %(1613 — 402 + 25¢)7 12. y=("—-7 atx=2

dy _ <3 4(2.2
X (4822 — 80t + 25) o =3 = 7))
(482 — 80r + 25) When x = 2,
 3(168 — 407 + 25t) dy 4
— =5(1)*(12
Rate of change at ¢t = &: dx (1)°(12)
/(3 — (48(8)* — 80(8) + 25) = 60
s'(®) = 3(16(8)* — 40(8)* + 25(8))% Slope of the tangent is 60.
2457 Equation of the tangent at (2, 1) is
S y— 1=260(x —2)
91 60x —y — 119 = 0.
~ 36 13.a.y =31 — 5u + 2
f— u=x>-1,x=2
b.s(t) = (t ) = u=73
u
i —~ = =6u—5-—=2
s'(t)—1<t ) {t ’T} du M T Ve
3 dt|t — 67 Q dy , du du
1( 67T> (t—6m)— (t—m) dx  du’ dx
Nt—m (t — 6m)’ = (6u — 5)(2x)
. 1( ) = (18 - 5)(4)
3\t—m (t - 671')2 =13(4)
Rate of change at ¢ = 27: =52 1
, 1 . —5m b.y=2u+3lu=x+xx=1
N (277) = g(—4)3 . Ton? dy dy dl
5V2 dx  du  dx
- 1
24m = (6u* + 6u (1 + )
10.y = (1 +xX°P y=2x ( ) 2Vx
dy dy Atx = 1:
—=2(14+x)(3x*) —=12x = 3
5= A3 = 12x w=1+1
For the same slope, p =2 .
6x}(1 + x°) = 12x° L A 622+62<1+)
6x* + 6x° = 12x° dx 6(2) 2) 2V1,
6x* — 6x° =0 3
=36 X =
6x}(x* — 1) =10 2
x=0orx =1. :542 , ,
Curves have the same slope at x = 0 and x = 1. c.y=u(u’ + 3) su=(x+3)x=-2
= — x2)2 d du
1L y = (3x — ') fyZ(u2+3)3+6u(u + 32— =2(x +3)
D y3x - )33 - 20) du &
“ DD sy
Atx =2, dx  du dx
dy =439 X 2
a = —2[6 — 4] 3(3 —4) = 878
=2(2)"° d. y =’ — 5’ — Tu),
1 u=Vx
4 =x,x=4
The slope of the tangent line at x = 2 is . @ dy  du
dx du dx
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= 3[3u® — 10(u® — Tu)(3u® — 7)] - (;&)

= [3u* — 10(u® — Tu)(3u* — 7)] - 2\1/;
Atx = 4

w =\
=2
@ Z 3P - 10(QF - 7)GE? - Dy 5
dx 2(2)
=78
14.  h(x) = f(g(x)), therefore
B (x) = f(g(x)) X g'(x)
flw) =u’—1,8(2) =3,8'(2) = —1
Now, 1'(2) = f'(g(2)) X g'(2)
=f(3) X g'(2).
Since f(u) = u*> — 1, f'(u) = 2u, and f'(3) = 6,
B(2) =6(—1)
= —6.

¢ 2
15. = 1——
5.V(t) =50 000< 3())

vio = soues - LY(-1)|
1

, _ 10
V'(10) = 50 000_2(1 30>< 30)}
2 1

= so00[2(2)( - )]

= 2222
At t = 10 minutes, the water is flowing out of the
tank at a rate of 2222 L/min.
16. The velocity function is the derivative of the
position function.
s(t) = (3 + %)

v(r) =s'(1) = %(R +12)7(3¢% + 2)

3P+ 2

SV 2

_ 303y +203)
RV

2746

-~ 2V36

_33

12

=275
The particle is moving at 2.75 m/s.
17.a. h(x) = p(x)g(x)r(x)

W (x) = p'(x)q(x)r(x) + p(x)q’ (x)r(x)

+ p(x)q(x)r'(x)

2-32

b. h(x) = x(2x + 7)*(x — 1)?
Using the result from part a.,
h(x)=(1)2x + 7)*(x — 1)

+ x[4(2x + 7)*(2)](x — 1)?

+ x(2x + 7)2(x — 1)]
h'(=3) = 1(16) + (—3)[4(1)(2)](16)
+ (=3)(D2(-4)]
16 — 384 + 24

= —344

18.y=(*+x—-207+3

=3 +x—2P02x+ 1)

ay
dx
At the point (1, 3), x = 1 and the slope of the
tangent will be 3(1 + 1 —2)*(2 + 1) = 0.
Equation of the tangent at (1, 3)isy — 3 = 0.
Solving this equation with the function, we have
(P+x—-2P+3=3
(x+2Px—-17°=0
x=-2orx =1
Since —2 and 1 are both triple roots, the line with
equation y — 3 = 0 will be a tangent at both x = 1

and x = —2. Therefore, y — 3 = 0 is also a tangent
at (=2, 3).
x(1 —x)*
19.y =
YT xy

-(1+x)— (- x)(l)}
(1 -l-x)2

|

-5 (1)
(
(

) [l

)

_ C2x(x¥* +3x — 1)(1 — x)?
1+ x)*

Review Exercise, pp. 110-113

1. To find the derivative f'(x), the limit

+h) —
h—0 h
must be computed, provided it exists. If this limit

does not exist, then the derivative of f(x) does not
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exist at this particular value of x. As an alternative Jbay=x"-5x+4

to this limit, we could also find f'(x) from the dy
definition by computing the equivalent limit dx 2x =5
() = tim )1 b f(x) =+
These two limits are seen to be equivalent by f(x) = Zyh
substituting z = x + h. 4
2.a.y=2x2—5x _ 31
dy .. (2(x+ h)*—5(x + h)) — (2x* — 5x) 4t
— = lim 7
dx  h-0 h ¢ y=-
. 2((x + h)> — x?) — 5h 3x
= lim 7
h—0 h — *X_4
B lim2(()( +h) —x)(x + h) +x)—5h
o0 h ‘Ly - —28 5
3 hm2h(2x + h) — 5h dx 3
h—0 h — _2785
= }limo(Z(Zx + h) —5) 3x
- 1
=4x — 5 d y= 215
b. y=Vx—-6 =(x2+5)‘1
dy . Vx+h)—6—-—Vx—-6 dy -
i A— 1 A _ 2 + 2 .
dx oo h dx ( 1)(x 5) (2)
. Vx+h) —6—-Vx—6 _ %
~ s h (¥ + 5)?
VE+h) -6+ Vi—6 e y— o
X (3 — X7
V(x+h) -6+ Vx—6 =33 - )
. ((x+h)y—6)—(x—0) d
= y —
(V= 7) =6 + VX —6) o= (OB = )7 (—20)
1
=i I
o V(x T h) — 6+ V-6 “G-oF
1
o1 Eoy=Vier il
2xvx—6 = (7> + 4x + 1)
= d 1 1
“ YTy D (702 + dx + 1) H(14x + 4)
dx 2
x+h X T+ 2
— + — =
LTGRO V7P + 4x + 1
dx  h—0 h 23 — 1
(x+h)4—x)—x(4— (x+ h)) 4. a. f(x) = 2
ey (44— (x+h)H4—x) 1
= Jim h =X -3
= lim 4h =2x —x?
n-0h(4 — (x + h))(4 — x) f(x)=2+2x73
= lim 4 =2 + 2
-0 (4 — (x + h))(4 — x) 3
_ 4
(4 —x)
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b. g(x) = Vx(x* — x)

= x%(x3 - X)
_ 4
g'x) = ;x; — %x;
- Ve -3
- X
“ Y755
dy (Bx=35)(1) -~ (x)(3)
dx (3x — 5)?
B 5
© (3x — 5)

d. y=(x—1)(x+1)
y=(x—DL%@+1K;yx—D;
x+1
=\/m+2 —
2 —2+4x+1
B 2Vx — 1
_ 3x -1
2V — 1
e. flx)=(Vx+2)"
=w+@%
fl(x) = (y+@x
_44J;47
3Va(Vax + 2)
X +5x+4
x+4
_ (Gt Hx+1)

x+4
=x+1,x# —4

1 1
2

)

5. a. y = x*(2x — 5)°
y = x6(2x — 5)°(2)] + 4*(2x — 5)°
= 4x3(2x - 5)3x + (2x — 5)]
=4x°(2x — 5)°(5x — 5)
=20x*(2x — 5)°(x — 1)

b. y =xVx*+1

1 ;
y=xL@H4)qnﬂ+(QVﬁ+1
2
= al + V¥ +1
X +1

2-34

_ (2x—5)*
o (x+ 1)
(x +1)%4(2x - 5)°(2)
- (x +1)°
3(2x — 5)*(x + 1)°
(x + 1)°
~ (x +1)*(2x — 5)°[8x + 8 — 6x + 15]
a (x +1)°
(2x — 5)*(2x + 23)
(x + 1)
6
d. y= (13(?_'_ 51> = (10x — 1)*(3x + 5)°¢
y' = (10x — 1)—6(3x + 5)77(3)]
+6(10x — 1)°(10)(3x + 5)°
= (10x —1)°(3x + 5) 7[x — 18(10x — 1)]
+ 60(3x +5)
= (10x — 1)°’3x +5)7’
X (—180x + 18 + 180x + 300)
_ 318(10x — 1)°
- (3x +5)
e. y=(x—2)x*+9)
= (x — 2)74(x* + 9) (2x)]
+xx—m%n( 9)°
= (x —2)%(x? )S[Sx(x —2) + 3(x* + 9)]
= (x = 2)(x* + 9P (11x* — 16x + 27)
£.y=(1-x)6+2x)"

1—x2\
<6+2x)
1 —x2\?
3
<6+2x)

X{(64—20(—2x)—(1—me2)

[ A—

y!

(6 + 2x)?
C3(1 = 2 (—12x — 4x? — 2 + 247)
a (6 + 2x)*
3(1 — (2% + 12x + 2)
o (6 + 2x)*
3(1 — P(x* + 6x + 1)
o 8(3 — x)*

6. a. g(x) = f(x?)

g'(x) = f(x*) X 2x
b. h(x) = 2xf(x)
b (x) = 2xf"(x) + 2f(x)

18
ca.y =5u’ + 3u — =
7.a.y =5u"+3u—1,u 215
x=2
u=72
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dy 4

—=10u + 3 =—-2-=
du " 5
du _ 36x _ 8
dx (x2 + 5)2 5
When x = 2, 8. flx) = (9 - xz)g
du 72 8 , 2 1
81" 9 f'(x) =§(9—x2) 3(—2x)
When u = 2, B —4x
D _ 943 309 -«
du (1) = 2
=23 Fay= 3
dl _ 23<_ 8) The slope of the tangent line at (1, 4) is —%.
dx 9 9. y=—x>+ 6x*
_ 184 y' = —3x% + 12x
9 -3+ 12x=—12 =3 + 12x = —15
b u+ 4 Vx + x XX —4x—4=0 X —4x—-5=0
YT u—e" T T 4+ V16 + 16
v =4 X=———0 (x—=35x+1)=0
_3 4 = 4\2
=73 =T, x=5x=-1
dy (u—4)— (ut4) x=2+2V2
du (u — 4)?
du _ 1<1 -4 1)
dx  10\2"
When x = 4, .
___ 8 du _ 1<5) e b4heBE 2EHaLE. R e 000004+ 10000000
(u—4)y>dx 10\4
_1
8
When u = é,
5 W - BEBYZPL f (! )
dy 3 ¥=-1Z 0D0G0EERAE s -5 F_ ¥ -1E. 00001 F+ B 000001
du <3 _ 20>2 10.a.i. y = (x* — 4)°
5 5 y' =50 — 4)*(2x)
8(25) Horizontal tangent,
- (—17)? 10)c(x2 - 4)4 =0
When x = 4, {C.ZO,x(Z3 i2)2
dy 8(25) 1 Ly =(x —x
ax 17 % 8 y =2 —x)(3x* - 1)
25 Horizontal tangent,
~ 789 2x(x* —1)(3x* —1) =0
¢ y=fVx+9),f(5)=-2x=4 x=0,x=t1,x=i\3@'
d 1 s
d—y = f (Vx> +9) X E(x2 +9)72(2x)
X
dy 11
_— = U 5 o — o — o
dx 1) 25 8
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T

W=-z
W= -1 0EHO00EHE “BH+ "2 04

h=os
i
L—1—J

[ L

N

=z
=1.0Z400064E “98+ "2 048

"
¥

i, L\ - J \ -

n=-1 W= EPPEEN:
w= L E00000gE "ER+ -1, 200. =7 697 9EE PR+ 14814858
\ .-"H"'\-\.m.-"ﬂ"'\-\.j L i

“ru+ 14B14BE

L

1
La000i0gE "SR+ -1 2000

11.a.y = (x> + 5x + 2)* at (0, 16)
y' =4 + 5x + 2 (2x + 5)
Atx = 0,
y' = 4(2)*(5)
= 160
Equation of the tangent at (0, 16) is
y — 16 = 160(x — 0)
y = 160x + 16
or160x —y + 16 =0
b.y =(3x2 -2 at(l, 1)
y = 5(3)(72 — 2)(3)4(—6x73 - 6x2)
Atx =1,
Y =5(1)*=6-6)
= —60
Equation of the tangent at (1, 1) is
y—1=-60(x—1)
60x +y —61=0.
12y =3x* —7x + 5

dy
= =6x—7
dx N

2-36

Slope of x + 5y — 10 = 0 is —1.
Since perpendicular, 6x — 7 = 5
x =2

y=3(4)—14+5

= 3.
Equation of the tangent at (2, 3) is
y—3=5(x-2)

S5x —y—7=0.

13.y = 8x + b is tangent to y = 2x*
dy
Ly
dx *

Slope of the tangent is 8, therefore 4x = 8§, x = 2.

Point of tangency is (2, 8).
Therefore, 8 = 16 + b, b = —8.
Or8x + b = 2x?
2 =8 —b=0
8+ V64 +8b
202

For tangents, the roots are equal, therefore

64 + 8 =0,b=-8.
Point of tangency is (2, 8), b = —8.

14. a.
-

b. -
3

Hah
v=-1 BEEAEEAYYYYYEE “FH+_

The equation of the tangent is y = 0.

™

wEh EYEEN 0T
vz -

" 9165E "PR+6.ZEF0EEE

The equation of the tangent is y = 6.36.

o

M= -4 EyEEh
w= -3 BiEEE -7H+ -6.363062

The equation of the tangent is y = —6.36.
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(x* — 6)(3x?) — x*(2x)

C. f(x) = (x2 _ 6)2
_ x* — 18x?
(P -e)
xt — 18x?
(e —op "
(- 18) =0
xX*=0o0rx*—18=0
x=0 x = *+3V2

The coordinates of the points where the slope is 0
are (0, 0), (3\f2, 97\/2), and (—3\@, —97\/2)

d. Substitute into the expression for f’(x) from
part b.

2y <1672

(-2)
=36

4
= 14

\Lf”

Rz
2= =14 00007 ZE00YE+ Y 00 _

15. a. f(x) = 2x — 5x

52 21
! =2 X —x3 — 5 X —x3
f'(x) =2 3 5 3
_10;_10
37 3
fx)=0 - x2x —5]=0
5
:0 = —
X orx =7

y = f(x) crosses the x-axis at x = 3, and

V2 1
=5X 32=5X2
V5
= (25 X 2)
= V30
b. To find a, let f(x) = 0.
10, 10_
3 3%

Calculus and Vectors Solutions Manual

30x = 30
x=1
Therefore a = 1.
16. M = 0.1 — 0.0017°

a. When ¢ = 10,

M = 0.1(100) — 0.001(1000)
=9

When ¢ = 15,

M = 0.1(225) — 0.001(3375)
= 19.125

One cannot memorize partial words, so 19 words
are memorized after 15 minutes.
b. M’ = 0.2t — 0.003¢

When ¢ = 10,
M' = 0.2(10) — 0.003(100)
=17

The number of words memorized is increasing by
1.7 words/min.

When ¢t = 15,
M' = 0.2(15) — 0.003(225)
= 2.325

The number of words memorized is increasing by
2.325 words/min.

30
17.a. N(1) = 20 —

V9 + 7

30t
(9 + 2
b. No, according to this model, the cashier never
stops improving. Since ¢ > 0, the derivative is always
positive, meaning that the rate of change in the
cashier’s productivity is always increasing. However,
these increases must be small, since, according to the
model, the cashier’s productivity can never exceed 20.

1
18. C(x) = §x3 + 40x + 700
a. C'(x) =x* + 40

N'(t) =

b. C'(x) =176
x* + 40 = 76
x* =36
x=26
Production level is 6 gloves/week.
X2,
19. R(x) = 750 s 7

a. Marginal Revenue

R'(x) = 750 — g — 2y

2-37



1
b. R'(10) = 750 — ?O — 2(100)
= $546.67
20.D(p) =22 p>1
. p W,P
1 =
D'(p) = 20<—z>(p - 1)
10
(p—1y
L1010
Do =g 8
_ 3
4

Slope of demand curve at (5, 10) is —3.
21. B(x) = —0.2x* + 500,0 = x = 40
a. B(0) = —0.2(0)* + 500 = 500
B(30) = —0.2(30)* + 500 = 320
b. B'(x) = —0.4x
B'(0) = —-04(0) =0
B'(30) = —0.4(30) = —12
c. B(0) = blood sugar level with no insulin
B(30) = blood sugar level with 30mg of insulin
B’(0) = rate of change in blood sugar level
with no insulin
B’(30) = rate of change in blood sugar level
with 30 mg of insulin
d. B'(50) = —0.4(50) = —20
B(50) = —0.2(50)* + 500 = 0
B'(50) = —20 means that the patient’s blood sugar
level is decreasing at 20 units per mg of insulin 1 h
after 50 mg of insulin is injected.
B(50) = 0 means that the patient’s blood sugar level
is zero 1 h after 50 mg of insulin is injected. These
values are not logical because a person’s blood sugar
level can never reach zero and continue to decrease.

22.a.f(x) = 3_xx

2

. 3x
(1 —x)(1+x)
f(x) is not differentiable at x = 1 because it is not
defined there (vertical asymptote at x = 1).
x—1
b. 8(x) X+ 50— 6
x—1

(x+6)(x — 1)

1
= fi 1
(x + 6) or x #+

g(x) is not differentiable at x = 1 because it is not
defined there (hole at x = 1).

2-38

e h(x) =\ (x —2)
The graph has a cusp at (2, 0) but it is differentiable
atx = 1.
d.m(x)=[3x — 3| — 1.
The graph has a corner at x = 1, so m(x) is not
differentiable at x = 1.
3

23. a. f(x) = pE—
_ 3

Cx(4x — 1)
f(x) is not defined at x = 0 and x = 0.25. The
graph has vertical asymptotes at x = 0 and
x = 0.25. Therefore, f(x) is not differentiable at
x = 0and x = 0.25.

¥—x—6

b. f(X) - x2 -9

_ (x=3)(x+2)
C(x = 3)(x +3)
= Mforx +3
(x +3)
f(x) is not defined at x = 3 and x = —3. At
x = —3, the graph as a vertical symptote and at
x = 3 it has a hole. Therefore, f(x) is not

differentiable at x = 3 and x = —3.

e f(x)=VxX*—Tx+6
=VEx-6)(x—1)

f(x) is not defined for 1 < x < 6. Therefore,

f(x) is not differentiable for 1 < x < 6.

2. p' (1) = (t+ 1)(25) — (25t) (1)

(t+ 1)
25t + 25 — 25t
o (t+ 1)
25
S (r+ 1)
25. Answers may vary. For example,
fx)=2x+3
1
y= 2x + 3
s (2x+3)(0) = (D)(®2)
ryo (2x + 3)?
B 2
 (2x +3)?
f(x) =5x + 10
_ 1
YT st 10
,_ (5x +10)(0) — (1)(5)
- (5x + 10)

Chapter 2: Derivatives



_ 5
 (5x + 10)?
Rule: If f(x) = ax + band y = )%’ then
, _ —a
y- (ax + b)?
= liml L -
hsohla(x +h)+b ax + b
1[ ax + b —[a(x + h)b] |

N leoz_[a(x + h) + b](ax + h) |

_liml_ax—i-b—ax—ah—b_
n>oh|[a(x + h) + b](ax + D) |

—ah
= 1. —_
hlgtl)h_[a(x + h) + bl(ax + b) |

!

y

= lim —-
n—ola(x + h) + b](ax + b)

_ —a
~ (ax + b)?

26.a. Lety = f(x)
_(2x—3)Y+5
- 2« -3

Letu = 2x — 3.

‘+5
Thenyzuu .

y=u+5u"!

d
b. f'(x) = >
dy _dy  du
dx du = dx
= (1-5u7)(2)
=2(1—-5(2x —3)7?)

27.g(x) = V2x — 3+ 5(2x — 3)

a. Lety = g(x).
y=V2x -3+ 502x —3)
Letu = 2x — 3.
Theny = Vu + 5u.
dy dy du
b.g'(x) =—=—"X—
8'(x) dx du dx
1
= (2142 + 5)(2)
=u+10
= (2x—3)7+10
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28. a. f(x

) = (2x — 5)°(3x* + 4)°
f'(x)

(2x — 5)°(5)(3x* + 4)*(6x)
+ (3% + 4)°(3)(2x — 5)%(2)
= 30x(2x — 5)%(3%* + 4)*
+ 6(3x* + 4)°(2x — 5)?
= 6(2x — 5)%(3x* + 4)*
X [5x(2x = 5) + (3% + 4)]
= 6(2x — 5)%(3x* + 4)*
X (10x* — 25x + 3% + 4)
=6(2x — 5)°(3x* + 4)*
X (13x* — 25x + 4)
b. g(x) = (8%)(4x* + 2x — 3)°
g (x) = (8¢°)(5)(4x* + 2x — 3)*(8x + 2)
+ (4% 4+ 2x — 3)°(24x%)
= 40x°(4x* + 2x — 3)*(8x + 2)
+ 24x°(4x* + 2x — 3)°
= 8x?(4x* + 2x — 3)*[5x(8x + 2)
+ 3(4x* + 2x — 3)]
= 8x*(4x* + 2x — 3)*
(40x* + 10x + 12x* + 6x — 9)
= 8x?(4x* + 2x — 3)*(52x* + 16x — 9)
(5 + x)*(4 — 7x%)°
(5 + x)%(6) (4 — 7x*)°(—21x%)
+ (4 —7)%2)(5 + x)
—126x%(5 + x)*(4 — 7xX°)
+2(5+ x)(4 — 7°)°
2(5 + x)(4 — 7xX*)[—63x*(5 + x)
+ 4 — 7x%]
=2(5 + x)(4 — 7X*)°(4 — 315x* — 70x°)

6x — 1
d.h(x) = m

c.y
y!

(3x + 5)*(6) — (6x — 1)(4)(3x + 5)*(3)

W (x) = ((Bx + 5)*)?
_ 6(3x +5)[(3x +5) — 2(6x — 1)]
a (3x + 5)
_6(—9% +7)
 (Bx +5)
B (2x* = 5)°
© (x + 8y
dy  (x+8)*(3)(2x* — 5)*(4x)
dx ((x + 8)2)2
B (2x* = 5)}(2)(x + 8)
((x + 8P
~ 2(x + 8)(2x* — 5)*[6x(x + 8) — (2x* — 5)]

(x + 8)*
_2(2x* — 5)*(4x* + 48x + 5)
B (x + 8)°
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—3x*
4x — 8
B —3x*
© (4x — 8)
_ (4x — 8)(—12x)
((4x — 8)

_(%ﬂ@)%—&%@

((4x — 8))
=62 (4x — 8)[2(4x — 8) —
B 4x — 8
_ —6x°(7x — 16)
 (4x -8y
_ =3x(7x — 16)
 (4x -8y
g g(x) = <Zx_+ f)

X

g - 213

X
(6 — x*)(2) — (2x + 5)(—2x)
X ( (6 — ) )

(235 55)
25

1 3
hy=|——>3
Y [(4)6 + x2)3}
= (4x + x*)7’
d
= 9 £ ) (4 + 20)
29. f(x) = ax* + bx + ¢,
It is given that (0, 0) and (8, 0) are on the curve,

f. f(x) =

fr(x)

Il
o~

and f'(2) = 16.
Calculate f'(x) = 2ax + b.
Then,
16 =2a(2) + b
4a + b = 16 (1)

Since (0, 0) is on the curve,

0 =a(0)*+ b(0) + ¢

c=0

Since (8, 0) is on the curve,
0=a(8)>+b(8) +c
0=64a + 8b + 0

8a+b=0 (2)
Solve (1) and (2):

From (2),b = —8a (D)
2-40

In (1),
4a — 8a = 16
—4a = 16
a=—4
Using (1),

b=-8(—4)=32

a=—-4b=32c=0,f(x) = —4x* + 32x
30.a. A(t) = —F£ + 5t + 750

A'(t) = -3 +5

b. A'(5) = —3(25) + 5
=170
At 5 h, the number of ants living in the colony is
decreasing by 7000 ants/h.
c. A(0) = 750, so there were 750(100) or
75 000 ants living in the colony before it was
treated with insecticide.
d. Determine ¢ so that A(¢) = 0. —£ + 5t + 750
cannot easily be factored, so find the zeros by using
a graphing calculator.

2RF o
W=8.2690189 V=1

All of the ants have been killed after about 9.27 h.

Chapter 2 Test, p. 114

1. You need to use the chain rule when the derivative
for a given function cannot be found using the sum,
difference, product, or quotient rules or when writing
the function in a form that would allow the use of
these rules is tedious. The chain rule is used when

a given function is a composition of two or more
functions.

2. f'is the blue graph (it's a cubic). f" is the red graph
(it is quadratic). The derivative of a polynomial
function has degree one less than the derivative of
the function. Since the red graph is a quadratic
(degree 2) and the blue graph is cubic (degree 3),
the blue graph is f and the red graph is f".

3 o) = fim 1) =S

_ 2 (2
:limx+h (x +h)y — (x —x°)
h—0 h
x+h— (*+2hx+h)—x+x°
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h(1 —2x — h) 6.y = 3u’ + 2u

= lim
e h LA
= ,I}I%(l —2x — h) du
- —\/2
-1 -2 du = ) x+5
d 2N _ a_ - X2+ 5)72x
Therefore, E(x —x7)=1-2x. (ily 2( )
1 a _ X
4.a.y = §x3 —3x % + 47 dx (6u + 2)<\ /2 + 5)
dl:x2+15x—6 Atx = =2, u = 3.
dx 4 5
b.y = 6(2x — 9)° dy _ (20)(_>
Y _ 3002x - 9y dx ’
Iy~ 20(2x —9)'(2) _ 40
= 60(2x — 9)* 3 s
ey =2+ 46V Ty Gt e
YTNVE VA % = 5(3x 2 — 28} (—6x % — 6x2)
1 1 1
=27+ —F=x + 6x
V3 é{ty(l’ 1),
d 3 1 2 - = (- -
Qo g +2x7° dx S(A)(=6-6)
dx V3 — 60
dy— 46\ '
YT \3x + 4 Equation of tangent line at (1,1)isy —1=60(x—1)
2 4 (42
dyzs(x +6> 2x(3x + 4) (); + 6)3 y—1=—60x + 60
dx 3x + 4 Bx +4) 60x +y — 61 = 0.
_5(x* + 6)*(3x* + 8x — 18)
a (3x + 4)° 8. P(t) = (¢ +3)
ey = Vor’ -7 P(1) =3(t + 3)2<411f‘3>
d 1 1 ;
Y 2x(6x* — 7y + x*=(6x* — 7) 73 (12x) 1 1 \
dx .3 P'(16) = 3(16° + 3)2< X 164>
= 2x(6x> — 7)3((6x> — 7) + 2x?) 4
= 2x(6x2 — 7) (8¢ - 7) _ 3043 2(1 « 1)
4 — 5x* + 6x — 2 ( ) 4 8
f. y = x4 B 75
=4x—5+6x7—2x* 32
dy » s The amount of pollution is increasing at a rate of
e 4 — 18" + 8 %ppm/year.
4 —18x + 8 9. y=x'
x5 Q — 4x3
5.y =(x* +3x —2)(7 — 3x) dx
%: (2x 4+ 3)(7 — 3x) + (x* + 3x — 2)(-3) —%24)63
At (1,8
dy( -8), Normal line has a slope of 16. Therefore,
o W+ @2)(=3) dy _ 1
_ 14, dx 116
The slope of the tangent to P p—
y = (2 + 3x — 2)(7 — 3x) at (1,8) is 14. 64
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1
x=—-—

1

Y~ 256

Therefore, y = x* has a normal line with a slope of

16 at (—%, 2;76)

10 y=x— x> —x+1

dy

dx

For a horizontal tangent line, % =0.
X —-2x—-1=0

Bx+DH(x—-1)=0

=3 —-2x — 1

xz—% or x=1

R T
=0

=1 -3+9+27

a 27

32

T 27

The required points are (—%, 34, (1, 0).

2-42

1L.y=x>+ax+b
dy

dx=2x+a
y=x
dy
7232
dx *

Since the parabola and cubic function are tangent at
(1,1), then 2x + a = 3x°.
At (1,1)2(1) + a = 3(1)?

a=1.
Since (1, 1) is on the graph of
y=x*+x+b1=1"4+1+5b
b=-1
The required values are 1 and —1 for a and b,
respectively.
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CHAPTER 2
Derivatives

Review of Prerequisite Skills,
pp. 62-63

lLLadxXad=a"
b. (—2a2)3 = (—2)3(a2)3
— _8(a2><3)
= —8a°
4p7 X 6p9 B 24p7+9
C. 12p°  ~ 12p"
= 2pl6-15
=Zp
d. (a4b_5)(a_6b_2) _ (a4—6)(b—5—2)
— a72b77
1
T2

e. (3¢°)(2¢°) = (3)(¢)(2*)(¢)"
= (3)(2)(e")(e)
= (3)(16)(e°"?)
= 48"
¢ BORCCDY] ()@= (@ )p)
12a°p? 12a°p?
—6(a )b
12

—1(a_*)(b)

3. A perpendicular line will have a slope that is the
negative reciprocal of the slope of the given line:

a. slope = B
3

__3
2

Calculus and Vectors Solutions Manual

-1
b. slope = —
)
=2
-1
c. slope = ——
3
__3
5
-1
d. sl =
slope 1
=1
—4 — (=2
4. a. This line has slope m = ﬁ
_ —2
-12
1

The equation of the desired line is therefore
y+4==%x+3)orx — 6y — 21 =0.

b. The equation 3x — 2y = 5 can be rewritten as
2y = 3x — Sory = 3x — 3, which has slope 3.
The equation of the desired line is therefore
y+5=3(x+2)or3x — 2y — 4 =0.

c. The line perpendicular to y = 3x — 6 will have

1
slopem = —5— = —34. The equation of the desired line
7

is therefore y + 3 = —3(x — 4)ordx + 3y — 7 = 0.
5.a. (x — 3y)(2x + y) = 2x* + xy — 6xy — 3y’
= 2x% — Sxy — 3)?
b. (x — 2)(x* — 3x + 4)
=x—3x" +4x —2x* + 6x — 8
=x -5+ 10x — 8
c. (6x —3)(2x +7) = 12x* + 42x — 6x — 21
= 12x* + 36x — 21
d.2(x +y) — 5(3x — 8y) = 2x + 2y — 15x + 40y
= —13x + 42y
e. (2x — 3y)* + (5x + y)?
= 4x* — 12xy + 9y* + 25x* + 10xy + y*
= 29x% — 2xy + 10y?
f.3x(2x — y)> — x(5x — y)(5x + y)
= 3x(4x* — 4xy + y?) — x(25x% — %)
= 12x° — 12x% + 3xy? — 25x° + x)?
= —13x° — 12x% + 4xy?

2-1



6. a 3x(x +2) 5x° _15x%(x + 2)
o x? 2x(x +2)  2x%(x +2)
15
_ 7x4—3
15

= X

2

x#+0,-2
y (y —5)
b G+ =5 " 4
_ Yy =350 ~-5)
4y°(y +2)(y = 5)
__y=5
Ay +2)
y# —2,0,5
4 . 9 4 2(h + k)
“hrk 20h+k) Ktk 9
_8(h + k)
C9(h + k)
8

9

h+ —k
L EENE—y) & ty)
S5(x —y) 10
_ Gy —y) 10
5(x—y) (x +y)
_10(x + ) (x — y)
5(x2— y)(x +y)}

T ()
xX#F -y, +y

x-NDx—-1)  (5x)(2x)

x =7 S5x
_l’_

¢ 2x x—1

2x(x — 1) 2x(x — 1)
X2 —Tx —x + 7+ 1052
2x(x — 1)
11x* — 8x + 7
2x(x — 1)

x#0,1

fx+1 x+2

"x—2 x+3

C(x+Dx+3) (x+2)(x—2)

S (x=2)(x+3) (x+3)(x—2)
X+ x+3x+3-x+4

B (x +3)(x —2)

. 4x + 7

T (x+3)(x —2)

x# —3,2

7.a.4k* — 9 = (2k + 3)(2k — 3)

2-2

b.x? +4x — 32 =x*+ 8 — 4x — 32
=x(x +8) —4(x +8)
=(x—4)(x +8)

c.3—4a—7=3a">—Ta+3a—17
=aBa—-7)+103a—-17)
=(a+1)Ba—-17)

dx*-1=x+1DE*-1)
=X+ DEE+Dx-1)

e.x’ =y = (x = y)(& + xy + )

=57 +4=r—47-r+4
=r(rr—4)—-1(r*—-4)
=P -1 —4)
=(r+1)(r—1)(r+2)(r—2)

8. a. Letting f(a) = a® — b%, f(b) = b* — b*

=0

So b is a root of f(a), and so by the factor theorem,

a — b is a factor of a® — b*. Polynomial long

division provides the other factor:

a* + ab + b*
a—bd + 0+ 0a — b
a® — a’b
a*b + 0a — b?
a*b — ab?
ab* — b®
ab* — b*
0

Soa® — b’ = (a — b)(a* + ab + b?).

b. Using long division or recognizing a pattern from

the work in part a.:

@ — b= (a— b)(a" + a’b + a*b* + ab® + b*).

c¢. Using long division or recognizing a pattern from

the work in part a.: a’ — b’

= (a — b)(a® + &b + a'b* + a’b’

+ a*b* + ab’® + b°).

d. Using the pattern from the previous parts:

a'—b"=(a—b)(a" '+a"h+ a3+ ...
+a*h" 3+ ab" "t + b,

9.a.f(2) = -2(2) +3(2>) + 7 — 2(2)
=-32+12+7—-4

b. f(—1) _ —_21(7—1)4 +3(—1)2+ 7 —2(-1)
= —2+3+7+2
=10
er(3)=—2(3) +3(3) +7-2(3)
=—%+%+7—1
53
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d. f(—0.25) = f(—i)

1 3 1
=+ =+ T+
128 16 2
983
128
= 7.68
0.0 - - 3V2
V2T (VH(V2)
_3\V2
2
b4—\ﬁ_(4—\f2)(\f3)
TNVE T (VB(VB)
_4V3I- V6
3

2+3V2  (2+3V2)(3 +4V2)
“3-42T (3-4V2)(3 + 4V2)
64+ 9V2+8V2 +12(2)
- 32 — (4V2)
30 + 17V2
9 — 16(2)
30+ 17V2

23
3V2 —4V3  (3V2 - 4V3)(3V2 — 4V3)

SNV VAT V2 VB (V2 - 4v3)
_ (3V2)’ —24V6 + (4V3)

(3V2)* — (4V3)?
~9(2) —24V6 + 16(3)
a 9(2) — 16(3)

66 — 24V6
30

11— 4V6
5

11. a. f(x) = 3x* — 2x
Whena = 2,
flath) —fla) _fC2+h)—f2)
h h
_ 32+ hy? =22+ h) = [3(2)* — 2(2)]

h
34 +4h+h)—4—-2h—-38
h
12 + 12h + 30> = 2h — 12
h
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_ 3h* + 10h

ok

=3h + 10

This expression can be used to determine the slope of
the secant line between (2, 8) and (2 + A, f(2 + h)).
b. For & = 0.01: 3(0.01) + 10 = 10.03

¢. The value in part b. represents the slope of the
secant line through (2, 8) and (2.01, 8.1003).

2.1 The Derivative Function, pp. 73-75

1. A function is not differentiable at a point where its
graph has a cusp, a discontinuity, or a vertical tangent:
a. The graph has a cusp atx = —2, so f'is
differentiable on {x e R|x # —2}.

b. The graph is discontinuous at x = 2, so fis
differentiable on {x e R|x # 2}.

c¢. The graph has no cusps, discontinuities, or
vertical tangents, so f'is differentiable on {x € R}.
d. The graph has a cusp at x = 1, so fis
differentiable on {x e R|x # 1}.

e. The graph has no cusps, discontinuities, or
vertical tangents, so f is differentiable on {x e R}.

f. The function does not exist for x < 2, but has

no cusps, discontinuities, or vertical tangents
elsewhere, so fis differentiable on {x e R|x > 2}.
2. The derivative of a function represents the slope of
the tangent line at a given value of the independent
variable or the instantaneous rate of change of the
function at a given value of the independent variable.

Y Y
4- 4

2 /"? 2_
X

A L T
N
w-

SOOP 20| Sy
2 1]
i By
4. a. f(x)=5x -2
fla+h)=5@a+h)—-2
=5S5a + 5h —2
fla+h) — fla) =5a +5h — 2 — (5a — 2)
= 5Sh
b. fx)=x*+3x—1

fla+h)=(a+h)>+3(a+h)—1
=a*>+ 2ah + h* + 3a
+3h -1
f(a + h) — f(a) = a* + 2ah + h* + 3a + 3h
—1—(a>+3a—-1)
= 2ah + h* + 3h

23
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983
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66 — 24V6
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11— 4V6
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11. a. f(x) = 3x* — 2x
Whena = 2,
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h h
_ 32+ hy? =22+ h) = [3(2)* — 2(2)]

h
34 +4h+h)—4—-2h—-38
h
12 + 12h + 30> = 2h — 12
h
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_ 3h* + 10h

ok

=3h + 10

This expression can be used to determine the slope of
the secant line between (2, 8) and (2 + A, f(2 + h)).
b. For & = 0.01: 3(0.01) + 10 = 10.03

¢. The value in part b. represents the slope of the
secant line through (2, 8) and (2.01, 8.1003).

2.1 The Derivative Function, pp. 73-75

1. A function is not differentiable at a point where its
graph has a cusp, a discontinuity, or a vertical tangent:
a. The graph has a cusp atx = —2, so f'is
differentiable on {x e R|x # —2}.

b. The graph is discontinuous at x = 2, so fis
differentiable on {x e R|x # 2}.

c¢. The graph has no cusps, discontinuities, or
vertical tangents, so f'is differentiable on {x € R}.
d. The graph has a cusp at x = 1, so fis
differentiable on {x e R|x # 1}.

e. The graph has no cusps, discontinuities, or
vertical tangents, so f is differentiable on {x e R}.

f. The function does not exist for x < 2, but has

no cusps, discontinuities, or vertical tangents
elsewhere, so fis differentiable on {x e R|x > 2}.
2. The derivative of a function represents the slope of
the tangent line at a given value of the independent
variable or the instantaneous rate of change of the
function at a given value of the independent variable.

Y Y
4- 4

2 /"? 2_
X

A L T
N
w-

SOOP 20| Sy
2 1]
i By
4. a. f(x)=5x -2
fla+h)=5@a+h)—-2
=5S5a + 5h —2
fla+h) — fla) =5a +5h — 2 — (5a — 2)
= 5Sh
b. fx)=x*+3x—1

fla+h)=(a+h)>+3(a+h)—1
=a*>+ 2ah + h* + 3a
+3h -1
f(a + h) — f(a) = a* + 2ah + h* + 3a + 3h
—1—(a>+3a—-1)
= 2ah + h* + 3h

23



fx)=x—4x + 1 [0+ h) — f(0)

e

fla+h)y=(a+h)y—4(a+h)+1 c. f'(0)=lim .
=@ + 3a®h + 3al® + I’ . VE+1-V0+ 1
—4da — 4h + 1 :;1111,% p
f(a + h) — f(a) = a® + 3a*h + 3ah® + h* — 4a _
—4h+1—(a’ —4a + 1) :lim@
= 3a%h + 3ah® + W° — 4h = -
* foo o o (VAT (VA1)
flaxm ot - o (VA1)
fla+h)—fla)=a*+2ah+h +a+h—6 :hm(\/ﬁ) 1
~ (@4 a = 0) ~oh(VRF 1+ 1)
—2ah + W + h a1
e flx)=—7x + 4 soh(Vh + 1+ 1)
fla+h)=~T(a+h)+4
=—Ta—-Th+4 — lim————
fla+h)—fla)=-Ta—Th+4— (~Ta+4) h—>0(\/hl+1+1)
— =lim——
f. flx)=4—-2x—x vy
fla+h)=4—2(a+h)— (a+h) B
=4 —2a—2h—d —2ah— W )
f(a+h) — f(a) =4 —2a — 2h — &* — 2ah , . f(=1+h)—f(—-1)
W —4+2a+d d. f'(~1) = lim )
= —2h — h* — 2ah s s
' im0 = /D) limlth 1
5. a. f(1)=1111ir(1) p }3_1‘)1(1) ;
+ h)> — 12 s
NG =
h—0 h = lim p
1 +2h+ K -1 h—0
= lim P 5 5(—1+ h)
h—0 o 2 1+
. 2h + K _},Lmo -
= lim
(2 4 :ﬁmw
e 0 h(—1 + h)
Sh
o =lim———
th) = Don(—1+ h)
b.f’(3):hmf(3 h) — f(3)
h—0 h IR T
C[@+h?+3B3+h)+1 o (=1 + h)
= lim .
h—0 h _ 5
(3 +303)+1) ) :;
h =
—+ —
. 9+6h+h +94+3h+1-19 6-a.f’(x):1imf(x h) — f(x)
:}IHI;I) h h—0 h
— ) ! ) o i
. 9+ K — lim S5(x+h)—8—(—5x—8)
:’lllm h h—0 h
—0
B —5h — 8 + +
— im(9 + /) = lim > 8 + 5x +8
. h—0 h
=9
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Nl
=0 h

= lim —5
h—0

=-5
b0 = fim ) =00
_ lim{z(x + h)z; 4(x + h)
(22 + 4x)}
h
{2}(2 + 4xh + 2h* + 4x

h—0

= lim
h—0

h
4h — 2x* — 4x}
J’_ - @
h
. 4xh + 2h* + 4k
= lim

h—0 h

= lim (4x + 2h + 4)
h—0

=4x +4
flx + h) — f(x)
h
_ lim_6(x + h)’ —7(x + h)
h—0 h

B (6x° — 7x)}
h
. [6x® + 18x%h + 18xh? + 6h°
= lim

¢ f'(x) = lim

h—0 | h
—7x — Th — 6x° + 7x]
+
h
. 18x%h + 18xh?> + 6h* — Th
= lim
h—0 h
= 11¢1m0 (18x2 + 18xh + 6h* — 7)
=18x*> — 7
, . fx +h) — f(x
d.f(x)=}llg(1)( ;)l (x)

. V3(x+h)+2—V3x+2
= lim

h—0 h

O V3x +3h+2—-\V3x +2
= lim
h—0 h

(V3x +3h +2 — \V3x + 2)

fr— 1.
hli% h

(V3x +3h + 2 + V3x + 2)

(V3x +3h +2 + V3x + 2)
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~im (V3x +3h + 2P — (V3x + 20
n-0 h(V3x +3h + 2+ V3x + 2)
— lim 3x+3h+2—-3x—-2
n-0 h(V3x +3h + 2 + V3x + 2)
. 3
llir(l)\/Sx+3h+2+\/3x+2
3
C2\V3x +2
7.a.Lety = f(x), then
+ —
dx h—0 h
_ lim6 —7(x + h) — (6 — 7x)
h—0 h
. 6—Tx—Th—6+"Tx
= lim
h—0 h

b. Lety = f(x)jthen
9 _ 1) = g =)

x+h+1 x+1
. x+th—-1 x-—-1
- jim h
x+h+1D(x—-1)
— lim x+h-1x-1)
h—0 h
(x+D(x+h—-1)
x—1Dx+h-1)
h
X2+hx+x—x—h-—1
— lim (x+h—=1)(x—1)
h—0 h

X2+hx —x+x+h-1
x+h—-1)(x—-1)
h

—2h
. (x+h-1D(x-1)
= lim
h—0 h
= lim -2
so(x+h—1)(x—1)
___ 2
(x — 1)




c. Lety = f(x), then
dy _ oy _ o St h) — f(x)
a SO0 h
3(x + h)> — 3x°
m

h—0 h
. 3x? + 6xh + 30 — 3x?
= lim
h—0 h
B 6xh + 3K?
h—0 h
= lim 6x + 3h
h—0
= 6x

8. Let y = f(x), then the slope of the tangent at
each point x can be found by calculating f' (x)
. f(x + h) — f(x)
"(x) =1
f'(x) = lim 3

2(x + h)* —4(x + h) — 2x* + 4
~ lim (x + h) (x +h) X X

h—0 ]’l
. [2)62 + 4xh + 2h* — 4x — 4h
= lim
h—0 h
-2 + 4x}
+ -
h
. dxh + KW — 4k
=lim———
h—0 h
=limd4x + h — 4
h—0
=4x — 4

So the slope of the tangent at x = 0 is
f(0) =4(0) — 4
= —4

At x = 1, the slope of the tangent is

f(1)=4(@1) -4
=0
At x = 2, the slope of the tangent is
f(2)=4@2) -4
=4

Y

2-6

b. Let y = f(x), then the slope of the tangent at
each point x can be found by calculating f(x)

o) = tim ) 1)

T RY — P
SRt
h—0 h
X+ 3+ 3k + R - )P
= lim
h—0 h
. 3x%h + 3xk* + KW
= lim
h—0 h
= lim 3x*> + 3xh + K?
h—0
= 3x?
So the slope of the tangent at x = —2 is
f(=2) =3(-2)
=12

At x = —1, the slope of the tangent is

fi(=1) = 3(=1y
=3

At x = 0, the slope of the tangent is

f'(0) = 3(0)°
=0
At x = 1, the slope of the tangent is
fr(1) =371y
=3
At x = 2, the slope of the tangent is
f(2) =302y
=12
C. Yy
12
O_
8_
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d. The graph of f(x) is a cubic. The graph of f'(x)
seems to be a parabola.
10. The velocity the particle at time 7 is given by s'(¢)
. s(t+h) —s(2)
(1) = im—m——————=
s'(1) hl—r>r(1) h
_ 2 _ (=
Cm (t+h)P?+8(t+h)— (—£+8)
h—0 h
=P —2th—h +8+8h+1— 8
= lim
h—0 h
. —2th— K>+ 8h
= lim
h—0 h
=lim—2t—h+ 8
h—0
=—-2t+ 8
So the velocity at t = 0 is
s'(0) = -2(0) +8
=8m/s
At t = 4, the velocity is
s'(4) = —2(4) + 8
=0m/s
At t = 6, the velocity is
s'(6) = —=2(6) + 8
= —4m/s
+ h) —
11. f'(x) = hmf(x })z fx)
0

S Vx+h+1-Vx+1
= lim

h—0 h

[(Vx+h+1—Vx+1)
= lim

h—0 h

><(\/x+h+1+\/x+1)
(Vx+h+1+Vx+1)
2

_hm(\/x+h+ P —(Vx+1)
0 A(Vx+h+1+ Vx+1)
x+h+1—-x-1

_}Lgmoh(\/x+h+1+\/x+l)

= lim h

h—>0h(\/x+h+1+\/x+1)

= lim !

o (VX +h+1+ Vx+1)
1

T oVa+ 1

The equation x — 6y + 4 = 0 can be rewritten as
y = 1x + 2 so this line has slope i. The value of x
where the tangent to f(x) has slope ¢ will satisfy

r =4

Calculus and Vectors Solutions Manual

L1
2Vx +1 6
6=2Vx+1
32 = ( )2
9=x+1
8=x
f(8)=\/8T1
=9
=3

So the tangent passes through the point (8, 3), and its
equationis y — 3 = 2(x — 8) orx — 6y + 10 = 0.
12. a. Let y = f(x), then

dy _ ooy _ i [+ ) — fx)

o F0) = h

c—cC

:1.
hlir(l) h

= lim—
h—0
=0
b Lety = f(x) then

) =t 1) = 0

(x + h) —Xx
h—>0 h

c. Lety = f(x) then
f(x +h) — fx)

=f(x) = p
:limm(x+h)+b—mx—b
h—0 h
. omx+mh+b—mx—0>b
= lim
h—0 h
hmmfh
h—0 h
= limm
h—0
=m
d Lety f(x) then
, f(x h) — f(x)
2
- lim a(x+h) +b(x+h)+c
h—0 h
_ (ax* + bx + ¢)
h

2-7



ax® + 2axh + ah® + bx + bh

= 1'
hlg(l) h
—ax> — bx — ¢
h
. 2axh + ah* + bh
= lim
h—0 h
= lim (2ax + ah + b)
h—0
=2ax + b

13. The slope of the function at a point x is given by

) = i I

h
RN S
ST k3
h—0 h
X+ 3h 3k + R - )P
= lim
h—0 h
o 3x%h + 3k + B
= lim
h—0 h
= lim 3x*> + 3xh + K?
h—0
= 3x?

Since 3x? is nonnegative for all x, the original
function never has a negative slope.
14. h(t) = 18t — 4.97

h(t + k) — h(r)

a. h'(t) = lim A
k—0
+ k) — 49(t + k)*
_ lim18(t k) —49(t + k)
k—0 k
(18t — 4.97)
k
. 18t + 18k — 4.9 — 9.8tk — 4.9k
= lim
k—0 k
_ 18t + 4.9
k
. 18k — 9.8tk — 4.9k
= lim
k—0 k
= 1lim (18 — 9.8t — 4.9k)
k—0
=18 — 9.8t — 4.9(0)
=18 — 9.8¢

Then A’ (2) = 18 — 9.8(2) = —1.6 m/s.

b. 4’ (2) measures the rate of change in the height
of the ball with respect to time when ¢ = 2.

15. a. This graph has positive slope for x < 0, zero
slope at x = 0, and negative slope for x > 0, which
corresponds to graph e.

b. This graph has positive slope for x < 0, zero
slope at x = 0, and positive slope for x > 0, which
corresponds to graph f.

2-8

c¢. This graph has negative slope for x < —2,
positive slope for —2 < x < 0, negative slope for
0 < x < 2, positive slope for x > 2, and zero slope

atx = —2,x = 0, and x = 2, which corresponds to
graph d.
16. This function is defined piecewise as f(x) = —x?

for x < 0, and f(x) = x* for x = 0. The derivative
will exist if the left-side and right-side derivatives are
the same at x = O:
+ — — + 2 _ (N2
g FO ) = f0) =0+ 1) = (=07)
h—0" h h—0" h
—h?
= lim——
h—0"

= lim (—h)

h—0"
=0
+ _ + 2 2
o fO ) = f(0) (0 + k) = ()
h—0" h h—0" h
h2
hg(l)l h

= lim (h)

h—0"
=0
Since the limits are equal for both sides, the derivative
exists and f'(0) = 0.
17. Since f'(a) = 6 and f(a) = 0,
o _ @t )~ (@)

h—0 h
_l’_ —_
6 = lim! /) 0
h—0
. fla+h)
3 = lim L
o 2h
18. 5
6_

N
1 1
i\/

>3 Il

=] 12

o gt
N
1%

f(x) is continuous.

f3) =2

But f'(3) = oo.

(Vertical tangent)

19. y = x> — 4x — 5 has a tangent parallel to
2x —y=1.

Let f(x) = x> — 4x — 5. First, calculate

P06 = im0 = )
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[(x + h)> —4(x+ h) =5

:1.
hlg(l)_ h
_(x2—4x—5)}
h
X+ 2xh+ W —4x —4h -5
= lim
h—0 [ h
—x2+4x+5]
h
2xh + h* — 4h
=lim——
h—0 h
— lim(2x + h — 4
fm(x + 1= 4
—x+0—4
=2x — 4

Thus, 2x — 4 is the slope of the tangent to the curve
at x. We want the tangent parallel to 2x — y = 1.
Rearranging, y = 2x — 1.
If the tangent is parallel to this line,
2x—4=2
x =3
Whenx =3,y = (3)> —4(3) — 5= -8
The point is (3, —8).
20. f(x) = x*
The slope of the tangent at any point (x, ¥?) is
b 1) )
h—0 h

~ lim (x + h)* — x*

h—0 h
:lim(x+h+x)(x+h—x)

h—0 h
_ limh(2x + h)

h—0 h

= lim(2x + h)
h—0

=2x+0
= 2x

Let (a, a*) be a point of tangency. The equation of

the tangent is
y—a = (2a)(x - a)
y = (2a)x — a*
Suppose the tangent passes through (1, —3).
Substitute x = 1 and y = —3 into the equation of
the tangent:
-3 =(2a)(1) - &

a?—-2a—-3=0
(a=3)(a+1)=0
a=—-1,3
So the two tangents are y = —2x — 1 or

2x+y+1=0andy=6x —9o0r6x —y —9=0.

Calculus and Vectors Solutions Manual

2.2 The Derivatives of Polynomial
Functions, pp. 82-84

1. Answers may vary. For example:

d
constant function rule: df(S) =0
X

power rule: f(x3) = 3x?

dx

d
constant multiple rule: ?(4x3) = 12x*
x
sum rule: i(x2 +x)=2x+1
" dx

d
difference rule: a()f —x*+3x)=3x"—-2x+3
d d
2.a.f"(x) = —(4x) — ——(7
a.f(x) = S (4) = (])

d d
=40 ——(7)
=4(x°) -0
=4
b () = () = ()
=3x* — 2x
¢ fi(x)= dix(—xz) + dix(Sx) + dix(g)
—a%(xz) + Sd%c(x) + %(8)
= —(2x)+5+0
=—-2x+5
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[(x + h)> —4(x+ h) =5

:1.
hlg(l)_ h
_(x2—4x—5)}
h
X+ 2xh+ W —4x —4h -5
= lim
h—0 [ h
—x2+4x+5]
h
2xh + h* — 4h
=lim——
h—0 h
— lim(2x + h — 4
fm(x + 1= 4
—x+0—4
=2x — 4

Thus, 2x — 4 is the slope of the tangent to the curve
at x. We want the tangent parallel to 2x — y = 1.
Rearranging, y = 2x — 1.
If the tangent is parallel to this line,
2x—4=2
x =3
Whenx =3,y = (3)> —4(3) — 5= -8
The point is (3, —8).
20. f(x) = x*
The slope of the tangent at any point (x, ¥?) is
b 1) )
h—0 h

~ lim (x + h)* — x*

h—0 h
:lim(x+h+x)(x+h—x)

h—0 h
_ limh(2x + h)

h—0 h

= lim(2x + h)
h—0

=2x+0
= 2x

Let (a, a*) be a point of tangency. The equation of

the tangent is
y—a = (2a)(x - a)
y = (2a)x — a*
Suppose the tangent passes through (1, —3).
Substitute x = 1 and y = —3 into the equation of
the tangent:
-3 =(2a)(1) - &

a?—-2a—-3=0
(a=3)(a+1)=0
a=—-1,3
So the two tangents are y = —2x — 1 or

2x+y+1=0andy=6x —9o0r6x —y —9=0.
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2.2 The Derivatives of Polynomial
Functions, pp. 82-84

1. Answers may vary. For example:

d
constant function rule: df(S) =0
X

power rule: f(x3) = 3x?

dx

d
constant multiple rule: ?(4x3) = 12x*
x
sum rule: i(x2 +x)=2x+1
" dx

d
difference rule: a()f —x*+3x)=3x"—-2x+3
d d
2.a.f"(x) = —(4x) — ——(7
a.f(x) = S (4) = (])

d d
=40 ——(7)
=4(x°) -0
=4
b () = () = ()
=3x* — 2x
¢ fi(x)= dix(—xz) + dix(Sx) + dix(g)
—a%(xz) + Sd%c(x) + %(8)
= —(2x)+5+0
=—-2x+5
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f. f'(x) = %(x‘3) e.g'(x) = %(5("2)4)

d
_ (_ -3-1
ZGAT -5
, d d
3oa k' (x) = ((2x + 3)(x + 4) - E(x8>
d = 5(8x
= (27 + 8x + 3x + 12) - 45);; )
_dy a4 d Lo d(r—3F
- dx(Zx )+ dx(llx) + dx(12) f.s'(1) = dt( > )
d d d
=2 () + 11 (x) + - (12) _ (;) % (¢ = 31
=2(2x) + 11(1) + 0 N/ d p
_ — [ =) = (4 -
- 4y + 11 = (2><dt(t) dt(3t)>
' _ Y53 2 _
b. f/(x) = dx(zx + 5x% — 4x — 3.75) _ <1><d(t4) - 3d(t)>
_i X is 2) _i A 2/\dt dt
B dx(zx )+ dx( * dx( %) — 1 (4t3 _ 3(1))
d 2
- -(375) s
=28 -2
ol cdia 4 2
=2, 0+ 5 ) — 4 ) dy d,. .
d 4. a. E 7(3)63)
- —-(375) )
=2(3x%) +5(2x) —4(1) -0 = dx(xi)
=6x" + 10x — 4 5 )
— (2 )a( 6
e D= 2o - ) <3>3(x )
= —(¢* — 27 o
d b. ﬂ d(4 L 6>
d d dx dx X
= ) = ) L
dt dt _ 7(x—;) _ 67()6_])
d d dx dx
- R SN
S =5 o) ey
= 47 — 612 = —2x i+ 6x72
dy _dfls 15 1, ) dy_d<6 2 >
d'dx dx<5x+3x 2x+1 c'dx_dx x3+x2_3
ST LR TR 4 d,
dx<5x) " dx<3x i\ 2* ) T = 6,4.07) + 2 ) = 0
_(N\d sy (14 s <1>d 2 =6(=3)(x ") +2(=2)(x ") = 0
<5>dx(x )+ <3>dx(x) 2 )a™) = 18t — 47
d -18 4
"V R

= <(5¢) + 5(3¢) — 520 + 0

=xt+x—x
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.Y i(9x_2 + 3\/})

dx dx
d, _ d, .
= 95()&' 2) + 35()(2)

=9(-2)(x ") + 3@)(,&—1)

= —18x % + %x*%
e — dx (\/ + 6V + \f)
d 1 d s d
— a(x) + 65()6) + a(\@)
= %(xé’l) + 6(;)()531) +0
= %(x_%) + Oy

d(l) d(x%)
= —| — _lr_i P
dx\x dx\ x
o, A
= dx(x ) + dx(x )

e F )

2
1
:—x_z_ix—j
ds d
5.a.—=—(-20+Tt
T a )

= (—2)<§t(t2)> + 7(1@))

(=2)(20) +7(1)
= 4t +7

ds d 1
—=—{ 18+ 5t — =
b a0t dt<18 St 3t )

d d 1\d, ,
— E(18) + SE(z) - ()dt(, )

=0+5(1) - (;>(312)

—S—t2
ds
c.dt ((_3))
_i )
—dt(r 6t+9)

d
=) - (6) () +—(9)
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=2t—6(1)+0
=2t—6

wﬁ@)aﬂ®=3my—&@%

= 3(16) — \/
o ()0
= 4775

b /() = {7~ 6V + 5]
_ 5(7) - 6%()&) + 56%(,(%)
e e
= 3+ (?)(x;)

so f'(a) = f'(64) = —3(64*%) + <130>(64§)

_1
24
dy _d 4
T T )
_ 4.
= 3dx(x )
= 3(4x")
= 12x°

The slope at (1, 3) is found by substituting x = 1 into
d
the equation for d% So the slope = 12(1)?

=12
1
b Y = d<5>
dx  dx\x
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The slope at (—1,—1) is found by substitutingx = —1  The slope at x = 4 is found by substituting x = 4

d -
into the equation for dfvc So the into the equation for %. So the slope is (4)? = 3.
slope = 5(—1)* _16
dy _d(2 dy _ d(w)
“ax T dx\x dx  dx\x*
d, d,
= )— = 1 —_—
de(x ) 6dx(x )
=2(—1)x 1! =16(—2)x 27!
= —2x? = —32x°
The slope at (—2,—1) is found by substituting The slope at x = —2 is found by substituting
. . dy _ . . dy .
x = —2 into the equation for 7. So the x = —2 into the equation for Y the slope is
— _A(_9\2 _ 93 (=32) _
slope = —2(—2) 32(=2) =5 4,
__! dy=x7x"'+1)
2 = x4+ 43
d d(. r—
d. dl = d7( 16)63) dl — i(x_4 + x_3)
. . J dx  dx
= \/Ea(x%) = —4x 5 —3x7*

4 3

_ 4@ S Te Y

The slope at x = 1 is found by substituting

= 6x% B . . dy .
The slope at (4, 32) is found by substituting x = 4 x = 1 into the equation for dx’ So the slope is
4 3 _ _
into the equation for % So the =7
slope = 6(4)% 9. a. dy _ d<2x _ 1>
=12 dx  dx X
8.a.y = 2x° + 3x d d
=2—(x) — —(x)
d d
ay _ Lo + 3x) dx dx
dx dx =2(1) — (-1)x 1!
d d = -2
=2—(¥*) + 3—(x) 2+ : o
dx dx The slope at x = 0.5 is found by substituting
_ 2
B 2(3;x ) +3(1) x = 0.5 into the equation for dl.
=6x*+3 dx

So the slope is 2 + (0.5)% = 6.

The slope at x = 1 is found by substituting x = 1 f Rt
The equation of the tangent line is therefore

into the equation for % So the slope is y+1=6(x—05)or6x —y—4=0.
6(1)> +3 =09, b@_ii_i
b.y:2\/;+5 .dx_dx x?2 ¥
y_4d d, d,
RO =356 — 4o
d 1 d =3(=2 -2-1 —4 -3 -3-1
oy 4 4s (—2)x (=3)x
dx(x) dx( ) =12x*—6x7?
_ 2(1) (x%’l) 40 The slope at x = —1 is founddl;y substituting
b x = —1 into the equation for i So the slope is
= xT

12(-1)*—-6(-1)"°=18.
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The equation of the tangent line is therefore
y—7=18(x + 1)or18x — y + 25 = 0.

e 2 =2 (Var)
= V3 (e)
)
_ 3Vad
2

The slope at x = 3 is found by substituting x = 3

. . dy

into the equation for .

3V33) 9
2 2

The equation of the tangent line is therefore

y—9=3(x—3)or9% — 2y — 9 =0.

dy d(1(, 1))
it o T
d dx dx(x(x X
()
dx x?

d d

=)+ (x7)

=1+ (—2)x %!

=1-2x
The slope at x = 1 is found by substituting
. . dy
into the equation for I
So the slopeis 1 — 2(1)° = —1.
The equation of the tangent line is therefore
y—2=—(x—-—1)orx +y—3=0.

e. % - d%((\/i ~2)(3Vx + 8))

= %(3(\/;)2 +8Vx — 6Vx — 16)

- %(3)6 +2Vx — 16)

d d, » d
dx(3x) 2 dx(x) dx(16)

So the slope is

1\,
=3(1) + 2<2>x2_' -0
=3+ x
The slope at x = 4 is found by substituting x = 4

. . d
into the equation for d%

So the slope is 3 + (4)7 = 3.5.
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The equation of the tangent line is therefore
y=35(x—4)or7x —2y —28 = 0.

f@_d@&—g
“dx  dx \3/;
()
de\ x
d 1_1 _1
= a(xz 3 — 2x 3)
d d,
= —( o) — 27 3
dx(x ) dx (x
1, . 1\ .
= g(xﬁfl) - 2(—3)x1 -0
1, 2 .
— g(x*g) + gxi
The slope at x = 1 is found by substituting x = 1
. . dy
into the equation for I

So the slope is %(1)’% + %(1)J =3
The equation of the tangent line is therefore
y+1=2(x—1)or5x — 6y — 11 = 0.
10. A normal to the graph of a function at a point is
a line that is perpendicular to the tangent at the
given point.

3 4

=———=aP(—1,7
Y=o a5t (=1,7)
Slope of the tangent is 18, therefore, the slope of
the normal is — 1.
1

Equationisy — 7 = —E(x + 1).
x+ 18y —125=0

3

3
11.y = o~ =3x"
*
Parallel tox + 16y + 3 — 0
Slope of the line is — 1.

dy —
dx o
L1

Y T 16
11

¥ 16

¥ =16

x = (16) = 8
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I R
12.y—x—x y=x
dy 1 dy

— = —— == = 3y?
dx X dx *
Now, —— = 3x*
1
4 _ 2
X 3

No real solution. They never have the same slope.

_ 2 dy _
13.y =x e 2x
The slope of the tangent at A(2, 4) is 4 and at
B(~L, &)is -
Since the product of the slopes is —1, the tangents
at A(2,4) and B(—é, é) will be perpendicular.

4Ny
3_
2_
'|_
X|
—I —I —I 0 T T
3-2-10)

4. y=-x*"+3x+4
dy
—=-2x+3
dx *
dy

For— =15

or

5=-2x+3

x=-—1

The point is (=1, 0).

6
5
4
'|_
X
_I 0 T T T
2101 203
2
15y =x"+2
d
LA 3x2, slope is 12
dx
X2 =4
x=2o0orx=—-2

Points are (2, 10) and (—2, —6).

2-14

16.y = tx° — 10x, slope is 6

dy 4
—=x"-10=6
dx *
xt =16
X*=4or x>*=—-4

Xx = *2 non-real
Tangents with slope 6 are at the points ( ,
and (— 2, %)
17.y = 2x* + 3
a. Equation of tangent from A (2, 3):
Ifx=ay=2x+3.
Let the point of tangency be P(a, 24 + 3).

dy dy

Now, ol 4x and when x = a, ol 4a.
The slope of the tangent is the slope of AP.
24 _4
L5 "4
2a*> = 4a*> — 8a

2a> = 8a =0

2a0(a —4) =0
a=0ora=4

Point (2, 3):
Slope is 0. Slope is 16.
Equation of tangent is Equation of tangent is
y—3=0. y—3=16(x —2)or

16x —y — 29 =0.

b. From the point B(2,—7):
2

Slope of BP: 20+ 10 = 4a
a—2

20> + 10 = 4a*> — 8a
2¢° — 8a — 10 =0
@ —4a—-5=0
(a=5)(a+1)=0

a=>5 a=-1
Slope is 4a = 20. Slope is 4a = —4.
Equation is Equation is
y+7=20(x—2) y+7=—4(x—-2)
or20x —y — 47 = 0. ordx +y—1=0.

18.ax — 4y + 21 = Oistangenttoy = %atx = —-2.

Therefore, the point of tangency is <— 2, Z),
This point lies on the line, therefore,
a(—2) - 4(3) +21 =0

—3a+21=0
a=17.

Chapter 2: Derivatives
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19. a. When & = 200,
d = 3.53\V200
=499
Passengers can see about1 49.9 km.
b. d = 3.53Vh = 3.53

;o 1.
d —3.53<2h )

353
" 2Vh
When & = 200,
g = 3.53
21200
=0.12

The rate of change is about 0.12 km/m.
20. d(1) = 4.97
a.d(2) =49(2)* = 19.6 m

d(5) =49(5)*=1225m

The average rate of change of distance with respect

to time from 2 s to 5 s is
Ad 1225 —-19.6
At 5-2
=343 m/s
b. d'(t) = 9.8¢
Thus, d'(4) = 9.8(4) = 392 m/s.
¢. When the object hits the ground, d = 150.
Set d(t) = 150:

4.97 = 150
1500
£="09
t= i17—0\/g
Sincet=0,t = g\/g
Then,
1 1
d’<70\/B> = 9.8(70\/B>
=542 m/s
2l v(t) =s'(t) =2t — ¢
05=2t— ¢

£—-2t+05=0
280 —4t+1=0
4+\B
=y
t=1.71,0.29
The train has a velocity of 0.5 km/min at about
0.29 min and 1.71 min.
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22.v(t) = R'(t) = —10¢

v(2) = =20
The velocity of the bolt at r = 2 is —20 m/s.
23. y
34 (0,3)
2

2_

3_
Let the coordinates of the points of tangency be
A(a, - 3a2).
% = —6x, slope of the tangent at A is —6a

—3a° -3
Slope of PA: = —6a
—3a’ — 3 = — 64
3a> =3
a=1lora=-1

Coordinates of the points at which the tangents
touch the curve are (1, —3) and (=1, —3).
24.y = x> — 6x° + 8x, tangent at A (3, —3)

d

o3 —12¢ + 8
dx

When x = 3,
ﬂ=27—36+8=—1
dx

The slope of the tangent at A(3, —3) is —1.
Equation will be
y+3=-1(x—3)
y=—x
—x =x>— 6x* + 8
X=6x>+9%x =0
x(x2—6x+9)=0
x(x =37 =0
x=0orx=3
Coordinates are B(0, 0).

y

|
—_

(@]
A
w-
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25. a.i. f(x) = 2x — 5x°

f'(x) =2 —10x
Set f'(x) = 0O:
2—-—10x =0
10x =2
1
Y75
Then,
1 1 1)\?
f(S) - 2(5) 5(5)
201
5 5
1
5

Thus the point is (é, é)
ii. f(x) =4 +2x -3
fi(x) =8x +2
Set f'(x) = 0:
8&x +2=0
8x = -2

Thus the point is (—};, —%)
iii. f(x) =x>— 8"+ 5x + 3
f(x) =3x*—16x + 5

Set f'(x) = 0:
3 —16x+5=0
x> —15x—x+5=0
x(x—=5)—(x—5)=0
Bx—1)(x-5)=0
1

:—’5
Y73

1 1\ 1\? <1

“)=(z) -8(5) +5(%
IONORSOREE
1 24 45 81

27 27 27 27
103

27

2-16

)+3

f(5)= (5 —-8(5)*+5(5) +3
=25-200+25+3
= —47
Thus the two points are (%, 17073) and (5, —47).
b. At these points, the slopes of the tangents are
zero, meaning that the rate of change of the value
of the function with respect to the domain is zero.
These points are also local maximum or minimum
points.

26.Vx +Vy=1

P(a, b) is on the curve, therefore a = 0, b = 0.
Vy=1-Vx
y=1-2Vx +x

dy 1 1
—=-——-2x2+1
dx 2
1 -1+
At x = a, slope is _W+1 =\/5\/&'
But Va + Vb =1
~Vb=Va~—1.

\/l; \/g
Therefore, slope is ———— = —/—.
PRV~ Va

27. f(x) = x", f'(x) = nx""!
Slope of the tangent at x = 1is f'(1) = n,
The equation of the tangent at (1, 1) is:
y—1=n(x-1)
nx—y—-n+1=0
Lety=0,nx =n—1
n—1 1

=1--.
n n

X =

. . 1 1
The x-intercept is 1 — Z; as n — o, " — 0, and

the x-intercept approaches 1. As n — %, the slope
of the tangent at (1, 1) increases without bound, and
the tangent approaches a vertical line having equation
x—1=0.

28. a. )2
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xifx <3 , 2x,if x <3 c. h(x)=0CBx+2)2x—7)
flx) = {x feifx=3 0= { Lifx=3 W@ =0x+2)@)+ @2 -7
’ not exist. =12x — 17
];(3) does not exist d. h(x) = (57 + 1)(x* — 2x)
) y h'(x) = (5x7 + 1)(2x — 2) + (35x%)(x* — 2x)
= 45x% — 80x" + 2x — 2

e. s(t)=(#+1)3-27)

s'(t) = (£ + 1)(—4t) + (20)(3 — 27)

= -8 + 2t
) =
X fx) = (x = 3)(x +3)7"

1T Fx)y=x=3)(-DxE+3)*+ ()(x+3)"!

INEIE. =(x+3)*(~x+3+x+3)
6
32 — 6,ifx < —\V2orx >\V2 C(x+3)
f(x)={6—3x2,if—\6<x<\6 2.a. y=(5x+1)>(x—4)
. { 6r.ifx < —\V2orx > V2 % = (5x + 13(1) + 3(5x + 1)2(5)(x — 4)
* —6x,if —V2=x=V2 = (5x + 1) +15(5x + 1)*(x — 4)
f (\/i) and f’(—\fZ) do not exist. b. y=(3x+4)3 +x)
c. ; Y _ (32 1 4)(5)3 + (3R

dx

;: + (6x)(3 + X
1 =153 + 4)(3 + ¥*)* + 6x(3 + ¥’

EgEgRY EEEESR

x—1ifx=1 since [x —1=x—1
B 1-—xif0=x<1 since [x —1/=1—-x
fx) = x+1Lif-1<x<0 since |[-x—-1]=x+1
—x—lLifx=-1 since |—x—1]=-x—-1
1,ifx > 1 c. y=(1-x)02x+6)
‘ ~Lifo<x<1 Ay _ o 2y 3
f1(x) = Lif—1<x<0 dx—4(1 P (—2x)(2x + 6)
1ifx < —1 + (1 = x)*3(2x + 6)*(2)
’ . = —8x(1 — ¥*P(2x + 6)°
f'(0), f'(=1),and f'(1) do not exist. +6(1 — x2)*(2x + 6)2
d. y=(¥*-9)*2x - 1)
2.3 The Product Rule, pp. 90-91 dy _

(= 9)*(3)(2x = 1)*(2)
+ 4(x* — 9P (2x)(2x — 1)}
=6(x>—9)*(2x — 1)°

+ 8x(x* — 9)°(2x — 1)

l.a. h(x) =x(x — 4) dx

h(x)=x(1) + (1)(x — 4)
=2x — 4
b. h(x) =x*(2x — 1)
h(x)=x*(2)+ (2x)(2x — 1)
=6x> — 2x
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xifx <3 , 2x,if x <3 c. h(x)=0CBx+2)2x—7)
flx) = {x feifx=3 0= { Lifx=3 W@ =0x+2)@)+ @2 -7
’ not exist. =12x — 17
];(3) does not exist d. h(x) = (57 + 1)(x* — 2x)
) y h'(x) = (5x7 + 1)(2x — 2) + (35x%)(x* — 2x)
= 45x% — 80x" + 2x — 2

e. s(t)=(#+1)3-27)

s'(t) = (£ + 1)(—4t) + (20)(3 — 27)

= -8 + 2t
) =
X fx) = (x = 3)(x +3)7"

1T Fx)y=x=3)(-DxE+3)*+ ()(x+3)"!

INEIE. =(x+3)*(~x+3+x+3)
6
32 — 6,ifx < —\V2orx >\V2 C(x+3)
f(x)={6—3x2,if—\6<x<\6 2.a. y=(5x+1)>(x—4)
. { 6r.ifx < —\V2orx > V2 % = (5x + 13(1) + 3(5x + 1)2(5)(x — 4)
* —6x,if —V2=x=V2 = (5x + 1) +15(5x + 1)*(x — 4)
f (\/i) and f’(—\fZ) do not exist. b. y=(3x+4)3 +x)
c. ; Y _ (32 1 4)(5)3 + (3R

dx

;: + (6x)(3 + X
1 =153 + 4)(3 + ¥*)* + 6x(3 + ¥’

EgEgRY EEEESR

x—1ifx=1 since [x —1=x—1
B 1-—xif0=x<1 since [x —1/=1—-x
fx) = x+1Lif-1<x<0 since |[-x—-1]=x+1
—x—lLifx=-1 since |—x—1]=-x—-1
1,ifx > 1 c. y=(1-x)02x+6)
‘ ~Lifo<x<1 Ay _ o 2y 3
f1(x) = Lif—1<x<0 dx—4(1 P (—2x)(2x + 6)
1ifx < —1 + (1 = x)*3(2x + 6)*(2)
’ . = —8x(1 — ¥*P(2x + 6)°
f'(0), f'(=1),and f'(1) do not exist. +6(1 — x2)*(2x + 6)2
d. y=(¥*-9)*2x - 1)
2.3 The Product Rule, pp. 90-91 dy _

(= 9)*(3)(2x = 1)*(2)
+ 4(x* — 9P (2x)(2x — 1)}
=6(x>—9)*(2x — 1)°

+ 8x(x* — 9)°(2x — 1)

l.a. h(x) =x(x — 4) dx

h(x)=x(1) + (1)(x — 4)
=2x — 4
b. h(x) =x*(2x — 1)
h(x)=x*(2)+ (2x)(2x — 1)
=6x> — 2x
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3. It is not appropriate or necessary to use the product
rule when one of the factors is a constant or when it
would be easier to first determine the product of the
factors and then use other rules to determine the
derivative. For example, it would not be best to
use the product rule for f(x) = 3(x* + 1) or
gx) = (x+1)(x = 1).
4. F(x) = [b(x)]c(x)]

F'(x) = [b(x)]c"(x)] + [b"(x)][c(x)]

5.a. y= 2+ 7x)(x —3)
dy B
E—(2+7x)(1)+7(x 3)
Atx = 2,
dy B
a—(2+14)+7( 1)
=16-7
=9
b. y=(1-2x)(1+ 2x)
d

d—i = (1= 2x)(2) + (=2)(1 + 2x)

N
tx = >
Y _ 0y
T = (0@ -20)
= —4

c. y=0B-2x—-X)(¥+x-2)
—=0B-2x—x)(2x + 1)

+ (=2 -20)(x*+x—2)
Atx = =2,

L= (3+4-4)(—4+1)
+(—2+4)(4-2-2)
= (39)(—3) +(2)(0)

d y=xCx+7)

% =3x*(3x + 7)) + x’6(3x + 7)
Atx = =2,
dy
— =12(1)> + (—=8)(6)(1
=120y + (=8)(6)(1)
=12 — 48
= —36
ee. y=(2x+1)Y Gx+2)x=-1
d
d—i = 5(2x + 1)*(2)(3x + 2)*
+ (2x + 1)°4(3x + 2)*(3)
Atx = —1,
2-18

d)’_ _1\4 _1\4
L =511

+ (=1’ (1))

=10 + 12
=22
f. y=x(5x-2)(5x +2)
= x(25x* — 4)
dl: 50x) + (25x* — 4)(1
& = x(50) + (252~ 4)(1)
Atx =3,
dy
- =3(150) + (25:9 - 4)
= 450 + 221
= 671

6. Tangent to y = (x3 — S5x + 2)(3x2 - Zx)
at (1, —-2)

dy _ (3x? — 5)(3x% — 2x)

dx
+ (¢ = 5x + 2)(6x — 2)
when x = 1,
Yo )+ (-2)@)
-2 +-8
- 10

Slope of the tangent at (1, —2)is —10.
The equationis y + 2 = —10(x — 1);
10x +y—-8=0.

7.a. y=2(x—29)(x +1)
%=2(x—29)(1) +2(1)(x + 1)
2x—58+2x+2=0

4x — 56 =0
4x = 56
x =14

Point of horizontal tangency is (14, —450).
b. y=(2+2x+1)x*+2x + 1)
= (x2 + 2x + 1)2

dy _ 22 + 2x + 1)(2x + 2)

dx
(+2x+1)2x+2)=0
2+ D(x+DH(x+1)=0
x=-1

Point of horizontal tangency is (—1, 0).
8.a. y=(x+1>0x+4)(x—3)

dl =3(x+ 1)°(x +4)(x — 3)?

dx
+ (x + 1)’(1)(x — 3)
+ (x + 1)P°(x + H)2(x — 3)]
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b. (3% + 473 — )

y =
;Ly = 2x(3% + 473 — )
+ X7[2(3%% + 4)(6x)])(3 — x*)*
(3% + 4743 — x*)(—3:Y)]
9. V(1) = 75(1 - t)z, 0=r=24

24
75L X 60% =45L

45 t\?
Set% (1—24)
3 t
4+ P _
_\/5 1 24
3
=| =4/=-—1])(—24
= (=i 1)

t = 42.590 (inadmissable) or t = 5.4097
vi=75(1-5)
V() = 75( 2t4><1 - ;4)
R
+(=20)(1-3)
(75)(2)(1 - 24)(—214)

V'(5.4097) = —4.84 L/h
10. Determine the point of tangency, and then find the
negative reciprocal of the slope of the tangent. Use
this information to find the equation of the normal.
h(x) = 2x(x + 1)%(x* + 2x + 1)
B (x) =2(x + 1)%(x* + 2x + 1)
+ (2x)(3)(x + DX (x* + 2x + 1)
+ 2x(x + 1)°2(x¥* + 2x + 1)(2x + 2)
h'(=2) =2(=1y(1)°
+2(=2)(3)(=1)’(1)
+2(=2)(=1)’(2)(1)(-2)
=-2-12-16
= =30

11.
a. f(x) = g1(x)g(x)gs(x). ..
f(x) = g/ (¥)g2(x)gs(x) - ...
+ 81(%)g (0)g3(x) . .. gu-1(x)ga(x)
+ 81(%)82(x)83 (%) . .. 8n-1(X)gn(x)
+o+ g1(0)g(x)gs(x) - - - gu-1(x)ga’ (x)

8n—1(x)8 (%)
8n-1(x)gn(x)
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b. flx) = (14 x)(1 + 2x)(1 + 3x)...

(1 + nx)

f(x)=1(1+2x)(1 +3x)...(1 + nx)
+ (1 +x)(2)(1 + 3x)...(1 + nx)
+ (1 +x)(1 +2x)(3)...(1 + nx)
+ .0+ (1T +2x)(1 +20)(1 + 3x)

. (n)

£0) = 1)) - (1)
+1(2)(1)(1) ... (1)
+ 1(1)3)(1) ... (1)
L+ (MMA) ... (n)
=1+2+3+... +n
£(0) = n(n2+ 1)
12. f(x) = ax’ + bx + ¢
f'(x) =2ax + b (1
Horizontal tangent at (—1, —8)

f'(x)=0at x = -1

—2a+b=0

Since (2, 19) lies on the curve,

4a +2b + c =19 )

Since (—1, —8) lies on the curve,
a—b+c=-8 3)

4a +2b +c =19

—3a — 3b = —27
at+tb=9
—2a+b=0
3a =9
a=3 b=6
3—-6+c=-8
c=-5
The equation is y = 3x* + 6x — 5.
13. -
3_
2_

3301 33

a. x=1lorx=—-1
b. f'(x) =2x,x<—-lorx>1
flfix)y=-2x,-1<x<1
y
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¢ f(~2)=2(-2)= —4

f(0)=-2(0)=0
f3)=23)=6
16
14. y=— -1
X
dy 32
dx x
Slope of the line is 4.
32
- = 4
e
4 = =32
xP=-8
x=-2
16
=— -1
YT

Point is at (-2, 3).
Find intersection of line and curve:
4 —y+11 =0
y=4x + 11

Substitute,

dx + 11 = % -1

X
4’ + 11x* = 16 — x> or 4x° + 12x* — 16 = 0.
Let x = =2
RS = 4(—2)* + 12(-2)* - 16
=0

Since x = —2 satisfies the equation, therefore it is
a solution.
When x = =2, y =4(-2) + 11 = 3.
Intersection point is (—2, 3). Therefore, the line is
tangent to the curve.

Mid-Chapter Review, pp. 92-93
1. a. y

((x + h)> = 5(x + h)) — (¥* — 5x)

b. f'(x) = lim

h
x>+ 2hx + h* — 5x — S5h — x* + 5x
= lim
h—0 h
. h* + 2hx — 5h
= lim
h—0 h

2-20

_ limh(h +2x = 5)
h—0 h
=2x—5

Use the derivative function to calculate the slopes of
the tangents.

x Slope of Tangent
f'(x)
0 -5
1 -3
2 -1
3 1
4 3
5 5
¢ y

6

4

2

d. f(x) is quadratic; f"(x) is linear.
(6(x + h) +15) — (6x + 15)
h

2.a.f'(x) = lim

= l. —_—
hlil(l) h

= lim6
h—0

=6
b. f(x) = }g%(z(x + hy? —4)— (2x* — 4)

h
2 _ .2
S CRL) b5
h—0 h
_ limz((x +h) —x)(x + h) + x)
h—0 h
_I_
)
h=0
= lim2(2x + h)
h=0
= 4x
5 s
(x+h)+5 x+5

c. f'(x)= }lnr(i) P
o S 5) = S((x k) +5)
TS0 (x + h) +5)(x + 5k
. ~5h

T+ h) +5)(x +5)h
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. -5
S G ) +5)(x +9)

=5
C (x+5)?
0 = i YOI =2 Ve
~ lim V(ix+h) —2—Vx—2
h—0 h

V(x+h) =2+ Vx—2

V(x+h) -2+ Vx—-2
(x+h)=2)— (x—2)

= 1 1
hlg(‘)h(\/(x +h) -2+ Vx—-2)
= lim L
ha(l)h(\/(x +h) -2+ Vx-2)
= lim !
Cs0V(x + h) =2+ Vx -2
1
2Vx — 2
J.a.y ' =2x — 4
When x =1,
Yy =2(1) - 4
= -2
When x = 1,
y=(17?—-4(1)+3
= 0.

Equation of the tangent line:
y—0=-2(x—1),ory=—-2x+2

g

GV
_4_
_6_
dy
4.a.— = 24x°
a I X
dy 1
b. — = 5x7
dx o
_ S
Vx
c. g'(x)=—-6x7"*
6
T
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ﬂ=5—6x_3

6
_5—;
dy
. =2(11r + 1) (11
=201+ (1)
= 242t + 22
f.y=1—%

=1—x"!

dy
dx_x
1

x2

5.1 (x) =8
8x* =1

_1
8
Equation of the tangent line:

1 1( 1) _ 3
yo—g=lx—g)ory=x—g
6.a.f'(x) =8 —7
b. f'(x) = —6x> + 8 + 5
c. f(x) =5x%—-3x"

f(x)=—10x"3+ 9x*
10 9

¥ o oxt

d. f(x) = x + x°
1 . 1
4 = x4 —x3
F) =t
1 1
= T + 2z
2x2 3x3
e. f(x) =7x?% -3¢

3
f'(x) = —14x73 — Exff

_1_3

X 2x
f.f(x)=4x2+5
4

=245
xZ
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7.a.y' = —6x + 6
When x = 1,
y =-6(1)+6
= 0.
When x = 1,
y=-3(1%) +6(1) + 4
=1.
Equation of the tangent line:
y—=7=0(x—1),0r
y =

When x = 9,
y=3-2V9
= —3.
Equation of the tangent line:
1 1
y=(=3)= 3G =9),0ory=—2x
e f(x)=—8+ 12x* —4x — 8

F(3) = —8(3)* + 12(3)> — 4(3) — 8
= —216 + 108 — 12 — 8
— 218
F(3) = —2(3)* + 4(3)° — 2(3)? — 8(3) + 9

—162 + 108 — 18 — 24 + 9
= —87
Equation of the tangent line:
y— (—87) = —128(x — 3), or
y = —128x + 297

(x — 9%x)(3%% + 5)

8.a.f'(x) =

+ (4x2 - 9)c)i 3x?

dx( +5)

= (8x — 9)(3x* + 5) + (4x> — 9x)(6x)

= 24x> — 27x* + 40x — 45
+ 24x° — 54x*
= 48x — 81x> + 40x — 45

bf(t)——( 32 — Tt + 8)(4t — 1)

+ (=32 -7t + S)E(4z - 1)

= (=6t — 7)(4r — 1)
+ (=32 — 7t + 8)(4)

2-22

y'(1)

= =247 — 28t + 6t + 7 — 12£2 — 28t + 32
= —36£ — 50t + 39

dy = . 3x% + 4x — 6)(2)(2 -9)

¢ dx dx(

+ (3%2 +4x—6)d (2x* - 9)

= (6x + 4)(2x* — 9) + (3% + 4x — 6)(4x)
= 12x° — 54x + 8x* — 36 + 12x°

+ 16x> — 24x
= 24x> + 24x> — 78x — 36
dy d

=3 - 2873 - 2X)

dx dx
+(3 - 2x3)2d%(3 - 2x°)
= [;(3 —2:%)(3 — 2x%)
(3 - 2x3)%(3 — 2x3)}(3 — 2x%)
(3 28~ 6x?)

= [2(=6x2)(3 - 2¢)|(3 — 2¢)
+(3—2x)( 6x%)

+
+

=3(3 - 207(-6x)
= (3~ )( 18¢)
= (9 — 12 + 4x°)(—18x?)

= —162x% + 216x° — 72x°

_dics — ) (— 42
Y —dx(Sx +9x — 2)(—x% + 2x + 3)

+ (5%% 4+ 9x — 2)0%(—38 +2x +3)

= (10x + 9)(—x> + 2x + 3)
+ (5%% + 9x — 2)(2 — 2x)

= (10(1) + 9)(— (1)> + 2(1) + 3)
+ (51 +9(1) —2)(2 — 2(1))

= (é9)(4)

=17

Equation of the tangent line:
y—48—76(x—1), or 76x —y —28=0

dy
5—2 (x =16 —x)

+2(x — 1)%(5 - X)
=2(5—-x)—-2(x—-1)

=12 — 4x
The tangent line is horizontal when % = 0.
12 -4x =0
12 = 4x
x=3
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When x = 3,
y=2(3)-1(G-3)
=8

Point where tangent line is horizontal: (3, 8)

2 _
ll.ﬂzlim (5(x + h) 8(x + h) +4)
X h>0 h
B (5¢* — 8x + 4)
h
2 g2
_ limS(x + h)” — 5x° — 8h
h—0 h
_ th((x +h) —x)((x + h) +x)— 8h
h—0 h
_ limSh(Zx + h) — 8h
h—0 h
= }lim(S(Zx + h) — 8)
—0
=10x — 8
2
12. V(¢) = 500<1 - 9t0> 0=r=90

a. After 1 h, t = 60, and the volume is
V(60) = 500(1 — &)’

30\
- so(3p)

1 2
= 500\ —
5
500
=—L
9
b. V(0) = 500(1 — 0)> = 500 L
500
The average rate of change of volume with respect
to time from O min to 60 min is
AV 3P =500
At 60 — 0
_ 5°(500)
60
200 .
=T L/min
c. Calculate V' (¢):
V(it+h)— V(¢
V'(t) = lim ( ) )

h—0 h

t+ h\? %
500(1 — 90> — 500(—1 + 90>
= lim

h—0 h
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500(1—t+h—1+ t)

. 90 90
B hlg(l) h
t+h t
(1 Sk 90)
X
h
h 2t + h
oo ;)2 - *55")
B hlil(l) h

o 500(., 2t+h
= hm =g \2 90)

—-50 2t
- 2 _
9 ( 90>

~ =900 + 10¢
81
Then,
) ~ =900 + 10(30)
V'(30) = a1
200 .
=07 L/min

13. V(r) = 27713

a. V(10) = %(10)3 V(15) = %(15)3

4 4

= —7(1000) = —7(3375)
3 3
4000

= TW = 45007

Then, the average rate of change of volume with
respect to radius is
AV 4500 — “m
Ar o 15-10
500m(9 — §)
=

19
= 1007| —
”(3)

b. First calculate V' (r):
V(r+h)—V(r)

V) =
h—0 h
sm(r + 3°h + 3k + B = P)
= lim
h—0 h
im(3°h + 3k + 1)
= lim
h—0 h
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= limgw(?arz + 3rh + h?)

h—0
= %77(3}’2 +3r(0) + (0)%)

= 471’

Then, V'(8) = 47 (8)*

= 47 (64)

= 2567 cm®/cm
14. This statement is always true. A cubic polynomial
function will have the form f(x) = ax® + bx*> +
cx + d, a # 0. So the derivative of this cubic is
f'(x) = 3ax* + 2bx + c, and since 3a # 0, this
derivative is a quadratic polynomial function. For
example, if f(x) = x> + x> + 1,

we get
f(x) = 3x* + 2x,
and if
f(x) =2x* + 3x* + 6x + 2,
we get
fi(x)=6x>+6x+6
2a+3b
15.y = W,a,bel

Simplifying,
y = X2 (amb) = ya+db
Then,
yr — ((,l + 4b)a+4b—l
16.a. f(x) = —6x° + 4x — 5x* + 10

fi(x) = —18x* + 4 — 10x
Then, f'(x) = —18(3)* + 4 — 10(3)

= —188

b. f'(3) is the slope of the tangent line to f(x) at
x = 3 and the rate of change in the value of f(x)
with respect to x at x = 3.
17. a. P(t) = 100 + 120t + 107 + 2¢

P(t) = 100 + 120t + 10 + 27

P(0) = 100 + 120(0) + 10(0)* + 2(0)*

= 100 bacteria

b. At 5 h, the population is
P(5) = 100 + 120(5) + 10(5)* + 2(5)°

= 1200 bacteria
c. P'(t) =120 + 20t + 67
At 5 h, the colony is growing at
P'(5) = 120 + 20(5) + 6(5)*

= 370 bacteria/h

1
18. C(1) = %,t> 2

Simplifying, C(¢) = 100¢".

100
Then, C'(t) =—-100 2 = —7.

2-24

C'(5) C'(50) C’(100)
~ 100 ~ 100 100
) (50 ~ (100)?
100 100 1
25 2500 100
= —4 = —0.04 = —0.01

These are the rates of change of the percentage with
respect to time at 5, 50, and 100 min. The percentage
of carbon dioxide that is released per unit time from
the pop is decreasing. The pop is getting flat.

2.4 The Quotient Rule, pp. 97-98

1. For x, a, b real numbers,

xaxb — xa+b
For example,
o6 = o3
Also,
(xa)b — xab
For example,
(2P =«
Also,
x¢ _
—- =X bx#0
X
For example,
xS )
3 X
X
2.
Differentiate
and Simplify,
Function Rewrite If Necessary
X + 3x
00 ="—— fX) = x + 3 Fx) =1
x#0
3X§ 2 , 1
g(x)=X,X¢O g(x) = 3% g'(x) = 2x7:
h(x) = —— 1 1
10x°" h(x) = E{B h'(x) = TX’S
x#0
8% + 6x y
TR =4 +3 Y_g
v ax
x#0
-9 ds
= =t+ = =1
S 3 t+3 s=t+3 ot
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3. In the previous problem, all of these rational
examples could be differentiated via the power rule
after a minor algebraic simplification.
A second approach would be to rewrite a rational
example
f(X)
using the exponent rules as
h(x) = f(x)(g(x) ",
and then apply the product rule for differentiation
(together with the power of a function rule to find
h'(x).
A third (and perhaps easiest) approach would be to
just apply the quotient rule to find A’ (x).
ooy = (xt1DHA) —x(1)

4.a.h'(x) = (c+ 1)
_ 1
C(x+ 1)
(t+5)(2) — (2t — 3)(1)

(t+5)

b. ' (1) =

13
(t+5)
(2% — 1)(3x%) — x¥(4x)
(26> — 1)
-3
(22— 1)
2
~ x(3x +5)  3x*+ 5x
“r= (l—xz) 1= x
dy  (6x + 5)(1 — x?) — (3x? + 5x)(—2x)

c.h'(x)=

dx (1 - x2>2
_6)c~I—5—6)(3—5x2+6x3—|-10x2
- (1 -2
B 5> +6x + 5
(1 -2
dy (+3)2x—1)—(x* —x+ 1)(2x)
f. —=
dx (x* + 3)
2+ 6x —x* =320 + 2% — 2x
B (x2 + 3)2
_ x>+ 4x — 3
B (x* + 3)?
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3x +2
5.3._}1:;?,)6: -3

dy (x+5)@3) - Bx+2)(1)

dx (x + 5)?
Atx = —3:
dy (2)(3) - (=1(A)
dx (2)?
13
4

3
b.y =

9)6

x>+ !
_ (P +9)3¢%) - () (2x)
dx ( + )
Atx = 1:
dy _(10)(3) — (1)(2)
dx (10
28
100
7
S 25
c.y= %,x =2
dy  2x(x* +25) — (¥ — 25)(2x)
dx (x> + 25)
Atx = 2:
dy  4(29) — (—21)(4)
dx (29)
116 + 84
29
200
841
C(x+D)(x+2)
C(x—1D)(x—2)
_ X2 +3x+2
X —3x+2
dy  (2x +3)(x* = 3x + 2)
dx (x - 1P(x -2
(P +3x +2)(2x - 3)

(v — 1P(x - 27
Atx = 4:

dy _ (11)(6) — 30)(5)
dx (9)(4)

84

36
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3

X
6.y =
y X2_6

dy  3x%(x* — 6) — x*(2x)
dx (x> — 6)
At (3,9):
dy _309)3) — (27)(6)
dx (3)?
=9-18
=-9

The slope of the tangent to the curve at (3, 9) is —9.

3x
x—4
Q_3(x—4)—3x_ 12

(x — 4)2

7. y=

dx (x — 4)
Slope of the tangent is —32.
_12 _n
(x—4ay 5
x—4=50rx—4=-5
x=9orx=-1
Points are (9, %) and (— 1, %)
S5x + 2
8. fx) = x+2
(x +2)(5 — (5x + 2)(1)
(x +2)

Therefore,

fx) =
N

f(x) = (x +2)

Since (x + 2)* is positive or zero for all x R,

ﬁ > 0 for x # —2. Therefore, tangents to

the graph of f(x) = 5;: 22 do not have a negative
slope.
2
9.a.y = )62%4, x # 4
dy _ (x = 4)(4x) — (2%)(1)
dx (x — 4)
4P — 16x — 247
-y
_ 2x* — 16x
G
_ 2x(x — 8)
-4y
Curve has horizontal tangents when % =0, or
whenx = 0 or 8. Atx = O:
0
-
=0
Atx =&

_ 28y
4
=32
So the curve has horizontal tangents at the points
(0, 0) and (8, 32).
_ -1
P +x—2
C(x=Dx+1)
S (x+2)(x—1)
_x+1
x4+ 2
dy (x+2)—(x+1)
dx (x +2)
_ 1
; (x + 2)?
dy

Curve has horizontal tangents when ol 0.

b.y

x#*1

No value of x will produce a slope of 0, so there
are no horizontal tangents.

4t
. = +
10. p (1) 1000(1 T 50)

P (1) = 1ooo<4(’2 e 0 5_0;“20)
~1000(200 — 4¢%)
(2 + 50
.. 1000(196)
p'(1) = TG 75.36
() = 1000(184)
p'Q2) = . 63.10

Population is growing at a rate of 75.4 bacteria per
hour at t = 1 and at 63.1 bacteria per hour at t = 2.

-1
11. y =
Y 3x
_Lo 1
33
ﬂ_l_i_lx—Z
dx« 3 3
1 1
3 3x
Atx = 2:
(2 -1
y_
3(2)
_1
2
and
1,1
de 3 3(2)
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£
12

+

o Wi

12
So the equation of the tangent to the curve at x = 2 is:

1 5
y—E—E(x—2),or5x—12y—4—0.

10(6 — 1)
12. a. =——F"
a.s() == "3
s(0) =20
The boat is initially 20 m from the dock.
ol DD = (6 =)
2
(t+3)

,0=1t=6,t=0,

b.v(t) =s'(t) =1

—90
MO ey

Att = 0,v(0) = —10, the boat is moving towards
the dock at a speed of 10 m/s. When s(¢) = 0, the
boat will be at the dock.

10(6 — ¢t
1006-09_ 0,1 =6.

t+3
W6 = 5 =~y
The speed of the boat when it bumps into the dock
is ¥ m/s.
13.a.i.t=0
1+ 2(0)
="
=1cm
1+2t L5
1+t
1+2t=15(1+1)
1+2t=15+1.5¢
0.5t =05
t=1s
(1+6)(2)— (1+20)(1)
(1 + 1)
2+ 2t—1—-2t
(1 4P

t)?

17

11.

iii. (1) =

—_

(1

1

— +

r(1.5) =

—+

—~

NG

= 0.25cm/s
b. No, the radius will never reach 2 cm, because
y = 2 is a horizontal asymptote of the graph of the
function. Therefore, the radius approaches but never
equals 2 cm.
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ax + b

T
f’(x) = (x — 1)2(x — 4)2

(ax + b)d%c[(x - 1(x —4)]

(r = 1)(x — 4
- ) - 4)(a)
(xr = 1P(x — 47
(ax + b)[(x — 1) + (x — 4)]
(x = 1)(x — 4)
_ (x> = 5x + 4)(a) — (ax + b)(2x — 5)

(x = 1)*(x — 4’
—ax* — 2bx + 4a + 5b
(x = 1)°(x — 4)°
Since the point (2, —1) is on the graph (as it’s on
the tangent line) we know that

-1=f(2)
_ 20 + b
(H(=2)
2=2a+b
b=2-2a

Also, since the tangent line is horizontal at (2, —1),
we know that

0=r(2)
_ —a(2)? —2b(2) + 4a + 5b
- (L(~2F

b=0

0=2—-2a

a=1

So we get

X

M= = -9

Since the tangent line is horizontal at the point

(2, —1), the equation of this tangent line is

y—(-1)=0(x—2),ory= -1

Here are the graphs of both f(x) and this horizontal

tangent line:
f(x)

X
“(x=1)(x—4)

y
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(224 T)(5) — (50)(4n)
15.¢'(¢) = (2 1 77
1062 + 35 — 20¢7
(26> + 77
1022 + 35
22+ 7P
Set ¢'(¢) = 0 and solve for 7.
—10¢> + 35
(22 + 7)?
—10* +35=0
1062 = 35
* =35
t=+\V35
t= *1.87

To two decimal places, t = —1.87 or t = 1.87,
because s’ (t) = 0 for these values. Reject the
negative root in this case because time is positive
(t = 0). Therefore, the concentration reaches its
maximum value at ¢ = 1.87 hours.

16. When the object changes direction, its velocity
changes sign.

(1) = (£ + 8)(1) — £(2¢)

(2> + 8)
P+ 821
(1 + 8)?
' +8
(12 +8)
solve for r when s'(¢) = 0.
-1*+8 0
(2 + 87
—t2+8=0
=8
%
[ = +2.83

To two decimal places, t = 2.83 or t = —2.83,
because s’ (1) = 0 for these values. Reject the

negative root because time is positive (1 = 0).
The object changes direction when ¢t = 2.83 s.

17. f(x) = z ::: Z,x ¥+ —%
, _(ex+d)(a) — (ax + b)(c)
= (cx + d
ad — bc

For the tangents to the graph of y = f(x) to have
positive slopes, f'(x) > 0. (cx + d)? is positive for
all xeR. ad — bc > 0 will ensure each tangent has
a positive slope.

2-28

2.5 The Derivatives of Composite
Functions, pp. 105-106

Lf(x) = Vx,glx)=x*—1
a. f(g(1) = f(1 - 1)

= f(0)

=0
b. g(f(1)) Zg(l)

c. g(f(0) = g(0)
=0-1
= -1
d. f(g(—4) = f(16 — 1)
= f(15)
= V15
e flg(x) = flx* — 1)
Ve
£ g(f(x)) = (V)
= (Vi -1
=x—-1
2.a. f(x) =x% g(x) = Vx
(feg)(x) = f(g(x))
= f(Vx)
- (Vay
=X
Domain = {x = 0}
(8°Nx) = g(f(x)
= g(x’)
Ve
= |x]
Domain = {xeR}
The composite functions are not equal for negative
x-values (as (fe° g) is not defined for these x), but
are equal for non-negative x-values.

b. f(x)= %, gx)=x"+1

(fo8)(x) = f(g(x))
e
1
S+

Domain = {xeR}

(g°Nx) = g(f(x)
¥
(-
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1
== +1
x2

Domain = {x # 0}
The composite functions are not equal here. For
instance, (fo g)(1) =%and (gof)(1) = 2.

c. f(x)= %, g(x) = Vx +2

(£2)() = f(5()
= f(VEF2)
1

Vx + 2
Domain = {x > —2}

(g°Nx) = g(f(x)
1
¥a
_[r+2
X

The domain is all x such that

)1; + 2 =0 and x # 0, or equivalently

Domain = {x = —} orx > 0}
The composite functions are not equal here. For
instance, (f°g)(2) =3 and (g°)(2) =\/5.
3. If f(x) and g(x) are two differentiable functions
of x, and
h(x) = (f°g)(x)

= f(g(x)
is the composition of these two functions, then
h(x) = f(g(x) - g'(x)
This is known as the “chain rule” for differentiation of
composite functions. For example, if f(x) = x'* and
g(x) = x> + 3x + 5, then h(x) = (x> + 3x + 5)°,
and so
h(x) =f(g(x) - g'(x)

= 10(x* + 3x + 5)°(2x + 3)
As another example, if f(x) = x* and
g(x) = x* + 1, then h(x) = (x* + 1V,
and so

W (x) = %(x2 +1)7(2x)

4. a. f(x) = (2x + 3)*
f(x) = 4(2x + 3)°(2)
= 8(2x + 3)°
b. g(x) = (x* — 4)
g'(x) = 3(x* — 4)°(2x)
= 6x(x* — 4)?

Calculus and Vectors Solutions Manual

c. h(x) = (2x* + 3x — 5)*

h'(x) = 4(2x* + 3x — 5)°(4x + 3)
d. f(x) = (=* = x°)

fi(x) = 3(m* = 22P(—2x)

= —6x(772 - x*)

ey =VZ—3
— (1x2 _ 3)2
Y=o - 3)(2x)
_ X
- Vx> —3
1
f.f(x) = @ 16F
= (x2 - 16)_5
f'(x) = —S(x2 - 16)_6(2x)
. —10x
- (- 16)°
2
5. a. y = —;
= —2x3
Ay _ o3y
GG
_6
¥
1
b.y = x +1
=(x+1)"!
dy _ -2
L= D+
o —1
B (x + 1)2
1
c.y= Z_1a
— x2 _ 4)—1
dy 2 2
D (1 - 42
X
]
d.y—9_ 2=3(9—x2) !
dy _ 6x
dx (9 — x?)
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ey = 1 b.y = (x> + 3(x* + 3)?
5 dy d
ey R IR
% = (—1D)(5% + x) 2(10x + 1) + (¥ +3)- dix[(xS +3)
1 +1 = 3(x* + 32 (2x)(x* + 3)?
(5x* + x)? + (% + 3P (2)( + 3)(3%?)
_ = 6x 3P(x*+ 3 + 3) + x(x* + 3)]
fy= s (24 30+ 3 +3) + (43
(¥ +x +1) = 6x(x? + 3P(x* + 3)(2x° + 3x + 3)
dZ(x2+x+1)_4 cy_3x2+2x
Y () 1)52x + 1 R
o ( e B _ (620 4 1) (36 + 20)20)
6 h - +fx *17 ' 6x> + 2x* + ge :2)— 6x> — 4x?
) - 8° = 2 2
= g(f(x)) ) (x* + 1)
h(-1) = g(J;(—l)) _ —2? 2++6f)2+ 2
= X
= g_(4) d. h(x) = x(3x — 5
h(x) = g(f(x)) W (x) = i[xﬂ “(3x — 5P + x3i[(3x - 5)
h?—()lcg z ﬁfﬁx—)f@(}fg_l) = (31;62(3x — 5P + x3(2)(3d;— 5)(3)
=g (1)(=5) = 3x*(3x — 5)[(3x — 5) + 2x]
= (=7)(=5) =3x>(3x — 5)(5x — 5)
=35 =15¢°Bx — 5)(x — 1)
7000 = (= 3P 800 = LA = fgl), )T ol - ) J
P =20 - 3. g (0) = — ar ~ N 4Pt (1 = 4]
, o = 40(1 — 42 + ¥ (3)(1 — 42— 8x)
h (X) = f(g(x))g ()C) — 4X3(1 _ 4X2)2[(1 _ 4X2) _ 6)62]
= f’<1><—12> = 4x(1 — 47)(1 — 10x7)
X X 2 — 3\
:2<1_3>( 1) - (553
) ()il
( ) dc \xX*+2) dx| x>+ 3
8. a.f(x) = (x + 4P (x - 3)° _ 4({ ; ;)3 (@ 3)(2(;2 J—r g); — 3)(2x)
X X
£ = e+ 4]+ (e = 3) L L
(x+4)d7( 3)%] igx23-3>3 3. (x* + 3)?
- 3(z + 4P - 3 -
+ (x + 4)P(6)(x — 3)° l ,
= (x + 4P (x — 3y 9.a.5(t) = (4 — 5)
X [3(x —3) +6(x + 4)] = £[(4r — 5)°F
= (x + 47(x — 3P (9x + 15) = [1(4 — 5)]
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[1(167 — 40t + 25))
= (166 — 402 + 25t),t =
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) — (3 _ A7) _
s'(t) = %(1613 — 402 + 25¢)7 12. y=("—-7 atx=2

dy 5
X (4822 — 80t + 25) 5 = 3 = 7)(3¢0)
(487 — 80¢ + 25) When x = 2,
3(167 — 402 + 25¢) dy 4
— =5(1)*(12
Rate of change at ¢t = &: dx (1)°(12)
/(3 — (48(8)* — 80(8) + 25) = 60
s'(®) = 3(16(8)* — 40(8)* + 25(8))% Slope of the tangent is 60.
2457 Equation of the tangent at (2, 1) is
972 y—1=60(x —2)
91 60x —y — 119 = 0.
~ 36 13.a.y =31 — 5u + 2
f— 7\ u=x>-1,x=2
st = (1 ) - ‘=3
d d
i—a\" d[i-= o6y —5, " =0x
s'(t) = = du dx
3\t — dl t — 6w Q dy , du du
l(t 67T> (t—6m)— (t — ) dx  du’ dx
Nt—m (t — 6m)’ = (6u — 5)(2x)
_ 1( ) = (18 —5)(4)
3\t—m (t - 671')2 =13(4)
Rate of change at ¢ = 27: =52 1
, 1 . —5m b.y=2u+3lu=x+xx=1
5V2 dx  du’ dx
- 1
24m = (6u* + 6u (1 + )
10.y = (1 + 2P  y=2x ( ) 2Vx
dy dy Atx = 1:
—=2(14+x)(3x*) —=12x = 3
o~ AL n = 12 w=1+1
For the same slope, p =2 .
6x*(1 + x°) = 12 @ 622+62<1+)
6x* + 6x° = 12x° dx (6(2) (2) 2V1,
6x> — 6x° = 0 3
=36 X =
6x}(x* — 1) =10 2
x=0orx =1. :542 , ,
Curves have the same slope at x = 0 and x = 1. C.y (” + 3) yu=(x+3),x=-2
- _ 22
11. y = (3x — x?) dy = (u? + 3P + 62 + 3)2’@ = 2(x + 3)
dl__2(3 B 2)73(3_2 ) du dx
e T ) D ey gy
Atx =2, dx du dx
dy _ 5 =439 X 2
g —2[6 —4]°(3 —4) — 878
= 2(2)*3 d.y= w - S(M3 - 7u)2,
_1 u=\x
4 =x,x=4
The slope of the tangent line at x = 2 is . dy _dy du
dx  du dx
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= 3[3u® — 10(u® — Tu)(3u?® — 7)] - (;&)

= [3u* — 10(u® — Tu)(3u* — 7)] - 2\1/;

Atx = 4:

=\
=2
D307 - 10028 - 72)(BEY - 755
dx 2(2)
=78
14.  h(x) = f(g(x)), therefore
h'(x) = f(g(x)) X g'(x)
fluy=u—1,g(2)=3,8'(2) = -1
Now, h'(2) = f"(g(2)) X g'(2)
=1"(3) X g'(2).
Since f(u) = u*> — 1, f'(u) = 2u, and f'(3) = 6,
B(2) =6(—1)
= —6.

¢ 2
15. = 1——
5.V(t) =50 000< 3())

vio = soues - LY(-1)|
V' (10) = 50 000:2(1 - ;(?)(_310)}

2 1
= so00[2(2)( - )]
= 2222
At t = 10 minutes, the water is flowing out of the
tank at a rate of 2222 L/min.
16. The velocity function is the derivative of the

position function.
1
s(t) = (63 + 1)

v(r) =s'(1) = %(R +12)7(3¢% + 2)

3P+ 2

SV 2

_ 303’ +2(3)
S

2746

-~ 2V36

_33

12

=275
The particle is moving at 2.75 m/s.
17.a. h(x) = p(x)g(x)r(x)

h'(x) = p'(x)q(x)r(x) + p(x)q' (x)r(x)

+ p(x)q(x)r'(x)

2-32

b. h(x) = x(2x + 7)*(x — 1)?
Using the result from part a.,
h(x)=(1)2x + 7)*(x — 1)
+ x[4(2x + 7)*(2)](x — 1)?
+ x(2x + 7)2(x — 1)]
h'(=3) = 1(16) + (—3)[4(1)(2)](16)
+ (=3)(D2(-4)]

=16 — 384 + 24

= —344
18.y=(*+x—-207+3
d
?i=3(x2+x—2)2(2x+1)

At the point (1, 3), x = 1 and the slope of the
tangent will be 3(1 + 1 —2)*(2 + 1) = 0.
Equation of the tangent at (1, 3)isy — 3 = 0.
Solving this equation with the function, we have
(P+x—-2P+3=3

(x+2Px—-17°=0

x=-2orx =1

Since —2 and 1 are both triple roots, the line with
equation y — 3 = 0 will be a tangent at both x = 1

and x = —2. Therefore, y — 3 = 0 is also a tangent
at (=2, 3).
x(1 —x)*
19.y=———35
NG5

G

) i)

-(1+x)— (- x)(l)}
(14 x)?

|

() ()
(
(

)l ]
)]
C2x(x¥* +3x — 1)(1 — x)?
1+ x)*

Review Exercise, pp. 110-113

1. To find the derivative f’(x), the limit

+h) —
h—0 h
must be computed, provided it exists. If this limit

does not exist, then the derivative of f(x) does not
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_ 303’ +2(3)
S

2746

-~ 2V36

_33

12

=275
The particle is moving at 2.75 m/s.
17.a. h(x) = p(x)g(x)r(x)

h'(x) = p'(x)q(x)r(x) + p(x)q' (x)r(x)

+ p(x)q(x)r'(x)
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b. h(x) = x(2x + 7)*(x — 1)?
Using the result from part a.,
h(x)=(1)2x + 7)*(x — 1)
+ x[4(2x + 7)*(2)](x — 1)?
+ x(2x + 7)2(x — 1)]
h'(=3) = 1(16) + (—3)[4(1)(2)](16)
+ (=3)(D2(-4)]

=16 — 384 + 24

= —344
18.y=(*+x—-207+3
d
?i=3(x2+x—2)2(2x+1)

At the point (1, 3), x = 1 and the slope of the
tangent will be 3(1 + 1 —2)*(2 + 1) = 0.
Equation of the tangent at (1, 3)isy — 3 = 0.
Solving this equation with the function, we have
(P+x—-2P+3=3

(x+2Px—-17°=0

x=-2orx =1

Since —2 and 1 are both triple roots, the line with
equation y — 3 = 0 will be a tangent at both x = 1

and x = —2. Therefore, y — 3 = 0 is also a tangent
at (=2, 3).
x(1 —x)*
19.y=———35
NG5

G

) i)

-(1+x)— (- x)(l)}
(14 x)?

|

() ()
(
(

)l ]
)]
C2x(x¥* +3x — 1)(1 — x)?
1+ x)*

Review Exercise, pp. 110-113

1. To find the derivative f’(x), the limit

+h) —
h—0 h
must be computed, provided it exists. If this limit

does not exist, then the derivative of f(x) does not
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exist at this particular value of x. As an alternative
to this limit, we could also find f'(x) from the
definition by computing the equivalent limit

o) = tim/ L1

These two 11m1ts are seen to be equivalent by
substituting z = x + h.
2.a.y = 2x* — 5x

dy i (2(x + h)> = 5(x + h)) — (2x* — 5x)

dx  h>0 h
:limZ((x—l-h)z—xz)—Sh
h—0 h
lrn2(()( +h) —x)(x + h) +x)—5h
h—0 h
=lim2h(2x—|rh)—5h
h—0 h
=}lim0(2(2x+h)—5)
=4x — 5
b. y=Vx—-6
dy . V(x+h)—-6-Vx—6
dr h
. [V(x+h)—6—-Vx—06
= lim
h—0 h
X\/(x+h)—6+\/x—6
V(x+h) -6+ Vx—6
o (B =6) ~ (x=6)
h—>0h(\/(x +h)—6+ Vx—6)

1
= li
hlil?)\/(x—i-h)—6+\/x—6

1
2Vx — 6

X

c.y=4_x
x+h X

dy . 4—(x+h) 4—x

dx - am n

(x+h)(4—x)—x(4— (x+ h)
4—-(x+h)d—-x)

= lim

h—0 h
Ly 4h
T k(4 — (x + h)(4 - x)
4
= lim

h—0 (4 —(x+h)(4—x)

Calculus and Vectors Solutions Manual

Jay=x>—5x+4

dy
=2x—5
dx o
b. f(x) =x
3 .
fix) = px
_3
4yt
R
y 3x4
7
= §X_4
dy —28 5
dx 3
_ 28
3x°
1
d =
Y X +5
= (x* + 5)_1
d
L= (D57 @)
. 2x
B (x2 + 5)2
B 3
e y (3 2y
=3(3-x)7
d
L= (0B (-2
o 12x
(3 - x2)3
f. y=VI?+4x+1
= (7> + 4x + 1)
d 1
2 S0+ e+ 1) (14x + 4)
dx
_ Tx + 2
V72 + 4x + 1
2% — 1
4.a.f(x) = =
1
=2x — ;
=2x —x?
f(x)=2+2x"3
2
=2+ —
e
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(x) = Vx(x* — x)
= x%(x3 - X)
=¥ -y
g'x) = ;xz - %x;
VX o
= 7(7)6 - 3)
X
“ Y55
dy _ (3x=5)(1) - ()(3)
dx (3x — 5)?
_ 5
(3x — 5)?

d. y=(x—1)(x+1)
y=(x—DL%@+1K;yx—D;

fr(x) =

f. y=

dy

dx

=Vx—-1+

2x — 2 +

x+1
2Vx — 1
x+1

2Vx — 1

3x —1

TovVr -1
e. f(x)=(Vx+
“( e

2

2)7

+2) *%x;

1

C3Va(Vx + 2)

x +4

_ (x+4)(

X+ 5x+4

x+1)

X +

4

=x+1,x# —4

=1

S5.a.y =x*(2x — 5)°

y = x6(2x — 5)°(2)] + 4*(2x — 5)°

= 4x°(2x — 5)73x + (2x — 5)]
= 4x’(2x — 5)°(5x — 5)

=20x*(2x — 5)°(x — 1)
b. y =xVx*+1
1 |
y = y{z(x2 + 1)2(2x)} + (HVEZ2+1
2
= )26 + V¥ +1
x*+1

2-34

(2x — 5)*
o (x+ 1)
(x +1)%4(2x - 5)°(2)
a (x +1)°
3(2x — 5)*(x + 1)°
(x + 1)°
~ (x +1)*(2x — 5)°[8x + 8 — 6x + 15]
a (x +1)°
(2x — 5)*(2x + 23)
(x + 1)
6
d. y= (13(?_'_ 51> = (10x — 1)*(3x + 5)°¢
y = (10x — 1)—6(3x + 5)77(3)]
+ 6(10x — 1)5(10)(3)6 + 5)_6
= (10x —1)°(3x + 5) 7[x — 18(10x — 1)]
+ 60(3x + 5)
= (10x = 1)°’3x +5)7’
X (—180x + 18 + 180x + 300)
_ 318(10x — 1)5

[ A—

= (x — 2)74(x* + 9) (2x)]
+xx—m%n( 9)°
= (x —2)%(x? )S[Sx(x —2) + 3(x* + 9)]
= (x = 2)(x* + 9P (11x* — 16x + 27)
. y=(1- x2)3(6 + 2x)7?

1—x2\
<6+2x)
1 —x2\?
3
<6+2x)

y’ =
[(6 +2x)(—2x) — (1 — x%)(2)
(6 + 2x)?
C3(1 = 2 (—12x — 4x? — 2 + 247)
a (6 + 2x)*
C3(1 = X2+ 12x + 2)
a (6 + 2x)*
C3(1 = PP+ 6x + 1)
o 8(3 — x)*

6. a. g(x) = f(x*)

g'(x) = f(x*) X 2x
b. h(x) = 2xf(x)

h'(x) = 2xf"(x) + 2f(x)

18
ca.y =5u’ + 3u — =
7.a.y =5u"+3u—1,u 215
x=2
u=72
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dy 4

Tu 10u + 3 = -2 3

du 36x 8

dx (x2 + 5)2 5

When x = 2, 8. flx) = (9 - xz)g

st__B__§ ' _g 2\ —
a_ 23 £ = 50— ) (-20)

When u = 2, B —4x
D043 309 =¥
du (1) = 2
=23 Fay= 3
dl _ 23<_ 8) The slope of the tangent line at (1, 4) is —%.
dx 9 9. y=—x>+ 6x?
_ 184 y' = —3x% + 12x
9 -3+ 12x=—12 =3 + 12x = —15
b u+ 4 Vx + x XX —4x—4=0 X —4x—-5=0
YTu—a"T 10 4+ V16 + 16
v = X=———0 (x—=35x+1)=0
_3 4 = 4\2
=73 =T, x=5x=-1
dy (u—4)— (ut4) x=2+2V2
du (u — 4)?
du _ 1(1 - 41
dx  10\2"
When x = 4, .
— _L@ — 1<5) ﬁgﬁiazzggggﬁi +BS.25'|'IBI£H_ 32515.1100001 +100.0l)'llf:ll2ll)_
(u—4)y>dx 10\4
_1
8
When u = —, z
5 W=~ BZEUETL T Wzl T
dy 8 w= -1z 000000aaaaEE+ K E_ L= =1 000001+ -B.000001
du <3 _ 20>2 10.a.i. y = (x* — 4)°
5 5 y' =50 — 4)*(2x)
8(25) Horizontal tangent,
T (Cy 10x(x* — 4)* =0
When x = 4, {C.ZO,x(Z3 i2)2
dy 8(25) 1 L. y={x —x
ax 17 % 8 y =2 —x)(3x* - 1)
25 Horizontal tangent,
=539 2x(x* —1)(3x* —1) =0
¢ y=f(V¥’+9),f(5)=-2x=4 x=0,x=t1,x=i\3@'
d 1 s
d—y = [V +9) X (¢ + 9)H2v)
X
dy 11
_— = U 5 o — o — o
dx 1) 25 8
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T

W=-z
W= -1 0EHO00EHE “BH+ "2 04

h=os
i
L—1—J

[ L

H=z
=1 0zH000EYE -BE+ "2 048

i, L\ ﬁj \wm }

n=-1 C.
w= L E00000gE "ER+ -1, 200. =78

“rn+. 14B14BE8.
\ .-"H"'\-\.m.-"ﬂ"'\-\.j L i
n=n WEEFPIENET
VOH+0 w=-7.6878EE “FH+. 1481485 -

1
La000i0gE "SR+ -1 2000

11.a.y = (x> + 5x + 2)* at (0, 16)
y' =4 + 5x + 2 (2x + 5)
Atx = 0,
y' = 4(2)*(5)

= 160
Equation of the tangent at (0, 16) is
y — 16 = 160(x — 0)

y = 160x + 16

or160x —y +16 =0
b.y =(3x2 -2 at(l, 1)
y = 5(3)(72 — 2)(3)4(—6x73 - 6x2)

Atx =1,
¥ = 5(1)'(=6 = 6)
= —60

Equation of the tangent at (1, 1) is
y—1=-60(x—1)
60x +y —61=0.
12y =3x* —7x + 5
dy

— =6x -7
dx N

2-36

Slope of x + 5y — 10 = 0 is —1.
Since perpendicular, 6x — 7 = 5

x=2
y=3(4)—-14+5
= 3.

Equation of the tangent at (2, 3) is
y—3=5(x-2)

S5x —y—7=0.

13.y = 8x + b is tangent to y = 2x*
dy _
dx

Slope of the tangent is 8, therefore 4x = 8§, x = 2.
Point of tangency is (2, 8).
Therefore, 8 = 16 + b, b = —8.
Or8x + b = 2x?
2> =8 —b=0
8+ V64 +8b
a 2(2) ‘
For tangents, the roots are equal, therefore
64 +8 =0,b = —8.
Point of tangency is (2, 8), b = —8.

14. a.
-

b. -
3

Hah
v=-1 BEEAEEAYYYYYEE “FH+_

The equation of the tangent is y = 0.

™

WEY.ENEEYOTF
w= -z B16EE -TH+B.7630622

The equation of the tangent is y = 6.36.

o

M= -4 EyEEh
w= -3 BiEEE -7H+ -6.363062

The equation of the tangent is y = —6.36.
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(x* — 6)(3x?) — x*(2x)

c. fx) =

(x* = 6)°
_ x* — 18x?
xt — 18x?
(e —op "
(- 18) =0
xX*=0o0rx*—18=0
x=0 x = *+3V2

The coordinates of the points where the slope is 0
are (0, 0), (3\f2, 97\/2), and (—3\@, —97\/2)
d. Substitute into the expression for f’(x) from
part b.

16 — 72

f’(Z)ZW
_ =%

4
= 14

\Lf”

Rz
2= =14 00007 ZE00YE+ Y 00 _

15. a. f(x) = 2x — 5x

f’(x)=2><§x%—5><§x%
_10. 10
T3 T3y
f(x)=0 .. x%[Zx -5]=0
5
x=0o0orx ==

y = f(x) crosses the x-axis at x = 3, and

V2 1
=5X3==5X2
V5
= (25 X 2)
= V30
b. To find a, let f(x) = 0.
10, 10 _
3 3%
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30x = 30
x=1
Therefore a = 1.
16. M = 0.1 — 0.0017°

a. When ¢ = 10,

M = 0.1(100) — 0.001(1000)
=9

When ¢ = 15,

M = 0.1(225) — 0.001(3375)
= 19.125

One cannot memorize partial words, so 19 words
are memorized after 15 minutes.
b. M’ = 0.2t — 0.003¢

When ¢ = 10,
M' = 0.2(10) — 0.003(100)
=17

The number of words memorized is increasing by
1.7 words/min.

When ¢t = 15,
M' = 0.2(15) — 0.003(225)
= 2.325

The number of words memorized is increasing by
2.325 words/min.

30
17.a. N(1) = 20 —

V9 + 7

30t
(9 + 2
b. No, according to this model, the cashier never
stops improving. Since ¢ > 0, the derivative is always
positive, meaning that the rate of change in the
cashier’s productivity is always increasing. However,
these increases must be small, since, according to the
model, the cashier’s productivity can never exceed 20.

N'(r) =

1
18. C(x) = §x3 + 40x + 700
a. C'(x) = x* + 40

b. C'(x) =176
x* + 40 = 76
x* =36
x=26
Production level is 6 gloves/week.

x* 2 3
19. R(x) = 750x — 5 3

a. Marginal Revenue

R'(x) = 750 — g — 2y
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b. R'(10) = 750 — 3 2(100)
= $546.67
20.D(p) =22 p>1
. (p) - \/}ﬁ’p
1 .
D'(p) = 20<—z>(p -1
__ 10
(p— 1)

L1010
D=5 7%
5

4
Slope of demand curve at (5, 10) is —2.
21. B(x) = —0.2x* + 500,0 = x = 40
a. B(0) = —0.2(0)* + 500 = 500
B(30) = —0.2(30)* + 500 = 320
b. B'(x) = —0.4x
B'(0) = —-04(0) =0
B'(30) = —0.4(30) = —12
c. B(0) = blood sugar level with no insulin
B(30) = blood sugar level with 30mg of insulin
B’(0) = rate of change in blood sugar level
with no insulin
B’(30) = rate of change in blood sugar level
with 30 mg of insulin
d. B'(50) = —0.4(50) = —20
B(50) = —0.2(50)* + 500 = 0
B’(50) = —20 means that the patient’s blood sugar
level is decreasing at 20 units per mg of insulin 1 h
after 50 mg of insulin is injected.
B(50) = 0 means that the patient’s blood sugar level
is zero 1 h after 50 mg of insulin is injected. These
values are not logical because a person’s blood sugar
level can never reach zero and continue to decrease.

22.a.f(x) = 3_xx

2

3x

(1 —x)(1 +x)
f(x) is not differentiable at x = 1 because it is not
defined there (vertical asymptote at x = 1).

x—1
b. 8(x) X+ 50— 6

x—1

(x+6)(x—1)

1
= fi 1
(x + 6) or x #+

g(x) is not differentiable at x = 1 because it is not
defined there (hole at x = 1).

2-38

e h(x) =\ (x —2)
The graph has a cusp at (2, 0) but it is differentiable
atx = 1.
d.m(x)=[3x — 3| — 1.
The graph has a corner at x = 1, so m(x) is not
differentiable at x = 1.
3
23. a. f(x) = pE—
_ 3
Cx(4x — 1)
f(x) is not defined at x = 0 and x = 0.25. The
graph has vertical asymptotes at x = 0 and
x = 0.25. Therefore, f(x) is not differentiable at
x = 0and x = 0.25.
¥—x—6

b. f(X) - x2 -9

_ (x=3)(x+2)

S (x—3)(x+3)

_(x+2)

C(x+3)
f(x) is not defined at x = 3 and x = —3. At
x = —3, the graph as a vertical symptote and at
x = 3 it has a hole. Therefore, f(x) is not
differentiable at x = 3 and x = —3.

e f(x)=VxX*—Tx+6
=VEx-6)(x—1)

f(x) is not defined for 1 < x < 6. Therefore,

f(x) is not differentiable for 1 < x < 6.

(t+1)(25) — (251)(¢)

forx #3

24-P (t) - (Z + 1)2
25t + 25 — 25t
(1)
25
S (r+ 1)

25. Answers may vary. For example,

fx)=2x+3

1
y= 2x + 3
s (2x+3)(0) = (D)(®2)
ryo (2x + 3)?
B 2
(2x + 3)?
f(x) =5x + 10
_ 1
YT st 10
,_ (5x +10)(0) — (1)(5)
a (5x + 10)?
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_ 5
 (5x + 10)?

Rule: If f(x) = ax + b and y ZJ%, then
, _ —a
y- (ax + b)?
;e 1 1 1
Y :}g%ﬁ a(x+h)+b_ax+b
1[ ax + b —[a(x + h)b] |

B ilmoﬁ L[a(x + h) + b](ax + h) ]

1[ax+b—ax —ah — b |
h—0h [a(x + h) + b](ax + b) |
_ —ah |
n—oh|[a(x + h) + b](ax + b) ]
- lim —a
h1—>0[a(x + h) + b](ax + b)
B —a
~ (ax + b)?
26.a. Lety = f(x)
_(2x—=3)Y+5
-3
Letu = 2x — 3.
u+5

Theny =

y=u+5u"!

b /() = %

dl dy 5 du du

dx du dx
=(1—-57?)(2)
=2(1—-5(2x —3)7?)

27.g(x) = V2x — 3+ 5(2x — 3)

a. Lety = g(x).
y=V2x—3+502x —3)
Letu = 2x — 3.
Theny = Vu + 5u.
y dy _ du
b. = X —
8'(x) dx  du’ dx
1
= (2142 + 5)(2)
=u"+10
= (2x—3)7+10
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28. a. f(x

) 2x — 5)°(3x* + 4)°
f'(x)

(

(2x — 5)°(5)(3x* + 4)*(6x)
+ (3% + 4)°(3)(2x — 5)%(2)
= 30x(2x — 5)%(3%* + 4)*

+ 6(3x* + 4)°(2x — 5)?
= 6(2x — 5)%(3x* + 4)*

X [5x(2x = 5) + (3% + 4)]
= 6(2x — 5)%(3x* + 4)*

X (10x* — 25x + 3% + 4)
=6(2x — 5)°(3x* + 4)*

X (13x* — 25x + 4)
(8x%)(4x* + 2x — 3)°
(8x°)(5)(4x* + 2x — 3)*(8x + 2)
+ (4% 4+ 2x — 3)°(24x%)

= 40x°(4x* + 2x — 3)*(8x + 2)

+ 24x°(4x* + 2x — 3)°
= 8x?(4x* + 2x — 3)*[5x(8x + 2)
+ 3(4x* + 2x — 3)]

= 8x*(4x* + 2x — 3)*

(40x* + 10x + 12x* + 6x — 9)

= 8x?(4x* + 2x — 3)*(52x* + 16x — 9)
=(5+ x4 —7)°
(5 + x)%(6)(4 — 7x*)°(—21x%)

+ (4 —7)%2)(5 + x)

—126x%(5 + x)*(4 — 7xX°)
+2(5+ x)(4 — 7°)°
2(5 + x)(4 — 7xX*)[—63x*(5 + x)
+ 4 — 7x%]
=2(5 + x)(4 — 7X*)°(4 — 315x* — 70x°)
6x — 1
d-h(x) =5, 5y
(3x + 5)*(6) — (6x — 1)(4)(3x + 5)*(3)

b. g(x

) =
g'(x) =

<.
| |

W(x) = ((Bx + 5)%)?
_ 6(3x +5)[(3x +5) — 2(6x — 1)]
a (3x + 5)
_6(—9% +7)
 (Bx +5)
(2x* = 5)°
(x + 8)?
dy  (x+8)*(3)(2x* — 5)*(4x)
dx ((x + 8)*)
(2 =50 2)(x + 8)
((x + 8)*)
~ 2(x + 8)(2x* — 5)*[6x(x + 8) — (2x* — 5)]

ey =

(x + 8)*
_ 2(2x* — 5)*(4x* + 48x + 5)
- (x + 8)°
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t /00 = \/;jx— 8
B —3x*
(4x — 8)
(4x — 8)'(—12x%)
((4x — 8

_(%ﬂ@)%—&%@

((4x — 8)p
_ —6x7(4x — 8) [2(4x — 8) — x]

frx) =

4x — 8
_ —6x°(7x — 16)
(40 -8y
_ =3x(7x — 16)
 (4x -8y
2x + 5>4
6 — x*

g g(x) = <

, 2x + 5
g =453

y ((6 - x)(2) — (2x + 5)(—2x)

2x + 5)? 2((2 —;)):22)-21- 5x)
(6—%)( (6 — ) )

() ()

h.y = [MT
= (4x + )7’

dy
dx
29. f(x) = ax* + bx + ¢,

= —9(4x + x*) (4 + 2x)

It is given that (0, 0) and (8, 0) are on the curve,

and f'(2) = 16.
Calculate f'(x) = 2ax + b.
Then,
16 =2a(2) + b
4a + b = 16 (1)

Since (0, 0) is on the curve,

0 =a(0)*+ b(0) + ¢

c=0

Since (8, 0) is on the curve,
0=a(8)>+b(8) +c
0=64a + 8b + 0

8a+b=0 2)
Solve (1) and (2):

From (2),b = —8a (D)
2-40

)

In (1),
4a — 8a = 16
—4a = 16
a=—4
Using (1),

b=-8(—4)=32

a=—-4b=32c=0,f(x) = —4x* + 32x
30.a. A(t) = —F£ + 5t + 750

A'(t) = -3 +5
b. A'(5) = —3(25) + 5
= =70

At 5 h, the number of ants living in the colony is
decreasing by 7000 ants/h.
c. A(0) = 750, so there were 750(100) or
75 000 ants living in the colony before it was
treated with insecticide.
d. Determine ¢ so that A(¢) = 0. —£ + 5t + 750
cannot easily be factored, so find the zeros by using
a graphing calculator.

2RF o
W=8.2690189 V=1

All of the ants have been killed after about 9.27 h.

Chapter 2 Test, p. 114

1. You need to use the chain rule when the derivative
for a given function cannot be found using the sum,
difference, product, or quotient rules or when writing
the function in a form that would allow the use of
these rules is tedious. The chain rule is used when

a given function is a composition of two or more
functions.

2. f'is the blue graph (it's a cubic). f" is the red graph
(it is quadratic). The derivative of a polynomial
function has degree one less than the derivative of
the function. Since the red graph is a quadratic
(degree 2) and the blue graph is cubic (degree 3),
the blue graph is f and the red graph is f".

) x+ h)— f(x
5 0) = g 1) =100
_ 2 (2
:limx+h (x +h)y — (x —x°)
h—0 h
mx+h—(x2+2hx+h2)—x+x2
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t /00 = \/;jx— 8
B —3x*
(4x — 8)
(4x — 8)'(—12x%)
((4x — 8

_(%ﬂ@)%—&%@

((4x — 8)p
_ —6x7(4x — 8) [2(4x — 8) — x]

frx) =

4x — 8
_ —6x°(7x — 16)
(40 -8y
_ =3x(7x — 16)
 (4x -8y
2x + 5>4
6 — x*

g g(x) = <

, 2x + 5
g =453

y ((6 - x)(2) — (2x + 5)(—2x)

2x + 5)? 2((2 —;)):22)-21- 5x)
(6—%)( (6 — ) )

() ()

h.y = [MT
= (4x + )7’

dy
dx
29. f(x) = ax* + bx + ¢,

= —9(4x + x*) (4 + 2x)

It is given that (0, 0) and (8, 0) are on the curve,

and f'(2) = 16.
Calculate f'(x) = 2ax + b.
Then,
16 =2a(2) + b
4a + b = 16 (1)

Since (0, 0) is on the curve,

0 =a(0)*+ b(0) + ¢

c=0

Since (8, 0) is on the curve,
0=a(8)>+b(8) +c
0=64a + 8b + 0

8a+b=0 2)
Solve (1) and (2):

From (2),b = —8a (D)
2-40

)

In (1),
4a — 8a = 16
—4a = 16
a=—4
Using (1),

b=-8(—4)=32

a=—-4b=32c=0,f(x) = —4x* + 32x
30.a. A(t) = —F£ + 5t + 750

A'(t) = -3 +5
b. A'(5) = —3(25) + 5
= =70

At 5 h, the number of ants living in the colony is
decreasing by 7000 ants/h.
c. A(0) = 750, so there were 750(100) or
75 000 ants living in the colony before it was
treated with insecticide.
d. Determine ¢ so that A(¢) = 0. —£ + 5t + 750
cannot easily be factored, so find the zeros by using
a graphing calculator.

2RF o
W=8.2690189 V=1

All of the ants have been killed after about 9.27 h.

Chapter 2 Test, p. 114

1. You need to use the chain rule when the derivative
for a given function cannot be found using the sum,
difference, product, or quotient rules or when writing
the function in a form that would allow the use of
these rules is tedious. The chain rule is used when

a given function is a composition of two or more
functions.

2. f'is the blue graph (it's a cubic). f" is the red graph
(it is quadratic). The derivative of a polynomial
function has degree one less than the derivative of
the function. Since the red graph is a quadratic
(degree 2) and the blue graph is cubic (degree 3),
the blue graph is f and the red graph is f".

) x+ h)— f(x
5 0) = g 1) =100
_ 2 (2
:limx+h (x +h)y — (x —x°)
h—0 h
mx+h—(x2+2hx+h2)—x+x2

Chapter 2: Derivatives



h(1 —2x — h) 6.y = 3u’ + 2u

A @
=}lin%(1—2x—h) au U
- _ 2
=1-2x du = h x*+5
d 2\ _ 22+ 5)
Therefore, E(x —x7)=1-2x. (ily 2( )
1 ay _ X
4.a.y = §x3 —3x % + 47 dx (6u + 2)<\ /2 + 5)
dl:x2+15x—6 Atx = =2, u = 3.
“ d 2
b.y = 6(2x — 9)° dy _ (20)(_>
Y _ 3002x - 9y dx ’
Iy~ 20(2x —9)'(2) _ 40
= 60(2x — 9)* %2 s
2 x s 7.y = (3x" = 2x°)
cy=—Fr+—F4+ 6Vx dy
Vx V3 =507 -2 (—6x 7 - 6x)
1 1 1
=27+ —F=x + 6x
V3 /Zty(l, 1),
d ; 1 2 = = 4_g —
Do dx S(A)(=6~6)
dx V3 _
2 5 = —60.
dv— X"+ 6
YT\ 1 4 Equation of tangent line at (1,1)isy —1=60(x—1)
2 4 _ (42
dy _ (x +6> 2x(3x + 4) ();-1-6)3 y—1=—60x + 60
dx 3x + 4 (3x +4) 60x +y — 61 = 0.
_5(x* + 6)*(3x* + 8x — 18)
a (3x + 4)° 8. P(t) = (¢ +3)
e.y = Veox -7 P'(1) = 3(t + 3)2@ t‘3>
d : 1 2
Y 2x(6x* — 7y + x*=(6x* — 7) 73 (12x) 1 1 \
dx .3 P'(16) = 3(16° + 3)2< X 164>
= 2x(6x> — 7)3((6x> — 7) + 2x?) 4
= 2x(6x2 — 7) (8¢ - 7) 30+ 3)2<1 « 1)
4 — 5x* 4+ 6x — 2 4 8
f.y = p 75
=4x—5+6x7—2x* K?)
dy . s The amount of pollution is increasing at a rate of
e 4 — 18" + 8 %ppm/year.
4 —18x + 8 9. y=x*
= J
) y L A 4x?
5.y = (x*+3x —2)(7 — 3x) dx
%: (2x 4+ 3)(7 — 3x) + (x* + 3x — 2)(-3) —%24)63
At (1, 8), ,
dy( ) Normal line has a slope of 16. Therefore,
o W+ @2)(=3) dy _ 1
~ 14, dx 116
The slope of the tangent to P p—
y = (2 + 3x — 2)(7 — 3x) at (1,8) is 14. 64
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1
x=—-—
4
1

Y7 256

Therefore, y = x* has a normal line with a slope of

16 at(—%,z%é).
10 y=x— x> —x+1

% =3 —-2x—1

For a horizontal tangent line, %} =0.
3 -2x—1=0

Bx+DH(x—-1)=0

x = —% or x=1

1 1 1
y——ﬁ—§+§+1 y—1_1_1+1
=0

=1 -3+9+27

- 27

32

27

The required points are (—%, 34, (1, 0).

2-42

1L.y=x>+ax+b

d
dfi=2x+a
y=x
dy
7232
dx *

Since the parabola and cubic function are tangent at
(1,1), then 2x + a = 3x°.
At (1,1)2(1) + a = 3(1)?

a=1.

Since (1, 1) is on the graph of
y=x*+x+b1=1"+1+0b

b=-1

The required values are 1 and —1 for a and b,
respectively.

Chapter 2: Derivatives
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