CHAPTER 3

Derivatives and Their Applications

Review of Prerequisite Skills,
pp- 116-117
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=12

2.2.3(x—2)+2(x—-1)—6=0
3x—6+2x—2-6=0

S5x =14
_ 14
Y7
1 2 x—5
—(x—2)+S(x +3) =
b3(x 2) S(x 3) >

10(x —2) + 12(x + 3) = 15(x — 95)
10x — 20 + 12x + 36 = 15x — 75
22x + 16 = 15x — 75

7x = =91

x=—13

c. P—4+3=0
(t—3)(t—1)=0

t=3ort=1
d. 22 -5t-3=0
2t+1)(t—-3)=0

1
tz—aort=3
6 t
: S +-=4
¢ i 2
12+2=28t

2 —8+12=0
(t—06)(t—2)=0
Lt=2o0rt=06
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f. X +2x2—=3x=0 5.a.SA = 2@rh + 2@

x(x*+2x—3)=0 =2m(4)(3) + 2w (4)*
x(x +3)(x—1)=0 — 247 + 32m
x=0orx=—-3o0orx=1 = 561 cm?
g. x> — 8?4+ 16x =0 V = ar’h
x(x* =8 +16) =0 = 7(4)*(3)
x(x —4)Y% =0 = 487 cm’®
x=0orx =4 b. V = 7r’h
h. 4°+122—-t-3=0 967 = w(4)*h
42(t+3)—1(t+3)=0 h =6cm
(t+3)4r—1)=0 SA = 2mrh + 2ar?
(t+3)2t—1)2t+1)=0 =27 (4)(6) + 27 (4)*
1 1 = 487 + 327
t=—30rt=§0rt=—5 — 807 cm?
P4t —132+9=0 c. V=marh
47 =9 -1)=0 2167 = mr*(6)
9 r=6cm
1=t orr=x1 SA = 2mrh + 2mr
3adx-2>7 =2m(6)(6) + 2m(6)’
3x>9 =727 + 72
Y>3 = 1447 cm?®
b.x(x _ 3) >0 d. SA = 27rh + 2mr?
. - 1207 = 27 (5)h + 2w (5)?
l l 1207 = 10mwh + 507
o 3 707 = 10h
x<Qorx>3 h =7cm
c.—x>+4x>0 V = wrth
- - = 7(57(7)
0 4 = 1757 cm?®
6. For a cube, SA = 65> and V = s°, where s is the
x(x —4)<0
0<x<4 length Sf any ;:dge of the cube.
4.a. P = 4s a.54 =6(3) ’
20 = 4 = 54 cm
s V=3
A= g2 =27cm?
_ 5 b. SA = 6(\/5)’
=25 cm? = 30 cm?
b. A =Iw _ 3
= 8(6) = 48 cm? v=(V5)
c. A=mr’ = 5V5cm?
= m(7) c. SA = 6(2V/3)
L = ;977 cm? = 72 cm?
.C=2mr
127 = 27r V= (2\@)3
6=r = 24\/3 em®
A =mar’ d. SA = 6(2k)?
=76 = 24k% em’
= 367 cm V= (2k)
= 8k* cm?®
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8. a. {xeR|x > 5}

b. {xeR|x = —1}

c. {xeR}

d. {xeR|-10 =x = 12}
e.{xeR|-1<x <3}

f. {xeR|2 = x <20}

9. a. \ /
Hinirum \T/
H=i ==L

The function has a minimum value of —5 and no
maximum value.
b.

Naximur
n=-t | )

The function has a maximum value of 25 and no
minimum value.

Hinimun
H=t

¥=z

The function has a minimum value of 7 and no
maximum value.
d.

z0 =i

The function has a minimum value of —1 and no

maximum value.

€.
m R4

u
1zzH68 1Y=-1

The function has a minimum value of —1.
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AVAV

Haxiru U U

W= 15?0?555 Y=t

The function has a maximum value of 5.

AYAVAVA

Hinir
W=x.14icgiy Iy=-7

The function has a minimum value of —7.

L\

[R=l.Sr0ra8L lv= -2

The function has a maximum value of —3.

3.1 Higher-Order Derivatives, Velocity,
and Acceleration, pp. 127-129

Lv(l)=2-1=1
v(5)=10—-25=—15

At t = 1, the velocity is positive; this means that
the object is moving in whatever is the positive
direction for the scenario. At ¢t = 5, the velocity is
negative; this means that the object is moving in
whatever is the negative direction for the scenario.
2.a.y = x'0 + 3x°

y' = 10x" + 18x°

y" = 90x% + 90x*

b. f(x) = \Vx =
£ =

freo) = —p
c. y= (1- x)2
y'=2(1-x)(-1)
=—-2+2
y' =2
d.h(x) =3x* —4x> —3x* -5
R (x) = 12x* — 12x* — 6x
h"(x) = 36x* — 24x — 6

-2

ey =4x — x
y = 6x* + 2x 73
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—_

X
(x + D) - (20)(1)

F'x) = (x + 1)
X +2-2
 (x+ 1)

_ 2
C(x + 1)

_ (r+1)°%(0) = 2)(2(x £+ 1)

1(x) (x+ 1)*

_ —4x -4
(x+ 1)*
g.y=x>+x"?
y =2x —2x73
y' =2+ 6x"*
6
=2+ —
o
h. g(x) = (3x — 6):
' 3 —1
§() = (v = 6)"

g0 = —5(x — 6)°
B 9
4(3x — 6)
iy = (2x + 4)°
y = 6(2x + 4)?
y' = 24(2x + 4)
— 48x + 96
joh(x) = x

3.a.5(t) = 52 — 3t + 15
v(1) = 10t — 3
a(t) =10

b. s(t) = 26 + 36t — 10

v(t) = 61 + 36
a(t) = 12¢

3-4

c.s(t)=t—8+g

=t—8+6t"
v(t)=1—6t72
a(t) =12t73
d.s(¢) = (¢t — 3)
v(t) =2(t = 3)
a(t) =2

e.s(t)=Vr+1

m0=%a+nﬁ

M0=—%O+D%

Ot
f. s(1) 3
9(t +3) — 9t
VO =Ty
27
(t + 3)°
a(t) = —54(t + 3)7°
4.a.i.t =3
H.1<r<3
ii.3<r<5
b.i.t=3,t=7

i1 <r<3,7<t<9
.3 <r<7
1
5.a.s=§t3—2t2+3t
v=1r—4t+3
a=2t—4
b. Forv = 0,
t-3)t—-1)=0
t=3ort=1.

01 3

The direction of the motion of the object changes at

t=1andt = 3.

c. Initial position is s(0) = 0.

Solving,

1
0=_1 -2+ 3t

3

= — 62+ 9
=t(* —6t+9)
=t(t — 3)

t=0 or t=3
s=0 or s=0.

The object returns to its initial position after 3 s.
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1
6.a.s = —gt2+t+4

2
i+
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3
2
v(4) = ~3 (4) +1
5
-3
For t = 1, moving in a positive direction.
For t = 4, moving in a negative direction.
b.s(t) = t(t — 3)*
v(t) = (t —3)* + 2t(t — 3)
=(t—-3)(t—3+2)

= (t—3)(3t—3)
=30t —1)(—3)
v(l)=0
v(4)=9

For ¢t = 1, the object is stationary.
t = 4, the object is moving in a positive direction.
c.s(t) =1 — 7+ 10t

v(t) = 32 — 14t + 10

v(l)= -1

v(4)=2

For ¢t = 1, the object is moving in a negative direction.
For ¢t = 4, the object is moving in a positive direction.

T.a.s(t) =1 —6t+8

v(t) =2t -6
b.2t —6=0
t=3s

8.5(t) = 40t — 5¢°

v(t) = 40 — 10¢
a. When v = 0, the object stops rising.

t=4s

b. Since s(#) represents a quadratic function that
opens down because a = —5 < 0, a maximum

height is attained. It occurs when v = 0. Height is
a maximum for
s(4) = 160 — 5(16)

= 80 m.

9.5(t) =8 —Tt+ 1
v(t) = =7+ 2t
a(t)y =2

a.v(5)=-7+10

=3m/s

b. a(5) = 2m/s?
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10. s(¢) = 13(7 — 1)
a. v(t) = %t3(7 —1) — 1

SN BN B
2 2
_B5 T
2 2
105 . 35
t) = —12 — —¢t?2
a(t) =7 4
b. The object stops when its velocity is 0.
V(1) = Et% _ Zﬁ
2 2
7 5
=—12(5—t
60

v(t) = 0 for t = 0 (when it starts moving) and
t=>5.

So the object stops after 5 s.

¢. The direction of the motion changes when its
velocity changes from a positive to a negative value
or visa versa.

t 0=t<5 t>5

V(1) (H)(+) =+ 0 (H)(=) =~

7
v(t) = Eﬁ(S -1 v(t)=0fort =5
Therefore, the object changes direction at 5 s.
35 .
d. a(t) = 0 for It5(6 -1 =0.
t=0ort=6s.

t 0<t<6 t>6

a0 | () =+ O

Therefore, the acceleration is positive for
0<t<6bs.

Note: t = 0 yields a = 0.

e. Att = 0, s(0) = 0. Therefore, the object’s
original position is at 0, the origin.

When s(t) = 0,
37 -1)=0
t=0ort="17.

Therefore, the object is back to its original position
after 7 s.
11. a. h(t) = =52 + 25¢

v(t) = —10t + 25

v(0) =25m/s

3-5



b. The maximum height occurs when v(¢) = 0.
10t +25=0

t=25s
h(2.5) = —5(2.5)* + 25(2.5)
=31.25m

c. The ball strikes the ground when () = 0.
-5+ 25t =0
=5t(t—5)=0
t=0ort=5
The ball strikes the ground at ¢ = 5's.
v(5) = =50 + 25

= —25m/s
12.5(1) = 61 + 2¢
v(t) =12t + 2
a(t) =12

a.v(8) =96 +2 =98m/s
Thus, as the dragster crosses the finish line at
t = 8s, the velocity is 98 m/s. Its acceleration is
constant throughout the run and equals 12 m/s>.
b. s =60
61> + 2t — 60 = 0

2032+t —30)=0

2(3t +10)(t —3) =0

-10
t=— t=3
3 or
inadmissible  v(3) = 36 + 2
0=r=8 = 38

Therefore, the dragster was moving at 38 m/s when
it was 60 m down the strip.
13.a.5s =10+ 61 —

v=6—2t

=203 -1

a= -2
The object moves to the right from its initial
position of 10 m from the origin, 0, to the 19 m
mark, slowing down at a rate of 2 m/s. It stops at
the 19 m mark then moves to the left accelerating at
2 m/s? as it goes on its journey into the universe. It

passes the origin after (3 + \/E) .

t=6
&0 Y¢=3
Z10-5 0 5 10 15 20 25 °
b.s=¢—-12t—9
v=32-12
=3(r* - 4)
= 3(t-2)(1 +2)
a = 6t
3-6

The object begins at 9 m to the left of the origin, 0,
and slows down to a stop after 2 s when it is 25 m
to the left of the origin. Then, the object moves to
the right accelerating at faster rates as time increases.
It passes the origin just before 4 s (approximately
3.7915) and continues to accelerate as time goes by
on its journey into space.

270

130-25-20-15-10-5 0 5 10 S
14. s(t) =1 — 107
v(t) = 5t* — 20t
a(t) =208 — 20

For a(t) = 0,
2068 =20 =10
202 —1)=0
t=1.
Therefore, the acceleration will be zero at 1 s.
s(1)=1-10
= -9
<0
v(l)=5-20
=-15
<0

Since the signs of both s and v are the same at
t = 1, the object is moving away from the origin at
that time.
15. a. s(t) = kt* + (6k*> — 10k)t + 2k
v(t) = 2kt + (6k* — 10k)
a(t) =2k +0
=2k
Since k # 0 and ke R, then a(t) = 2k # 0 and an
element of the Real numbers. Therefore, the
acceleration is constant.
b. Forv(z) = 0
2kt + 6k* — 10k = 0
2kt = 10k — 6k>
t=5-3k
k#0
s(5 = 3k)
= k(5 — 3k)*> + (6k* — 10k)(5 — 3k) + 2k
= k(25 — 30k + 9k*) + 30k*> — 18k>
— 50k + 30k* + 2k
= 25k — 30k® + 9k> + 30k*> — 18k* — 50k
+ 30k* + 2k
= —9k> + 30k? — 23k
Therefore, the velocity is 0 at ¢t = 5 — 3k, and its
position at that time is —9k> + 30k*> — 23k.
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16. a. The acceleration is continuous at ¢ = 0 if
lima(z) = a(0).
t—0

Fort = 0,
3
S0 =5
3°(F + 1) = 21(r)
and v(t) = (2 + 1)
= (tz + 1)2
(48 + 61) (2 + 1)
and a(t) = (2 + 1)
202+ DR+ 37)
(* + 1)
_ @t oen(2+1) -t +30%)
(* +1)°
AP+ 6% + 48 + 6t — 48 — 127
(2 +1)°
_ 26
(P + 1)
0,ifr <0
={ =2F + 6t
Therefore, a(t) i ift=0
0,ift <0
4
_ +
and v (¢) ti?’i, iftr=0
(F+1)
0
lima(t) = 0, lima(t) = —
—0" —0" 1
= 0.

Thus, lima(¢) = 0.
t—0

Also, a(0) = —

= 0.
Therefore, lima(t) = a(0).
t—0

Thus, the acceleration is continuous at ¢t = 0.

t*+ 342
b. imv(¢) = lm —————
(—>+o0 (®) ottt 22+ 1
3
L+

= lim ————
- 2 1
tﬂ+1+?+tf4

=1
-2 6
. N
lim a(¢) = lim a3 1
t—+o» t_)oc1+t72+74+76
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— o

=0

17.v = \/b? + 2gs

v = (b2 + 2gs)’

dv ds
=~ (b>+2 0+2g—
&g (0426 %)
1
)
a= > gV
a=g
Since g is a constant, a is a constant, as required.
ds
Note: — =
ote ” v
dv
&y
dt

18. F= mo dt<\/1 : ¢ )2>

Using the quotient rule,

melt (1= %y L - Sy(-2E)

y2

1_7
C

. dv
Since — = a,

dt
G M O

v2
=5
c
ac? — av? vza}
_my c2 <z
v2\3
(1-&)
B myac*
=——"
2( _ ‘L)Z
cl1 2
mya

= — 5, as required.

-

3.2 Maximum and Minimum on an

Interval (Extreme Values), pp. 135-138

1. a. The algorithm can be used; the function is
continuous.

b. The algorithm cannot be used; the function is
discontinuous at x = 2.

¢. The algorithm cannot be used; the function is
discontinuous at x = 2.
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d. The algorithm can be used; the function is
continuous on the given domain.

2. a. max 8; min —12

b. max 30; min —5

c¢. max 100; min —100

d. max 30; min —20
Joaf(x)=x>—4x+3,0=x=3

f'(x) =2x — 4
Let 2x — 4 = 0 for max or min
x=2
f(0) =3

f)y=4-8+3=-1
f3)=9-12+3=0
maxis3atx =0
minis —1latx =2

34(0,3)
2_
'I_

5.0
3219 N2

S oeD

b. f(x) = (x —2)%0=x=2

ff(x)=2x—14
Let f'(x) = 0 for max or min
2x—4=0
x=2
f(0) =4
f(2) =0

maxisdatx =0
minis2 atx = 2

Y
(0,4)

(2,0) x
4 6

|
o

|
LN

1
N

o
N6

c.f(x)=x*—-3% -1=x=3
f'(x) = 3x* — 6x
Let f'(x) = 0 for max or min

3x2—6x=0

3x(x—2)=0

x=0orx =2
f(-1)=-1-3

= —4

3-8

f0)=0

f(2)=8-12
= —4
f(3) =27 - 27
=0
minis —4atx = —1,2
maxisOQatx =0,3
Yy
4_
2_
T X
3 S SRTEEL
2_
4_

d. f(x) = x — 3%, xe[-2,1]

f'(x) = 3x* — 6x
Let f"(x) = 0 for max or min
3x* —6x =0
3x(x —2)=0

x=0orx =2
x = 2 is outside the given interval.

f(=2) = ~20
f(0)=20
f1) =-2
maxisOatx =0
minis —20atx = —2
y
8_
X
BYEEE TEED
_8_
_'|6_
_24_

e f(x) =2x—3x* — 12x + 1, xe[—2,0]
f(x) =6x*—6x — 12

Let f"(x) = 0 for max or min
6x> —6x —12=0

X>—x—-2=0
x=2)x+1)=0
x=2o0rx = —1

Chapter 3: Derivatives and Their Applications



f(=2)=—16 — 12 + 24 + 1

=-3
f(=1) =38
f(0) =1
f(2) = not in region
max of 8atx = —1
min of =3 atx = —2
sy
4
b X
4 _1 0 2
_4_

1 5
f. f(x) = §x3 - Exz + 6x,x€[0, 4]

fl(x)y=x*>*-5x+6

Let f'(x) = 0 for max or min
X¥=5x+6=0

(x—2)x—-3)=0

x=2o0rx=3

f0) =0
o) =5
) =5
@ =5

maxis Latx =4
minisOatx =0
y

6

44
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Set f'(x) = 0 to solve for the critical values.

x> —4
x? =0
xX>—4=0
x=—2)x+2)=0
x=2,x= -2

Now, evaluate the function, f(x), at the critical

values and the endpoints. Note, however, that —2

1s not in the domain of the function.
4
f(l):1+I:1+4:5

fQ)=2+2-2+2-4

2
4 50 2 52

= 4+ —=— 4 — = — = .
f(10) =10+ =20+ T = =104

So, the minimum value in the interval is 4 when
x = 2 and the maximum value is 10.4 when x = 10.

b. f(x)=4Vx—x,2=x=9

fl(x)=2x"7-1
Let f'(x) = 0 for max or min
%— 1=0
Vx =2
x =4
f(2)=4VvV2-2=36
f(4)=4V4—4=4
f(9)=4V9—-9=3

min value of 3 when x = 9
max value of 4 when x = 4
1

c.f(x)—7x2_2x+2,05x52
fl(x)=—(x*—2x+2)%(2x — 2)
B 2x — 2
(-2 +2)
Let f'(x) = 0 for max or min.
2x — 2 —0
(x> —2x +2)
2x—2=0
x=1

f0) = 5. f(1) = 1.f2) = 5

max value of 1 whenx = 1
min value of  when x = 0, 2
d. f(x) = 3x* — 4x® — 36x> + 20
f(x) =12x° — 12x* — 72x
Set f'(x) = 0 to solve for the critical values.
120 = 12x* = 72x = 0
12x(x* —x—6)=0
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12x(x —=3)(x +2)=0
x=0,x=3,x= -2
Now, evaluate the function, f(x), at the critical
values and the endpoints.
f(=3) =3(—=3)* — 4(—3)* = 36(—3)> + 20 = 47
f(=2) =3(=2)* — 4(=2)° — 36(—2)>+20 = —44
£(0) = 3(0)* — 4(0)* — 36(0)*> + 20 = 20
£(3) = 3(3)* — 4(3)> — 36(3)* + 20 = —169
f(4) =3(4)* — 4(4)> — 36(4)> + 20 = —44
So, the minimum value in the interval is —169
when x = 3 and the maximum value is 47 when
x = —3.

4x
= 2=x=
e. f(x) 241 2=x=4
, CA(x?+ 1) — 2x(4x)
f(x) - (x2+1)2
=4+ 4
x> +1
Let f'(x) = 0 for max or min:
—4x*+4=0
x*=1
x = =1
-8
—2) = —
f(-2) =~
—4
_1 =
f-n==
= -2
4
1) =—
1) =3
=2
16
4) = —
max value of 2 when x = 1
min value of —2 whenx = —1

f. Note that part e. is the same function but restricted
to a different domain. So, from e. it is seen that the
critical points are x = 1 and x = —1.

Now, evaluate the function, f(x), at the critical values
and the endpoints. Note, however, that —1 and 1 are
not in the domain of the function. Therefore, the only
points that need to be checked are the endpoints.

_ 4@ _8_
&=gp+1~57 18

_ 44 16 .
f(4)_(4)2+1_17 0.94

So, the minimum value in the interval is 0.94 when
x = 4 and the maximum value is 1.6 when x = 2.

3-10

4t
= — =
5.a.v(r) 4+t3,t_0
Interval 1 =t =4
4
1)=-
YOES
16
4y =—
v(4) = -
4 + )(8r) — 4*(3¢°
vy = BHOE) 4260
4 +7)
32t + 8t — 12t =0
—41( —8) =0
t=0,t=2
16 4
@ =53
max velocity is 3 m/s
min velocity is £ m/s
b. v (1) — 41
v 147
1+ %)(8r) — (4r%) (2t
ooy = A A)E) = ()20
(1+7)
8+ 87 — 8
(1 + )
s
(1 + )
8t
(1 + )
8t =0
t=0

f(0) = 0 is the minimum value that occurs at x = 0.
There is no maximum value on the interval. As x
approaches infinity, f(x) approaches the horizontal
asymptote y = 4.
6. N(t) = 3082 — 240t + 500

N'(t) = 60t — 240

60t — 240 = 0
t=4
N(0) = 500

N(4) = 30(16) — 240(4) + 500 = 20
N(7) = 30(49) — 240(7) + 500 = 290
The lowest number is 20 bacteria/cm?.

1600v
7. a. E(V) = mOS v = 100
1600(v2 + 6400) — 1600v(2
£/(v) = 160002 + 6400) — 1600v(2v)

(v? + 6400)>

Let E'(N) = 0 for max or min

1600v* + 6400 X 1600 — 3200v* = 0

1600v* = 6400 X 1600
v = =80

Chapter 3: Derivatives and Their Applications



E0)=0
E(80) =10
E(100) = 9.756
The legal speed that maximizes fuel efficiency is

80 km/h.
1600v

b. E(v) = T 64OOOSVS50
1600(v? + 6400) — 1600v(2v)

(v? + 6400)?
Let E'(N) = 0 for max or min
1600v* + 6400 X 1600 — 3200v> = 0

1600v* = 6400 X 1600

E'(v) =

v = *80
E0)=0
E(50) =9
The legal speed that maximizes fuel efficiency is

50 km/h.

c. The fuel efficiency will be increasing when
E’(v) > 0. This will show when the slopes of the
values of E(v) are positive, and hence increasing.
From part a. it is seen that there is one critical value
for v > 0. This is v = 80.

v slope of E(v)
0=v<80 +
80 <v=100 -

Therefore, within the legal speed limit of 100 km/h,
the fuel efficiency F is increasing in the speed inter-
val 0 = v < 8&0.

d. The fuel efficiency will be decreasing when
E’(v) < 0. This will show when the slopes of the
values of E(v) are negative, and hence decreasing.
From part a. it is seen that there is one critical value
for v > 0. This is v = 80.

v slope of E(v)
0=v<80 +
80 <v =100 -

Therefore, within the legal speed limit of 100 km/h,
the fuel efficiency E is decreasing in the speed
interval 80 < v = 100.

0.1¢
8.C(1) = (z+3)2’15t56
0.1(t + 3)> — 0.2t(t + 3)
c'(r) = =0
() (t + 3)*
(t +3)(0.1t + 03 — 0.21) = 0
t=3

Calculus and Vectors Solutions Manual

C(1) = 0.006 25
C(3) = 0.0083, C(6) = 0.0074
The min concentration is at t = 1 and the max
concentration is at t = 3.
1
9. P(t) =2t + oo 1 1,Ostsl
P'(t)=2— (162t + 1)2(162) = 0
162 B
(162t + 1)
81 =162+ 2 + 324t + 1
162> + 324t — 80 = 0
8122 + 81t — 20 =0
(81t +5)( 81t —4) =0

4
t>0 t= g
= 0.05
P(O) =1
P(0.05) = 021
P(1) =201

Pollution is at its lowest level in 0.05 years or
approximately 18 days.

10. r(x) = 1<49x00 + x)

400
1 (—4900
r'(x) = 400( 2 + 1) =0
Letr'(x) =0

x? = 4900,

x=70,x>0
r(30) = 0.4833
r(70) = 0.35

r(120) = 0.402
A speed of 70 km/h uses fuel at a rate of 0.35 L/km.
Cost of trip is 0.35 X 200 X 0.45 = $31.50.

11. f(x) = 0.001x* — 0.12x* + 3.6x + 10,
0=x=75

f'(x) = 0.003x* — 0.24x + 3.6

Set 0 = 0.003x* — 0.24x + 3.6

‘- 0.24 + \V/(—0.24)? — 4(0.003)(3.6)

2(0.003)
024 +0.12
T 0,006
x=60o0rx =20
£(0) =10
£(20) = 42
£(60) = 10

f(75) = 26.875
Absolute max. value = 42 at (20, 42) and absolute
min. value = 10 at (0, 10) and (60, 10).
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12. a. y
8- /
4_

7T\ X

—-16

b.D: —2=x=4
c. increasing: —2 = x <0
2<x=4

decreasing: 0 <x <2
13. Absolute max.: Compare all local maxima and
values of f(a) and f(b) when domain of f(x) is
a = x = b. The one with highest value is the
absolute maximum.
Absolute min.: We need to consider all local minima
and the value of f(a) and f(b) when the domain of
f(x)is a = x = b. Compare them and the one with
the lowest value is the absolute minimum.
You need to check the endpoints because they are not

necessarily critical points.
14. C(x) = 3000 + 9x + 0.05x%, 1 =< x = 300

Unit cost u(x) = @

3000 + 9x + 0.05x”
X

B

—3000

U'(x) =— 5 + 005

For max or min, let U’ (x) = 0:
0.05x2 = 3000
x* = 60 000
x = 2449
U(1) = 3009.05
U(244) = 33.4950
U(245) = 33.4948
U(300) = 34.
Production level of 245 units will minimize the unit
cost to $33.49.
15. C(x) = 6000 + 9x + 0.05x>

_ Cx)
Ux) = —
6000 + 9x + 0.05x°
B X
3-12

S0y s,
6000
Ux)=— o + 0.05
Set U'(x) = 0 and solve for x.
—60(2)0 +0.05=0
X
6000
0.05 = —;
X
0.05x* = 6000
x* =120 000
x = 346.41

However, 346.41 is not in the given domain of
1 = x = 300.
Therefore, the only points that need to be checked are
the endpoints.
f(1) = 6009.05
f(300) = 44
Therefore, a production level of 300 units will mini-
mize the unit cost to $44.

Mid-Chapter Review, pp. 139-140
La h(x)=3x"—4x>—3x> -5
h'(x) = 12x* — 12x* — 6x
h"(x) = 36x* — 24x — 6
b. f(x) = (2x — 5)°
f'(x) =6(2x —5)°
f"(x) =24(2x — 5)
= 48x — 120
=15(x +3)°!
y = —15(x + 3)7?
y" =30(x + 3)7°
30
S (x+3)°
d.g(x) = (x> + 1)
g(x)=x(x*+ 1)~
g(x)= -2+ + P+ 1)
_ x? N 1
(x2+1)y (K2 +1)
2.a.5(3) = (3)° — 21(3)* + 90(3)
=27 — 189 + 270
= 108
b. v(t) = s'(t) = 3> — 42t + 90
v(5) = 3(5)* — 42(5) + 90

g
<
I
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=75 - 210 + 90
= —45
c.a(t)y =v'(r) =6t — 42
a(4) =6(4) — 42
=24 — 42
=-18

3oa.v(t)=h(t) = —98t + 6
The initial velocity occurs when time ¢ = 0.
v(0) = —9.8(0) + 6

=6
So, the initial velocity is 6 m/s.
b. The ball reaches its maximum height when
v(t) = 0. So set v(¢) = 0 and solve for .
v(it)=0=—-98t+ 6
9.8t=6

t=0.61

Therefore, the ball reaches its maximum height at
time t = 0.61 s.
c¢. The ball hits the ground when the height, 4, is 0.
h(t) =0= —49 + 6t + 2

,_ —6=V36+392

-9.8
Taking the negative square root because the value ¢

needs to be positive,
_ —6—8.67
- -98
t = 1.50
So, the ball hits the ground at time ¢t = 1.50 s.
d. The question asks for the velocity, v(t), when
t = 1.50.
v(1.50) = —9.8(1.50) + 6
= —8.67
Therefore, when the ball hits the ground, the velocity
is —8.67 m/s.
e. The acceleration, a(t), is the derivative of the
velocity.
a(t) =v'(t) = —9.8
This is a constant function. So, the acceleration of
the ball at any point in time is —9.8 m/s?.
d4.a.v(t) =s'(t) = 4 — 14t + 61
v(2) =4 —14(2) + 6(2)*
=4-28+24
=0
So, the velocity at time ¢t = 2 is 0 m/s.
a(t) =v'(t) = —14 + 12¢
a(2) = —14 + 12(2)
=10
So, the acceleration at time ¢ = 2 is 10 m/s.

Calculus and Vectors Solutions Manual

b. The object is stationary when v(z) = 0.
v(t) =0 =4 — 14t + 61
0= (6t—2)(t—2)
1

t=—_,t=2
3

Therefore, the object is stationary at time
t=1sandr=2s.

Before ¢ = 1, v(¢) is positive and therefore the
object is moving to the right.

Between ¢ = 1 and ¢ = 2, v(¢) is negative and
therefore the object is moving to the left.

After t = 2, v(t) is positive and therefore the object
is moving to the right.

c. Set a(¢) = 0 and solve for .

a(t)=0=—14 + 12¢

14 = 12¢
7,
6

tr=1.2

So, at time ¢ = 1.2 s the acceleration is equal to O.
At that time, the object is neither accelerating nor
decelerating.
S.a.f(x) =x*+3x*+ 1
f'(x) = 3x* + 6x

Set f'(x) = 0 to solve for the critical values.

3x> + 6x =0
3x(x+2)=0

x=0,x=-2

Now, evaluate the function, f(x), at the critical
values and the endpoints.
f(=2)= (-2 +3(-2)P+1=5

£(0) = (0 +3(012+1=1

f2)=2P+3027*+1=21
So, the minimum value in the interval is 1 when
x = 0 and the maximum value is 21 when x = 2.
b. f(x) = (x + 2)?

f'(x) =2(x +2)

=2x+4
Set f"(x) = 0 to solve for the critical values.
2x+4=0
2x = —4
x=-2

Now, evaluate the function, f(x), at the critical
values and the endpoints.
f(=3)=(=3+27=(-17=1
f(=2)=(-2+2)7*=0

f3) =B +27%=(52=25
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So, the minimum value in the interval is O when

x = —2 and the maximum value is 25 when x = 3.
1 1

cf(x)=———

x X
fry=-5+3
—x* + 3x?

x6

Set f'(x) = 0 to solve for the critical values.
X - * _ 4
—x*+3x2=0
x*(—x*+3)=0
x=0
x?=3

+\/3

Note, however, that —\/g and 0O are not in the given
domain of the function.

Now, evaluate the function, f(x), at the critical
values and the endpoints.

X =

11
f(1)=I—W_1—1=
1 1
f(\@)——%——( VE 0.38
11 24
=T s

So, the minimum value in the interval is O when
x = 1 and the maximum value is 0.38 when
x=V3.
6. The question asks for the maximum temperature
of V.
V(t) = —0.000 067¢> + 0.008 504 3>
— 0.064 26t + 999.87

V'(t) = —0.000 2017* + 0.017 008 61 — 0.064 26
Set V' (t) = 0 to solve for the critical values.
—0.000 201> + 0.017 008 61 — 0.064 26 = 0

> — 84.619 900 5t + 319.701 4925 = 0
Using the quadratic formula,
t = 3.96 and t = 80.66.
However, 80.66 is not in the domain of the function.
Now, evaluate the function, V(¢), at the critical
values and the endpoints.

V(0) = 999.87
V(3.96) = 999.74
V(30) = 1003.79

So, the minimum value in the interval is 999.74
when temperature ¢ = 3.96.

3-14

Therefore, at a temperature of t = 3.96°C the
volume of water is the greatest in the interval.
7.a. f(x) = x* — 3x

fl(x)=4x> -3
f'(3)=4@3) -3
=105

b. f(x) =2x> + 4x*> — 5x + 8
fl(x)=6x>+8—5
f'(=2)=6(—2)>+8(-2)—5

=3
c f(x) = —-3x>—5x+7
f'(x)=—6x—5
F'(x) = =6
Fr(1) = —6

d f(x)=4x-3x>+2x — 6
fr(x) =12x> —6x + 2
f"(x)=24x — 6

f"(=3)=24(-3) -6

= -78
e f(x) =14x> +3x — 6
f'(x)=28x +3
f'(0) =28(0) +3
=3
f.fx)=x*+x"—x3

f(x) = 4x® + 5x* — 3x?

F(x) = 12x? + 20x3 — 6x

F7(4) = 12(4)* + 20(4)* — 6(4)

= 1448

g f(x) = —2x° + 2x — 6 — 3x°
f'(x) = —10x* + 2 — 9x?

f"(x) = —40x> — 18x

()= ()

=—2—7—6

202

27

h. f(x) = =3x* — 7x* + 4x — 11
f'(x) = —9x* — 14x + 4

)~ )

81 21
=—— -+

16 2 4
_ 18

16
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8.5(1) = t(—Zt + 1>

5
——1r +1
6

s'(1) = —gt +1

5
S”(Z) = —g

= —1.7m/s?
9.5(t) = 189 — ¢*

a.s'(1) = 189 — %z%
7,
$'(0) = 189 = 2(0)
=189 m/s
b. s'(1)=0

189 —

c.s(27) = 189(27) — (27)
= 5103 — 2187
= 2916 m

28
d.s"(t) = _jﬁ

() = ~5 ()

_%
9
= —6.2 m/s?
It is decelerating at 6.2 m/s?.
10. s(1) = 12t — 4¢°
s'(t) = 12t — 6t*
To find when the stone stops, set s’ (z) = 0:
12—6rr=0

6t = 12
ti=2
r=(2)
=4
s(4) = 12(4) — 4(4)
=48 — 32
=16 m

The stone travels 16 m before its stops after 4 s.

Calculus and Vectors Solutions Manual

11. a. h(t) = —4.97 + 21t + 0.45
0= —4.92 + 21t + 045
2 V/(21) — 4(—4.9)(0.45)
2(—4.9)
[ 21 = V4498

-9.8
t =431 ort = —0.021 (rejected since t = 0)

Note that #(0) = 0.45 > 0 because the football is

punted from that height. The function is only valid

after this point.

Domain: 0 = r = 4.31

b. h(t) = —4.9 + 21t + 0.45

To determine the domain, find when 4’(z) = 0.
h'(t) = —9.8t + 21

Set h'(f) = 0
0=—9.8+ 21
t=2.14

For 0 < ¢ < 2.14, the height is increasing.
For 2.14 <t < 4.31, the height is decreasing.
The football will reach its maximum height at 2.14 s.
c. h(2.14) = —4.9(2.14)* + 21(2.14) + 0.45
h(2.14) = —22.44 + 4494 + 045
h(2.14) = 22.95
The football will reach a maximum height of 22.95 m.

3.3 Optimization Problems, pp. 145-147
1. L

Let the length be L cm and the width be W cm.
2(L + W) =100

L+ W=50
L=5-W
A=L-W

= (50 — W)(W)

A(W) = —W? + 50W for 0 = W = 50
A'(W) = —2W + 50

Let A"(W) = 0:
—2W+50=0
W =25
A(0)=0
A(25) =25 X125
= 625
A(50) = 0.
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The largest area is 625 cm? and occurs when
W =25cm and L = 25 cm.
2. If the perimeter is fixed, then the figure will be

a square.
3. L

Let the length of L m and the width W m.
2W + L = 600

L =600 — 2W
A=L-W
= W(600 — 2W)

A(W) = —2w? + 600W, 0 = W = 300
A" (W) = —dw + 600

. dA
For max or min, let —— = 0:

W = 50 aw
A(0) =0
A(150) = —2(150)% + 600 X 150
— 45000
A(300) = 0

The largest area of 45 000 m? occurs when

W =150 m and L = 300 m.

4. Let dimensions of cut be x cm by x cm. Therefore,
the height is x cm.

: 100 >

| fe——100- 2x—>|’_:i T

40 - 2x (40

] !

Length of the box is 100 — 2x.

Width of the box is 40 — 2x.

V = (100 — 2x)(40 — 2x)(x) for domain
0=x=20

Using Algorithm for Extreme Value,

% = (100 — 2x)(40 — 4x) + (40x — 2¢%)(—2)

= 4000 — 480x + 8x* — 80x + 4x?
= 12x* — 560x + 4000
av
Set— =0
¢ dx

3x? — 140x + 1000 = 0
_ 140 = V7600
6
140 = 128.8
x = -—-———
6
x=88orx =379
Reject x = 37.9 since 0 = x = 20

X

3-16

Whenx =0,V =0
x = 8.8, V = 28850 cm?
x=20,V=0.
Therefore, the box has a height of 8.8 cm, a length
of 100 — 2 X 8.8 = 82.4 cm, and a width of
40 — 3 X 8.8 =224 cm.

S. 220 - x

A(x) = x(220 — x)
A(x) = 220x — x?
A'(x) = 220 — 2x

Set A'(x) = 0.
0=220 — 2x
x = 110

220 — 110 = 110
A'(220) = =220 <0
A'(0) =220>0
maximum: The dimensions that will maximize the
rectangles’ area are 110 cm by 110 cm.

6. a
b 64
ab = 64
P =2a+2b
P =2a+ 2<64>
a
P =2a+ %
a
P =2a+ 128a7"
128
P =2-—
a
Set P’ =
128
0=2-—7
128
2 =—
612
a’> = 64
a = 8 (—8 is inadmissible)
64
b=—
8
b=38

P(1)=-126<0

P'(9)=1.65>0

maximum: The rectangle should have dimensions 8 m
by 8 m.

Chapter 3: Derivatives and Their Applications



Yy
X X
Given:
4x + 3y = 1000
_ 1000 — 4x
Y 3
A = 2xy
1 —
A= 2x< 000 4x>
3
2000 8
A= 3 X — gxz
, 2000 16
A = 3 3 X
SetA' =0
0— 2000 16
-3 3"
16 2000
=2
3 3
x =125
1000 — 4(125)
y = 3
y = 166.67
2000
A'(250) = 3 <0

A'(0) = g >0
maximum: The ranger should build the corrals with
the dimensions 125 m by 166.67 m to maximize the
enclosed area.
8. Netting refers to the area of the rectangular
prism. Minimize area while holding the volume
constant.

V = Ilwh
V =x%
144 = x%
_ 144
Y=z

Aol = Asige T Atop T Asige T Agnd
A=xy+xy+xy+ x?

A =3xy + x*
144
A= x<2>+x2
X
A=, e
X

A= x>+ 432x7!
A =2x — 432x?
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SetA’ =0
0=2x — 432x7?
2x = 432x 72
x° =216
xX=06
_ 144
Ve
y =

A'(4)=-19<0
A'(8) =925>0
minimum: The enclosure should have dimensions
4m X 6m X 6m.
9.

Let the base be x by x and the height be &
x*h = 1000
b= 10(2)0 @D
X
Surface area = 2x? + 4xh
A =2x* + 4xh @

=2x% + 4x<10(2)0>
x

_ 2, 4000
X

Using the max min Algorithm,
dA 4 4000
dx * x?
x # 0, 4x* = 4000

x* = 1000

x =10
A =200 + 400 = 600 cm?
Step 2: Atx >0, A > =

Step 3: Atx = 10\/@,

for domain 0 = x = 10\6

A = 2000 + 4000 X V1o
10v10 V10

= 2000 + 40\/10
Minimum area is 600 cm? when the base of the box
is 10 cm by 10 cm and height is 10 cm.
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10.

< 10 > 10 >
Let the length be 2x and the height be y. We know
x? + y* = 100.

y=*xV100 — x?
Omit negative area = 2xy
=2xV100 — x?

for domain 0 = x = 10
Using the max min Algorithm,

dA 1 1
7 =2V100 — x* + 2y - 5(100 - xz) 2(—2x).
X
dA
Let— = 0.
“dx
2\/100—x2—27xz=()
V100 — x?
2(100 — x%) — 242 = 0
100 = 2x?
x> =50

x=5V2,x>0. Thus,y = 5\V2, L = 10V2
Part 2: If x =0,A =0
Part3: If x = 10,A =0

The largest area occurs when x = 5V/2 and

the area is 10\6 100 — 50
= 10V2V50

= 100 square units.

11. a. Let the radius be r cm and the height be 4 cm.

Then 7r?h = 1000

1000
h = 5
T
Surface Area: A = 271> + 2mrh
1000
= 2mrr? + 271'}’( 5 )
T
= 2mr? + 72(1100, 0=r=om
dA 2000
ﬁ - 47Tr - P
For max or min, let %‘ =0
2000
dmr — —5— =
o500
ar
500
r=a =542
a
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Whenr =0, A — «

r=542 A = 660.8

r—> o, A—ow

The minimum surface area is approximately

661 cm? when r = 5.42.
1000

b.r =542, h = 7 (5427

h 10.84 1

d 2x54 1
Yes, the can has dimensions that are larger than the
smallest that the market will accept.

12. a. T

=10.84

L

5cm
w
(12-1)
< 12 cm >
Let the rectangle have length L cm on the 12 cm leg
and width W cm on the 5 cm leg.

A=LW
2—-L W
By simil iangl = —
y similar triangles, o 5
60 — 5L = 12W
60 — 12W
ins
A=MfordomainO£W£5

Using the max min Algorithm,

dA 1 60
W—g[60—24WJ —O,W—Q—Z.Scm.
When W =25cm, A = w = 15cm?>

Step2: If W=0,4=0

Step3: If W=5A4=0

The largest possible area is 15 cm? and occurs when
W=25cmand L = 6cm.

b'T L

8cm

w

(15-1)

« 15cm >

Let the rectangle have length L cm on the 15 cm leg
and width W cm on the 8 cm leg.
A=L1LW @
S5-L W

15 8
120 — 8L = 15W
I - 120 — 15W 3

3 =%

Chapter 3: Derivatives and Their Applications
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(120 — 15SW)W

A for domain 0 = W = 8

Using the max min Algorithm,

dA 1 120

— = —[120 — =0,W=——-=4cm.

W3 [120 — 30W] = 0, 20 cm
_ (120 — 60) x 4

When W = 4 cm, A = 30 cm?.
Step2: If W=0,A=0
Step3: If W=8A4=0
The largest possible area is 30 cm? and occurs when
W=4cmand L =7.5cm.
c. The largest area occurs when the length and width
are each equal to one-half of the sides adjacent to
the right angle.
13. a. Let the base be y cm, each side x cm and the
height 4 cm.
2x +y =60

y =60 — 2x

1
A=yh+2><5(wh)
= yh + wh

w B

]

w C

y A
From AABC
h
— = cos 30°
X
h = x cos 30°
V3
= —x
2
v sin 30°
X
w = x sin 30°
1
= —x
2
Therefore, A = (60 — 2x)<\fx) + % X ?x

V3

A(x) =30V3x — V3x? + sz, 0=x
Apply the Algorithm for Extreme Values,

A'(x) =30V3 — 2V3x + \2/3)6

Now, set A'(x) =0

\/

3
30\@—2\/§+7x=0.
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Divide by V3:

X
30-2x+-=0

72

x = 20.
To find the largest area, substitute x = 0, 20, and 30.
A0)=0

A(20) = 30V3(20) — V3(20)* + \f(zo)z
=520
A(30) = 30V3(30) — V3(30)> + \f(30)2

= 390
The maximum area is 520 cm?® when the base is
20 cm and each side is 20 cm.
b. Multiply the cross-sectional area by the length of
the gutter, 500 cm. The maximum volume that can
be held by this gutter is approximately 500(520) or
260 000 cm”.
14. a. A

: []
X

4x +2h =6
2x +h=30orh=3—-2x

V3

1
=xh+ - XxX—
Area = xh > X > X

\/ng
4

=x(3—2x) +

3
A(x) =3x —2x* + \4/)62

3
A’(x)=3—4x+\2/x,05x51.5

For max or min, let A"(x) = 0, x = 1.04.
A(0)=0,A(1.04) =143, A(1.5) =142

The maximum area is approximately 1.43 cm? and
occurs when x = 0.96 cm and & = 1.09 cm.

b. Yes. All the wood would be used for the outer
frame.
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15.

W+E
Yy

) z

Let z represent the distance between the two trains.
After ¢ hours, y = 60t, x = 45(1 — 1)

72 =3600 + 45°(1 — 1), 0=t=1
2z% = 7200t — 4050(1 — 1)

dz 7200t — 4050(1 — 1)
dt 2z

For max or min, let % = 0.
7200t — 4050(1 —¢) =0
t =0.36
When t = 0, z2 = 452,z = 45
t = 0.36, z2 = 3600(0.36)* + 45°(1 — 0.36)*
72 =129
z =36
t=1,z% = V3600 = 60
The closest distance between the trains is 36 km and
occurs at 0.36 h after the first train left the station.

16. vehicle 2

>,
P Vehicle 1

At any time after 1:00 p.m., the distance between
the first vehicle and the second vehicle is the
hypotenuse of a right triangle, where one side of the
triangle is the distance from the first vehicle to P
and the other side is the distance from the second
vehicle to P. The distance between them is therefore
d = \/(60t)* + (5 — 80t)* where ¢ is the time in
hours after 1:00. To find the time when they are
closest together, d must be minimized.

d =\ (60t)* + (5 — 80t)
d = V36002 + 25 — 800t + 64007

d = \/10 0002 + 25 — 800t
B 20 000z — 800

2V10 0002 + 25 — 800¢
Letd = 0:

20 000¢ — 800 B
2V/10 0002 + 25 — 800¢
Therefore 20 000t — 800 = 0

20 000¢ = 800
t = .04 hours

!
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There is a critical number at + = .04 hours

v t< .04 .04 t> .04
d’'(t) - 0 +
Graph Dec. Local Min Inc.

There is a local minimum at ¢ = .04, so the two
vehicles are closest together .04 hours after 1:00, or
1:02. The distance between them at that time is 3 km.

17.
[~_a*+b?

2 Gb 7 W
l a2 - b%=
—g2-p2—

a’>—b>— L w

a’> — b? :%
2ab
W:aZ_b2(a2_b2_L)
2ab
A:LW=a2fb2[a2L—b2L—L2]
dA
Let~— =a’> — b> — 2L =
etdL a b 0,
aZ_bZ
L:
2
2ab 5 ) a’> — b?
andW=a2_b2a—b—— >
= ab.

The hypothesis is proven.
18. Let the height be /# and the radius r.

Then, 7r°h = k, h = Lz

wr
Let M represent the amount of material,
M = 2zr* + 2mrh
k
=27 + 2’7Tl’h<2>

T
2k
=2t + —,0=r=ow
r

Using the max min Algorithm,
dM 2k
—— =dar — —
r r
dM k k)
L _—= 3 = — = — .
et i 0, r 27T,r7&00rr (277)

Whenr — 0, M — o
r— o M—x

-8
2
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Wi
YIS

k__k @my_k
kYo
77-271'

Min amount of material is

kY 27\

M=2m| — | +2k|l —).

o(5r) = 2(7)
DENCE

T T

Rato—=—"F—+=2"72___ _
d ks N
2(%) 2“<w>
A x P 100-x B
19. T T 1
Cut the wire at P and label diagram as shown. Let
AP form the circle and PB the square.

Then, 27r = x
X

T 2m

And the length of each side of the square is 100
2
Area of circle = 7-r<2x >

1
1

r

ar
_ X
dar
100 = x\2
Area of square = ( 004 x)
The total area is
2 1 _ 2
A(x) =4 < 00 x) , where 0 = x = 100.
4 4
2x 100 — x 1
A(x)y=—"+2 —=
&) 4 ( 4 >< 4)
_x 100 — x
2 8
For max or min, let A’(x) = 0.
x 100 = x 0
2 8
1
X = @ + o =44
A(0) = 625
442 100 — 44>2
A(44)y=—+——) =350
(44) 4ar ( 4
1 2
A(100) = 00 = 796
4
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a. The maximum area is 796 cm? and occurs when
all of the wire is used to form a circle.

b. The minimum area is 350 cm? when a piece of
wire of approximately 44 cm is bent into a circle.

20.
10* (c{ (a-3))
8_

!
m_
|
O\_
|
.
I
N_
o
N -
S
O\_
00 -

Any point on the curve can be represented by
(a, (a = 3)).
The distance from (—3, 3) to a point on the curve is
d=\(a+3P%+ ((a—3)7-3)>
To minimize the distance, we consider the function
d(a) = (a + 3)* + (a* — 6a + 6).
in minimizing d(a), we minimize d since d > 1
always.
For critical points, set d’'(a) = 0.
d'(a) =2(a + 3) + 2(a* — 6a + 6)(2a — 6)
ifd'(a) =0,
a+3+ (a>—6a+6)2a—6)=0
2a° — 18a%> + 49a — 33 =0

(a —1)(2a* — 16a + 33) =0

16 = V-8
4

There is only one critical value, a = 1.
To determine whether a = 1 gives a minimal value,
we use the second derivative test:
d'(a) = 6a® — 36a + 49
d"(1) =6 — 36 + 49

= 0.
Then, d(1) = 4* + 1°

= 17.

The minimal distance is d = \/ﬁ, and the point on
the curve giving this result is (1, 4).

a=1ora=
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21. y For max or min, let A"(y) = 0or 10 — 4y = 0,
81 ] y =25,
6 A(a4, 2a) A(0) =0
44 A(2.5) = (10 — 5)(2.5) =125
24 A(5)=0.
L b I C, I i The largest area is 12.5 units squared and occurs
4 ‘2_42 2 6 8 when P is at the point (5, 2.5).
B(b2, 2b) 23
—4 . y
—6- (0, k)
—8- A B
. . (k, 0)
Let the point A have coordinates (a°, 2a). (Note that
the x-coordinate of any point on the curve is positive, / D < \ X

but that the y-coordinate can be positive or negative. 4 i< (—x,y) and B(x, y)

By letting the x-coordinate be a*, we eliminate this Area = 2xy where y = k> — x2
concern.) Similarly, let B have coordinates (b2, 2b). A(x) = 20 (K — x?)

The slope of AB is — 2 — 2 —k=x=k

20a-2b_ 2 A'(x) = 2k* — 612
‘- b “ * b . For max or min, let A"(x) = 0,
Using the mid-point property, C has coordinates 6x2 = 2k
<a ,a + b>. ¥ = ii
2 V3

Since CD is parallel to the x-axis, the y-coordinate Lk kN 2.,
of D is also a + b. The slope of the tangent at D is When x = “v3Y T ko= Vi) Ek

. dy . 2
given by —= for the expression y~ = 4x. . 2k 2,5, 4K 3
dx Max areais A = —~ X k" = —= X 22
Differentiating. V33 3V3T V3
2 dy _ 4 —47k3$ uare units
Yax 9 '
dy _2
dc y 3.4 Optimization Problems in
And since atpoint D,y = a4 b, Economics and Science, pp. 151-154
Y _
dx a4+ b 1. a. C(625) = 75(V625 — 10)
But this is the same as the slope of AB. Then, the - 1111525
tangent at D is parallel to the chord AB. Average cost is ‘g5 = $1.80.
22, y b. C(x)=75(Vx —10)
= 75Vx — 750
™) =5vi
B Pix, y) 75
C'(1225) = = $1.07
X ( ) 2V1225 $
0] 2 A 10 c. For a marginal cost of $0.50/L,
Let the point P(x, y) be on the linex + 2y —10=0. 75 _ 0.5
Area of AAPB = xy 2Vx
x+2y=100rx =10 — 2y 75 = Vx
A(y) = (10 = 2y)y X = 5625
=10y — 2y, 0=y =35 The amount of product is 5625 L.
A'(y) = 104y
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2. N(t) =20t — *
a. N(3)=60—-9
=51
N(2) =40 — 4
= 36
51 — 36 = 15 terms
b. N'(t) = 20 — 2t
N'(2)=20—-4
= 16 terms/h
c. t > 0, so the maximum rate (maximum value of
N'(¢)) is 20. 20 terms/h

6t
L=
6(F>+2t+1)—6t(2t+2
2 L'() = € ) — 61(21 +2)

(+2t+ 1)
=6+ 6
(A4 2+ 1)
Let L'(¢) = 0, then —6¢> + 6 = 0,

2=1
2= +1.
6 6
b L) =10 7741
C.
T ——

d. The level will be a maximum.
e. The level is decreasing.

4. C = 4000 + %—i— 150(2&,1000 =h=20000
dc _ 1 15000000
dh 15 h?
C 1 15 000 000
Set o 0, therefore, 5 e 0,

h?* = 225000 000
h = 15000, 2 > 0.
Using the max min Algorithm, 1000 = /& = 20 000.

1000 15000 000
= = + -+
When £ = 1000, C = 4000 15 1000
=19 067.
15000 15000 000
- = -+ -+
When £ = 15 000, C = 4000 15 15000

= 6000.
When 2 = 20 000, C = 6083.
The minimum operating cost of $6000/h occurs
when the plane is flying at 15 000 m.

Calculus and Vectors Solutions Manual

=

Label diagram as shown and let the side of length x
cost $6/m and the side of length y be $9/m.
Therefore, (2x)(6) + (2y)(9) = 9000

2x + 3y = 1500.
Area A = xy
1500 — 2x
Buty = ———.
3
1 -2
Alx) = x< 5003 x>

2
= 500x — gxz for domain 0 < x < 500

4
A'(x) =500 — 3

Let A'(x) = 0, x = 375.
Using max min Algorithm, 0 = x = 500,

A(0) = 0, A(375) = 500(375) — %(375)2

= 93750
A(500) = 0.
The largest area is 93 750 m? when the width is

250 m by 375 m.
6. Let x be the number of $25 increases in rent.

P(x) = (900 + 25x)(50 — x) — (50 — x)(75)
P(x) = (50 — x)(825 + 25x)

P(x) = 41250 + 1250x — 825x — 25x>

P(x) = 41250 + 425x — 25x?

P'(x) = 425 — 50x

Set P'(x) =0
0 =425 — 50x
50x = 425
x =85

x=8orx=9
P'(0)=425>0

P'(10) = =75<0
maximum: The real estate office should charge
$900 + $25(8) = $1100 or $900 + $25(9) = $1125
rent to maximize profits. Both prices yield the same
profit margin.
7. Let the number of fare changes be x. Now, ticket
price is $20 + $0.5x. The number of passengers is
10 000 — 200x.
The revenue R(x) = (10000 — 200x) (20 + 0.5x),
R(x) = —200(20 + 0.5x) + 0.5(1000 — 200x)

= —4000 — 100x + 5000 — 100x.
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Let R'(x) = 0:
200x = 1000
x = 5.
The new fare is $20 + $0.5(5) = $22.50 and the
maximum revenue is $202 500.

3
8. Cost C — (VZ n 216) Xt

Where vt = 500 or t = 5@

o= (2 4 16)(2)

1
= 250v% + 08 000, where v = 0.
108 000
C'(v) = 500v — 5
Vv
108 000
Let C'(v) = 0, then 500y = 2
5 _ 108000
500
v =216
v = 6.
The most economical speed is 6 nautical miles/h.
9. ,
. ///,_ ________
Lo X
2h

Label diagram as shown.
We know that (x)(2k)(h) = 20 000
or h’x = 10 000
10 000
h2
Cost C = 40(2hx) + 2xh(200)
+ 100(2) (2h* + xh)
= 80xh + 400xh + 400h* + 200xh
= 680xh + 400h>

X =

: 10 000
Since x = PER
10 000
C(h) = 680h< 7 ) + 400h%,0 = h = 100
6 800 000
C(h) = ———— + 400h?
6 800 000
C'(h) = — 800A.
Let C'(h) = 0,
8004 = 6 800 000
h® = 8500
h = 20.4.
3-24

Apply max min Algorithm,
ash—0C((0)—> o
6 800 000

C(204) = 204

=499 800
C(100) = 4 063 000.
Therefore, the dimensions that will keep the cost to
a minimum are 20.4 m by 40.8 m by 24.0 m.
10. Let the height of the cylinder be & cm, the
radius r cm. Let the cost for the walls be $k and for
the top $2k.

+ 400(20.4)>

1000
V =1000 = mr*horh = —
mr
The cost C = (27r?)(2k) + (27rh)k
or C = 4mkr* + 2mkr (10020>
r
2000k
C(r) = 4mkr* + 02 ,r=0
2000k
C'(r) = 8wkr — 2
2000k
Let C'(r) = 0, then 87kr = —
r
o 2000
87
r=423
1000
= =17.2.
m(4.3)? !

Since r = 0, minimum cost occurs when r = 4.3 cm
and 4 = 17.2 cm.
11. a. Let the number of $0.50 increase be n.
New price = 10 + 0.5n.
Number sold = 200 — 7n.
Revenue R(n) = (10 + 0.57)(200 — 7n)
= 2000 + 30n — 3.5n2
Profit P(n) = R(n) — C(n)
= 2000 + 301 + 3.57% — 6(200 — 7n)
= 800 + 72n — 3.51?
P(n)y=72—-"Tn
Let P'(n) = 0,
72 —Tn = 0,n = 10.
Price per cake = 10 + 5 = $15
Number sold = 200 — 70 = 130
b. Since 200 — 165 = 35, it takes 5 price increases
to reduce sales to 165 cakes.
New price is 10 + 0.5 X 5 = $12.50.
The profit is 165 X 5 = $825.
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c. If you increase the price, the number sold will
decrease. Profit in situation like this will increase
for several price increases and then it will decrease
because too many customers stop buying.

12. Let x be the base length and y be the height.
Top/bottom: $20/m?

Sides: $30/m?

o 1m ) 3

4000 cm <100 cm) = 0.004 m
0.004 = x%

_0.004
2
ATop + ABottom = X2 + x2
= 2x?
4Agiqe = 4xy
C = 20(2x?) + 30(4xy)

C = 40 + 1204 22
X

C = 40x> + 0.48x 7!
C' = 80x — 0.48x 72

Set C’ =0
0 = 80x — 0.48x >
80x° = 0.48
x* = 0.006
X =0.182
0,004
Y 70182
y = 0121

C'(1)=7952>0
C'(—1)=-8048 <0
maximum
The jewellery box should be
12.1 cm X 18.2 cm X 18.2 cm to minimize the cost
of materials.
13. Let x be the number of price changes and R be
the revenue.
R = (90 — x)(50 + 5x)
R =5(90 — x) — 1(50 + 5x)
Set R" =0
0=5(90 — x) — 1(50 + 5x)
0 =450 — 5x — 50 — 5x

0 =400 — 10x
10x = 400
x =40
Price = $90 — $40
Price = $50

Calculus and Vectors Solutions Manual

R'(0) =400 >0
R'(100) = —600 < 0
maximum: The price of the CD player should
be $50.
14. Let x be the number of price changes and R be
the revenue.
R = (75 — 5x)(14 000 + 800x), x = 7.5
R’ =800(75 — 5x) + (—5)(14 000 + 800x)
Set R" =0
0 = 60000 — 4000x — 70 000 — 4000x
10 000 = —8000x
x=-125
Price = $75 — $5(—1.25)
Price = $81.25
R'(—=2) = 6000 > 0
R'(2) = =26 000 < 0
maximum: The price of a ticket should be $81.25.
15. P(x) = (2000 — 5x)(1000x)
— (15000 000 + 1800 000x + 75x2)
P(x) = 2000 000x — 5000x> — 15 000 000
— 1800 000x — 75x>
P(x) = —5075x* + 200 000x — 15 000 000
P'(x) = —10150x + 200 000

Set P'(x) =0
0 = —10150x + 200 000
10 150x = 200 000
x = 19.704

P'(0) =200000 >0
P'(20) = —3000 < 0

maximum: The computer manufacturer should sell
19 704 units to maximize profit.
16. P(x) = R(x) — C(x)
Marginal Revenue = R’ (x).

Marginal Cost = C’(x).
Now P'(x) = R'(x) — C'(x).
The critical point occurs when P'(x) = 0.
If R"(x) = C'(x), then P'(x) = R'(x) — R'(x)

= 0.

Therefore, the instantaneous rate of change in profit
is O when the marginal revenue equals the marginal
cost.
17. h

eor
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Label diagram as shown, Let cost of cylinder be

$k/m?.
V =200
= mr*h + i77'r3
3

Note: Surface Area = Total cost C
Cost C = (2@rh)k + (47r*)2k

4
But, 200 = 7r’h + 3 ar® or 600 = 37wr’h + 4arr?

600 — 47’

Therefore, h = 5

37r

600 — 4771’
C(r) = 2k7'rr<3ﬂ_r2

600 — dmrr3
- 2k<7"> + 8kmrr?

)1 + 8kmr?

3r
600\!
Since h = 16, r = () or0=r=<=36
47
400k  Skmrr?
Cry=—- mr + 3kmr?
r 3
400k N 16kmr?
- 3
400k  32kwr
C'(r)=— +
(1) = ==+
LetC'(r) =0
400k 32kmr
P 3
S0 _ dmr
r? 3
47 = 150
L 150
dar
r=1229
h=897m

Note: C(0) — «

C(2.3) = 262.5k

C(3.6) = 330.6k

The minimum cost occurs when r = 230 cm and
h is about 900 cm.

450 450
18. C=115X + (35 +15.5)—
8§ —.1(s — 110) ( ) s
517.5 22725

= +
—.1s + 19 s
C— 517.5s — 2272.5s + 431775

19s — .1s?
C— 431775 — 1755s
19s — .1s?

To find the value of s that minimizes C, we need to
calculate the derivative of C.
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1755195 — .15?)

!

(19s — .1s%)?
(431775 — 1755s)(19 — 25)
- (19s — .1s%)?
Cr = (—33 3455 + 175.55%)
(19s — .15%)?
(8203725 — 119 700s + 351s%)
- (195 — .152)?
C = —175.5s% + 86 355s — 8203 725
(19s — .15%)?
LetC’ = 0:
—175.5s> + 86 3555 — 8203725 0
(19s — .1s%)?
s = 1284
There is a critical number at s = 128.4 km/h
s s<1284 128.4 s> 1284
c(s) - 0 +
Graph Dec. Local Min Inc.

There is a local minimum for s = 128.4, so the cost
is minimized for a speed of 128.4 km/h.
19.v(r) = Ar’(ry, — 1), 0=r=r,

v(r) = Argr* — AP

V' (r) = 2Ary — 3Ar?

Letv'(r) = 0:
2Aryr — 3Ar* =0
2rgr — 3r* =0
r(2ry —3r) =0
2r,
= O = —.
r orr=-—
v(0) =0
2r 4 2r,
) -%)
4
A(rg) =0
The maximum velocity of air occurs when radius
.21
is =

Review Exercise, pp. 156-159

1

L f(x) = x* — —
f) =t =
:X4_X_4

fl(x) =4x + 4x°
F"(x) = 12x* — 20x~°
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2.y=x"—7x*+2
d

o= ot 21
d’y
dx?
3.5(t) = >+ 2(2t — 3)

v =s'(t) =2t + %(u -3)7:(2)

= 72x7 — 42x

=2+ (2t —3):
a=s"(1) =2 — %(2: —-3)73(2)
=2- (u—-3)"

5
4.s(t)=t—7+?

=t—7+ 57!
v(t)=1— 5772
a(t) =10¢73

5.s5(t) = 45t — 5¢
v(t) =45 — 10¢

Forv(t) = 0,t = 4.5.

t 0=t<45 | 45 | t>45
v(t) + 0 -

Therefore, the upward velocity is positive for
0 =t <455, zero for t = 4.5 s, negative for
t>45s.

45 ¢
- 30
c
S
9 15 1
N
¢ 0 T
5 2
E -15-
=
> 301

_45_

t (seconds)

6. a. f(x) = 2x> — 9x?
f'(x) = 6x* — 18x
For max min, f'(x) = 0:
6x(x —3)=0
x=0orx=3.
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X f(x) = 2x3 — 9%
-2 - 52 min
0 0 max
3 - 27
4 - 16

The minimum value is —52.
The maximum value is 0.
b. f(x) = 12x — x°
f'(x) =12 — 3x?
For max min, f'(x) = 0:

3(4 —x2) =0
x=—-2o0orx=2
X f(x) = 12x — x°
—3 -9
—2 -16
2 16 max
5 —65 min

18
C. f(X) =2x + 7

f'(x)=2— 18x72
For max min, f'(x) = 0:

18
72:2
X
x>=9
x = £3.
X f(x)=2x+E
X
1 20
3 12
5 10+§:13.6

The minimum value is 12.

The maximum value is 20.

7.a.5(t) = 62 — 16t + 1
v(t) = =16 + 2t
s(0) = 62

Therefore, the front of the car was 62 m from the

stop sign.

b. Whenv =0,t = 8§,
5(8) = 62 — 16(8) + (8)*
=62 — 128 + 64

=-2

Yes, the car goes 2 m beyond the stop sign before

stopping.



c. Stop signs are located two are more metres from b, C(x) = 0.004x> + 40x + 8000
an intersection. Since the car only went 2 m beyond i, C (400) = 640 + 16 000 + 8000

the stop sign, it is unlikely the car would hit another = 24 640
vehicle travelling perpendicular. 24 640
&P p8 ii. = $61.60
8.s5()=1+2t— 400
+1 iii. C'(x) = 0.008x + 40
_ 16t C'(400) = 0.008(400) + 40
=2+ 8+ 1)2 =2+ -
v(t)=2+8(t"+1)7(2t) =2 @+ 1) — 4390
a(t) = 16(2 + 12 + 160(—2) (2 + 1) C'(401) = 0.008(401) + 40
= 16(2 + 1) 2 — 642(2 + 1) = $43.21

The marginal cost when x = 400 is $43.20, and the
cost of producing the 401st item is $43.21.

c. C(x) = Vx + 5000

=16(2+ 1) [ + 1 — 44
For max min velocities, a(z) = 0:

3 =1
1 i. C(400) = 20 + 5000
P = $5020
Ve . 5020
ii. C(400) = ——
t | vir=2+ 50t 400
(2 + 1) = $12.55
0 2 min 1 .
iii. C'(x)=_x"
1 15 16V3 2
Vel 2+7(%+31)2:2+§ =2 + 3V3 max _ 1
> 2Vx
2 | 2+-=328 CT{400) = 1
(400) =29
The minimum value is 2. = $0.025
The maximum value is 2 + 3V/3. = $0.03
9. u(x) = 625x " + 15 + 0.01x C'(401) = — 2
u'(x) = —625x* + 0.01 (401) 2V401
For a minimum, u'(x) = 0 = §0.025
x? = 62 500 = $0.03
x = 250 The cost to produce the 401st item is $0.03.
o d. C(x) = 100x* + 5x + 700
x| ul) ="+ 001 100
i. =—+ -
P i. C(400) 20 2000 + 700
250 | 2.5+ 2.5 = 5min - $227750§
625 . _ ii. C(400) =———
500 | Tog 5 =625 ii. C(400) 400
= $6.875
Therefore, 250 items should be manufactured to = $6.88
ensure unit waste is minimized. jii. C'(x) = — 506 + 5
10. a. C(x) = 3x + 1000 -5
i.  C(400) = 1200 + 1000 C'(400) = (20)° +5
o = 2200 = 5.00625
ii. = $5.50 = $5.01
L 40 C'(401) = $5.01
iii. C'(x)=3 The cost to produce the 401st item is $5.01.
The marginal cost when x = 400 and the cost of 11. C(x) = 0.004x> + 40x + 16 000

producing the 401st item are $3.00. Average cost of producing x items is
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16 000

C(x) = 0.004x + 40 +

To find the minimum average cost, we solve

C'(x)=0
0.004 — 1099 _
X
4% — 16 000 000 = 0
x? = 4,000 000
x = 2000, x > 0

From the graph, it can be seen that x = 2000 is a
minimum. Therefore, a production level of 2000
items minimizes the average cost.
12. a. s(t) =3 — 10

v(t) = 6t

v(3) =18
v(3) > 0, so the object is moving to the right.
5(3) = 27 — 10 = 17. The object is to the right of
the starting point and moving to the right, so it is
moving away from its starting point.
b.s(t) = —£ + 4> — 10

s(0) = —10

Therefore, its starting position is at — 10.
s(3) =-27+36 - 10

v(t) = =32 + 8t
v(3) = —27 + 24

= -3
Since s(3) and v(3) are both negative, the object
is moving away from the origin and towards its
starting position.

13. s=27z3+$+10,t>0

1
a.v = 817 —76
t
16
812 — > =0
t
81¢* = 16
16
th=—
81
t: —|—g
3
t>0

2
Therefore, t = 3

Calculus and Vectors Solutions Manual

dv 32
b.a=~— =162+ 5
T I

2 2 32
Atr=Za=12 %% + 5

37 37 2
=216

Since a > 0, the particle is accelerating.

14. Let the base be x cm by x cm and the height 4 cm.
Therefore, x4 = 10 000.

A = x*+ 4xh

10 000
But h = >
X

1
A(x) = x>+ 4x< 0x200>

400 000

= x>+ ,forx =5

400 000
A'(x) = 2x — 2

Let A'(x) = 0, then 2x = 40(1900
x> =200 000
x = 27.14.
Using the max min Algorithm,

A(5) =25 + 80000 = 80 025
A(27.14) = 15475
The dimensions of a box of minimum area is
27.14 cm for the base and height 13.57 cm.
15. Let the length be x and the width y.

X

P=2x+6yandxy = 12000 or y =
12 000

12 000
X

P(x)=2x+ 6 X
72 000

I
72 000
Al(x)=2— 2
Let A'(x) = 0,
2x* = 72 000

x? =36 000

x = 190.
Using max min Algorithm,

A(10) = 20 + 7200 = 7220 m?

A(190) = 759 m?

A(1200) = 1440 060

P(x) =2x +

10 = x = 1200(5 X 240)
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The dimensions for the minimum amount of fencing is
a length of 190 m by a width of approximately 63 m.
16. X

Let the width be w and the length 2w.
Then, 2w? = 800
w? = 400
w =20, w>0.
Let the corner cuts be x cm by x cm. The dimensions
of the box are shown. The volume is
V(x) = x(40 — 2x)(20 — 2x)
= 4x3 — 120x> — 800x, 0 = x = 10
V'(x) = 12x* — 240x — 800
Let V'(x) = 0:
12x% — 240x — 800 = 0
3x% — 60x — 200 =0

60 = V3600 — 2400

6
x =158 orx = 4.2, but x = 10.
Using max min Algorithm,

X =

V(0) =0
V(4.2) = 1540 cm?
V(10) = 0.

Therefore, the base is

40 —2 X 42 =316

by 20 —2 X 42 =11.6

The dimensions are 31.6 cm by 11.6 cm by

4.2 cm.

17. Let the radius be r cm and the height & cm.
V = ar*h = 500

A =2mr* + 2arh

500

Sinceh=—>,6=h=15
wr

500

A(r) = 2mr* + 27Tr(2>
r
1000
=2mr? + for2=r=<35

1000
A'(r) = 4mr — 2

Let A'(r) = 0, then 477> = 1000,

. 1000
dar

r=4.3.
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Using max min Algorithm,

A(2) = 550
A(4.3) = 349
A(5) = 357

For a minimum amount of material, the can should
be constructed with a radius of 4.3 cm and a height
of 8.6 cm.

18. R

'—
A c X B

«— 88— »
Let x be the distance CB, and 8 — x the distance AC.
Let the cost on land be $k and under water $1.6k.
The cost C(x) = k(8 — x) + 1.6k\V1 + x?,

0=x=8.

1 !
C'(x) = —k + 1.6k X 5(1 + x?)72(2x)

P 1.6kx
V1 + x?
Let C'(x) =0,
N 1.6kx
V1+ k2
l6x 1
V1 + k2
1.6x = V1 + x?
2.56x2 =1+ x?
1.56x2 =
x? = 0.64
x=08x>0
Using max min Algorithm,
A(0) = 9.6k
A(0.8) = k(8 — 0.8) + 1.6k\V1 + (0.8)* = 9.25k
A(8) = 12.9k

The best way to cross the river is to run the pipe
8 — 0.8 or 7.2 km along the river shore and then
cross diagonally to the refinery.

19. S y B

A

Let y represent the distance the westbound train
is from the station and x the distance of the

Chapter 3: Derivatives and Their Applications



northbound train from the station S. Let ¢
represent time after 10:00.

Then x = 100¢, y = (120 — 120¢)

Let the distance AB be z.

2=V (10002 + (120 — 120050 =t =1
dz 1 f
— = —[(1001)* + (120 — 120¢)*]
2~ 5110007+ ( )]
X [2 X 100 X 100t — 2 X 120 X (120(1 — ¢))]

d
Let e 0, that is
dt

2 X 100 X 100r — 2 X 120 X 120(1 — 1)
21/ (100¢)? + (120 — 120¢)? B
or 20 000t = 28 800(1 — 1)
48 800 = 288 000
288

0

t = 188 = 0.59 h or 35.4 min.
When ¢t = 0, z = 120.
t =0.59

2 =V/(100 X 0.59)% + (120 — 120 X 0.59)?

= 76.8 km
t=1,z =100
The closest distance between trains is 76.8 km and
occurs at 10:35.
20. Let the number of price increases be n.
New selling price = 100 + 2n.
Number sold = 120 — n.
Profit = Revenue — Cost
P(n) = (100 + 2n)(120 — n) — 70(120 — n),
0=n=120

= 3600 + 210n — 2n?

P'(n) =210 — 4n

Let P'(n) = 0
210 — 4n =0
n=525.

Therefore, n = 52 or 53.
Using max min Algorithm,

P(0) = 3600
P(52) = 9112
P(53) = 9112

P(120) = 0

The maximum profit occurs when the portable MP3 are

sold at $204 for 68 and at $206 for 67 portable MP3.

21. p
5

«— 20 km—

Let x represent the distance AC.
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Then, RC = 20 — x and 4.

PC =V25 + x?

The cost:
C(x) = 100 000V25 + x>+ 75 000(20 — x),
0=x=20

1 1
C'(x) = 100000 X (25 + x?)4(2x) = 75 000.

Let C'(x) =0,
100 000x
———75000=0
V25 + x2
dx = 3V25 + x2
16x* = 9(25 + x?)
7x? = 225
x>=32
x =5.7.

Using max min Algorithm,
A(0) =100 000V25 + 75000(20) = 2 000 000

A(5.7) = 100 000V25 + 5.7 + 75000(20 — 5.7)
= 1830 721.60

A(20) = 2061 552.81.

The minimum cost is $1 830 722 and occurs when

the pipeline meets the shore at a point C, 5.7 km

from point A, directly across from P.

22, :3cm
=
v
h N
w
A = hw
8l =(h —6)(w—4)
81
-6 " 4
81
+ =
-6 4 =w
81 +4(h—6)
h—6
4h + 57
h—6

Substitute for w in the area equation and differentiate:
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4h + 57
A= (h) P
_4h% + 57h
. h—6
o (8h + 57)(h — 6) — (4h* + 57h)
- (h —6)
- 8h> + 9h — 342 — 4h* — 57h
- (h — 6)
o 4h* — 48h — 342
~ (h—6)
Let A’ = 0:
4h? — 48h — 342 0
(h -6y

Therefore, 4h> — 48h — 342 = 0
Using the quadratic formula, # = 17.02 cm

¢ = —280000 oo,
y
| 284y% — 240 000
C' = 5
Let C' = 0;
284y — 240000 _

y2

Therefore 284y? — 240 000 = 0
284y? = 240 000

y=291m

y ¥y <29.1 29.1 y>29.1
c(y) - 0 +
Graph Dec. Local Min Inc.

h t<17.02 17.02 t>17.02
A’(h) - 0 +
Graph Dec. Local Min Inc.

There is a local minimum at 2z = 17.02 cm, so that is
the minimizing height.
8l =(h—6)(w—4)
81 =11.02(w — 4)
735=w —4
w = 11.35cm
The dimensions of the page should be
11.35cm X 17.02 cm.
23.

X
== = Brick —— =Fence
C = (192 + 48)x + 192(2y)
C = 240x + 284y
1000 = xy
1000
— =X

. 1000 . . .
Substitute o for y in the cost equation and differen-

tiate to find the minimizing value for x:

1000

C= 2407 + 284y
C— 240 000 T 284y
3-32

There is a local minimum at y = 29.1 m, so that is the
minimizing value. To find x, use the equation

1000
1000 _
y
1000
291
X =344m

The fence and the side opposite it should be 34.4 m,
and the other two sides should be 29.1 m.

24. Boat 2

Boat 1 Dc;ck

The distance between the boats is the hypotenuse of a
right triangle. One side of the triangle is the distance
from the first boat to the dock and the other side is
the distance from the second boat to the dock. The

distance is given by the equation

d(t) = V (15t)* + (12 — 12¢)? where ¢ is hours
after 2:00

d(t) = V3692 — 288t + 144

To find the time that minimizes the distance, calculate
the derivative and find the critical numbers:

() = 738t — 288
V8172 — 48t + 144
Letd'(t) = 0O:
738t — 288 B
V8172 — 48t + 144
Therefore, 738t — 288 = 0
738t = 288
t = .39 hours
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t t<.39 .39 t> .39
d'(t) - 0 +
Graph Dec. Local Min Inc.

There is a local minimum at ¢t = .39 hours, so the
ships were closest together at 2:23.
25. Dundas

*

Let the distance from C to the rest stop be x and so
the distance from the rest stop to D is 8 — x, as
shown. The distance from Ancaster to the rest stop
is therefore

\/42 + x? = \/16 + x2, and the distance from the
rest stop to Dundas is

V6> + (8 — x)> = V36 + 64 — 16x + 2

= V100 — 16x + x?

So the total length of the trails is
L =V16 + x> + V100 — 16x + x>
The minimum cost can be found by expressing L as
a function of x and examining its derivative to find
critical points.
L(x) = V16 + x* + V100 — 16x + x2, which is
defined for0 = x = 8
2x 2x — 16
L'(x) =
()= WVie+ 2 T 2Vio0 - tex + 2
_ xV100 — 16x + x>+ (x — 8)V16 + x?
V(16 + x2)(100 — 16x + x2)
The critical points of A (r) can be found by setting
L'(x)=0:
x¥V100 — 16x + x> + (x — 8)V16 + x> =0
x2(100 — 16x + x?) = (x> — 16x + 64)(16 + x?)
100x% — 16x> + x* = x* — 16x° + 64x>
+ 16x> — 256x + 1024

20x? + 256x — 1024 = 0
4(5x —16)(x +16) =0
So x = 3.2 and x = —16 are the critical points of
the function. Only the positive root is within the
interval of interest, however. The minimum total
length therefore occurs at this point or at one of the
endpoints of the interval:
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L(0) = V16 + 0% + V100 — 16(0) + 0*> = 14
L(32) = V16 + 322 + V100 — 16(32) + 3.22
=128
L(8) = V16 + 8 + V100 — 16(8) + 8 = 14.9

So the rest stop should be built 3.2 km from point C.
26.a.f(x) =x*—2x+6,-1=x=7

f'(x)y=2x -2
Set f'(x) =0
0=2x—2
x=1

f(=1)= (-1 =-2(-1)+6
f(=1)=1+2+6
f(=1)=9
f(7) = (7)Y =2(7)+6
f(7) =49 — 14 + 6
f(7) =41
f(1H)y=1"-2(1)+6
f(ly=1-2+6
f(1) =5
Absolute Maximum: f(7) = 41
Absolute Minimum: f(1) = 5

b. f(x)=x>+x*-3=x=3
f(x) =3x* + 2x

Set f'(x) =0
0 =3x>+2x
0=x(3x+2)
X = —gorx =0

f(=3) = (=3)° + (=3)
f(=3)=-27+9
f(=3) = —18

ENERE
()53

()4

f(0) = (0)* + (0)*

f(0) =0

f3) =3y + 3y
f(3)=27+9
£(3) = 36

Absolute Maximum: f(3) = 36
Absolute Minimum: f(—=3) = —18

c. fx)=x>—12x+2,-5=x=5
fi(x)=3x*—12
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Set f'(x) = 0

0=3x*-12
x> =4
x=—-2o0rx =2

f(=35)= (=57 —-12(-5) +2
f(=5)=—-125+60 + 2
f(=5)=—-63
f2) = (2 —12(2) + 2
f2)=8-24+2
f(2)y=-14
f(=2)= (-2 —12(-2) + 2
f(=2)=—-8+24+2
f(=2) =18
f(5) = (5)° = 12(5) + 2
f(5) =125 — 60 + 2
f(5) =67
Absolute Maximum: f(5) = 67
Absolute Minimum: f(—5) = —63
d f(x)=3x"-5 -2=x=4
f(x) = 15x* — 15x2
Setf'(x) =0
0 = 15x* — 15x2
0 =15x*(x* — 1)
0=152(x — 1)(x + 1)
x=—lorx=0o0rx =1
f(=2) = 3(=2)’ = 5(=-2)’
f(=2) = =96 + 40

f(=2) = =56
f(0) = 3(0)° + 5(0)°
f(0)=20

Note: (0, 0) is not a maximum or a minimum
f(4) =3(4) - 5(4)°
f(4) = 3072 — 320
f(4) = 2752
f(=1) =3(=1y = 5(=1)°
f(-=1)=-3+5

f(=1)=2
f(1) =31y - sy
f1)y=3-5
fay=-2

Absolute Maximum: f(4) = 2752
Absolute Minimum: f(—2) = —56
27.a.s(t) = 20t — 0.3

s'(t) =20 — 0.9¢
The car stops when s'(t) = 0.
20 — 0.9 =0

0.9> = 20

3-34

20
0.9

t=4.714
(—4.714 is inadmissible)

s(4.714) = 20(4.714) — 0.3(4.714)°
=629 m

b. From the solution to a., the stopping time is
about 4.7 s.

=

c.s"(r) = —1.8¢
s"(2) = —1.8(2)
= —3.6 m/s?

The deceleration is 3.6 m/s?.

28.a.f'(x) = %(5)63 - Xx)

=15x* - 1
F7(x) = (156 = 1)
dx
= 30x

So £ (2) = 30(2) = 60
b. f'(x) = (%(—2;(3 + x?)
=6x '+ 2x
d . 4
f"(x) = a(@c + 2x)
= —24x 42
Sof"(~1) = —24(—1)" + 2 = 26
c.f'(x) = dix(4x —1)*
= 4(4x — 1)(4)
— 16(4x — 1)}
£ () = S (16(4x = 17)
= 16(3)(4x — 1)(4)
= 192(4x — 1)
So £ (0) = 192(4(0) — 1)? = 192

d. f'(x) = ch(xz—)CS)

_(x=5@) - 291)
(x = 5)
_ 1o
(x = 5)

Lo df —10
f (x) - dx((x _ 5)2)
_ (x=5)%(0) = (=10)(2(x = 5))
(x = 5)*
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20
(x = 5)°
20 5

SO A5 T Tie

e. f(x) can be rewritten as f(x) = (x + 5). Then

£ = g+ 9))
= %(x +5)

=43 s)

OEE

1 3
= —Z(x + 5)7

1 3 1
Sof"(4) = —;(4+5)2 =72

f. f(x) can be rewritten as f(x) = x*. Then

29. a. S(t) = m

o (@ +3)(2) —2i(1)
SO =Ty
24+ 6— 2t
o (r+3)?
6
C o (r+3)

_ (t+3)(0) —6(2(t +3) + 1)

s"(1) (t + 3)

—6(2t + 6)
(t+3)*
_ —12(¢ + 3)
o (t+3)

Calculus and Vectors Solutions Manual

18

At ¢ = 3, position is 1, velocity is #, acceleration is

—%, and speed is &.

5
b.s(t) =t + ——
s(?) [+ 2

(t+2)(0) —5(1)
(t+2)
5
(4 2)
(+27(0) — 5[2(1 + 2)(1)]

s'(t) =1+

s"(£) = 0

(t+2)*
_10(r + 2)
e+ 2)
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10

(1+2)°

10

S 27
At t = 3, position is §, velocity is 3, acceleration is
19 and speed is 3.
30.a.5(t) = (A +1),t=0

v(t) = %(ﬂ +1)75(2t + 1)

a(r)

s"(1) =

WIN WI[N

(-3)@ + 0@+ 17— 6@ + 1)
= —%(zz + )42 + 4+ 1 - 62 — 61)

2 4
= §(z2 + )73+ 2t — 1)

_3(5) —s(0)

S 5-0

_ (52 +5) = (0* + 0y
5

b. vy,

30°-0
-5
= 1.931
The average velocity is approximately 1.931 m/s.

c.v(5) = %(52 +35)73(2(5) + 1)

2 1
= 5(30) i(11)

= 2.360
The velocity at 5 s is approximately 2.36 m/s.
d. Average acceleration = v) = v(0) which is

undefined because v(0) is undeﬁ_ned.

e.a(5) = %(52 +5)73(205) +2(5) = 1)

20
= 5(30 ) (59)
= 0.141

The acceleration at 5 s is approximately 0.141 m/s”.

Chapter 3 Test, p. 160
l.a. y="7x*—9x + 22

y =14x -9
y' =14
3-36

{_;(ﬂ + t)‘%(Zt + )2t + 1)+ 2( + 1)_§

b. f(x) = —9x°> — 4x> + 6x — 12
fl(x) = —45x* —12x> + 6
f"(x) = —180x* — 24x

c.y=5x73+10x°
y' = —15x"* 4 30x?
y" = 60x" + 60x

d. f(x) = (4x — 8)°
f'(x) = 3(4x — 8)*(4)

= 12(4x — 8)*
f"(x) = 24(4x — 8)(4)
= 96(4x — 8)

2.a. s(t) = =3 + 5> — 6t
v(t) = =92 + 10t — 6
v(3) = —9(9) + 30 — 6
= —57
a(t) = —18¢ + 10
a(3) = —18(3) + 10
= —44
b. s(t) = (2t — 5)°
v(t) = 3(2t — 5)*(2)

=6(2t —5)
v(2) = 6(4 — 5)?
=6
a(t) = 12(2t — 5)(2)
=24(2t — 5)
a(2) = 24(4 - 5)
= —24
Joa.s(t)=1*—3t+2
v(t)=2t—3
a(t)y =2
b.2t—3=0
t=15s

s(1.5) =15 -3
(1.5) +2= —-0.25
c. £—-3t+2=0
(t—1)(t—-2)=0

t=1lort=2
()| =|-1]
=1
v(2)] = [1]
=1

The speed is 1 m/s when the position is 0.
d. The object moves to the left when v(¢) < 0.
2t—=3<0

t<15
The object moves to the left between ¢ = 0 s and
t=15s.
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e.v(5)=10—-3=7m/s
v(2)=4-3=1m/s

. 7-1
average velocity = 5 5
=2m/s’

4. a. f(x)=x>—12x + 2
f'(x) =3x* — 12x
3> —12x =0
3x(x —4)=0
x=0orx =4
Test the endpoints and the values that make the
derivative 0.
f(=5)=—-125+ 60 + 2 = —63 min
£(0) =2
f(4)=64 —48 +2 =18
f(5) = 125 — 60 + 2 = 67 max

9
b. f(x)=x+;

=x+ 9x!
fl(x)y=1-—9x72
1-9x2=0
9
1-—==0
22
2
-9
X 9y
X
x>=9=0
x = =3
x = —3is not in the given interval.

f)y=1+9=10 max

f3)=3+3=6 min

f(6)=6+15=175

5.a. h(t) = —4.9* + 21t + 045
h(t) = —9.8t + 21

Set 4'(t) = 0 and solve for .

—-98+21=0
9.8t =21
t=21s

The graph has a max or min at ¢t = 2.1 s. Since the
equation represents a parabola, and the lead coefti-
cient is negative, the value must be a maximum.
b. h(2.1) = —4.9(2.1)* + 21(2.1) + 0.45

=229
The maximum height is about 22.9 m.

G.I

X

l
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Let x represent the width of the field in m, x > 0.
Let y represent the length of the field in m.
4x +2y =2000 (D
A =xy @
From (D: y = 1000 — 2x. Restriction 0 < x < 500
Substitute into (2):
A(x) = x(1000 — 2x)
= 1000x — 2x?
A'(x) = 1000 — 4x.
For a max min, A'(x) = 0, x = 250

X A(x) = x(1000 — 2x)

0 lim A(x) =0
x—=0"

250 | A(250) = 125 000 max

1000| lim A(x) =0
Xx—1000

x = 250 and y = 500.

Therefore, each paddock is 250 m in width and

2% m in length.

2x

Let x represent the height.
Let 2x represent the width.
Let y represent the length.
Volume 10 000 = 2x?%y
Cost:
C = 0.02(2x)y + 2(0.05)(2x?%)
+ 2(0.05)(xy) + 0.1(2xy)
= 0.04xy + 0.2x> + 0.1xy + 0.2xy
= 0.34xy + 0.2x°

Bty — 10000 _ 5000
Y 2x? xt
5000
Therefore, C(x) = O.34x< 5 ) + 0.2x°
x
1700
=—+02x%5x=0
x
—1700
C'(x) = s + 0.4x.
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Let C'(x) = 0:
—1700
2 +04x =0
0.4x* = 1700
x® = 4250
x =16.2.
Using max min Algorithm,
C(0)—>
1700
C(16.2) = 162 + 0.2(16.2)* = 157.4.

Minimum when x = 16.2, 2x = 32.4 and y = 19.0.
The required dimensions are 162 mm by 324 mm
by 190 mm.

3-38

8. Let x = the number of $100 increases, x = 0.
The number of units rented will be 50 — 10x.
The rent per unit will be 850 + 100x.

R(x) = (850 + 100x)(50 — 10x)

R'(x) = (850 + 100x)(—10) + (50 — 10x)(100)
= —8500 — 1000x + 5000 — 1000x
= —2000x — 3500

SetR'(x) =0

0 = —3500 — 2000x

2000x = —3500

x=—-175butx =0
To maximize revenue the landlord should not

increase rent. The residents should continue to pay
$850/month.
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CHAPTER 3
Derivatives and Their Applications

Review of Prerequisite Skills, e. y
pp. 116-117

1. a. 34 4+ N
3_
\ SaNUA b d

4 T T ™0 T T T
6-4120 2\4 6

2 /' ~4

1 10 T T 3 —8+

-6 -4 —2_2_/4 6 1o

—6 2.a.3(x—2)+2(x—-1)—-6=0
3x—6+2x—2—-6=0
c S5x =14
. y
6- y= B
4- 5
1 2 x—=35
2- —(x—2)+S(x +3) =
. b3(x 2) 5(x 3) >
—6 -4 _2'_20_ 2 4 6 10(x —2) + 12(x + 3) = 15(x — 5)

10x — 20 + 12x + 36 = 15x — 75

] 2x + 16 = 15x — 75
~67 7x = —91
x=—13
d. y c. P—4+3=0
6 (t=3)t—-1)=0
4+ t=3o0rt=1

2 d. 22 —-5-3=0
% (2t+1)(t-3)=0

£ 5] 1
_i_ tz—aortz?)
—6- 6 t
: S +-=4
¢ )
12+ =28t

?—8+12=0
(t—06)t—2)=0
Lt=2ort=6
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f. X+ 2x2—=3x=0 5.a.SA = 2@rh + 2@

x(x*+2x—3)=0 =2m(4)(3) + 2w (4)*
x(x +3)(x—1)=0 — 247 + 32m
x=0orx=—-3o0orx=1 = 561 cm?
g. x> —8?+ 16x =0 V = ar’h
x(x* =8 +16) =0 = 7(4)*(3)
x(x —4)Y% =0 = 487 cm’®
x=0orx =4 b. V = 7r’h
h. 4°+122—-t-3=0 967 = w(4)*h
42(t+3)—1(t+3)=0 h =6cm
(t+3)4r—1)=0 SA = 2mrh + 2ar?
(t+3)2t—1)2t+1)=0 =27 (4)(6) + 27 (4)*
1 1 = 487 + 327
t=—30rt=§0rt=—5 — 807 cm?
io4rt—132+9=0 c. V=marh
47 =9 -1)=0 2167 = mr*(6)
9 r=6cm
t=x orr=xl1 SA = 2mrh + 2mr
3adx-2>7 =2m(6)(6) + 2m(6)’
3x>9 =727 + 72
Y>3 = 1447 cm?®
b.x(x _ 3) >0 d. SA = 27rh + 2mr?
. - 1207 = 27 (5)h + 2w (5)?
l l 1207 = 10mwh + 507
o 3 707 = 10h
x<Qorx>3 h =7cm
c.—x>+4x>0 V = wrth
- - = 7(57(7)
0 4 = 1757 cm?®
6. For a cube, SA = 65> and V = s°, where s is the
x(x —4)<0
0<x<4 length Sf any ;:dge of the cube.
4.a. P = 4s a.54 =6(3) ’
20 = 4 = 54 cm
s V=3
A= g2 =27cm?
_ 5 b. SA = 6(\/5)’
=25 cm? = 30 cm?
b. A =1Iw _ 3
= 8(6) = 48 cm? v=(V5)
c. A=mr’ = 5V5cm?
= m(7) c. SA = 6(2V/3)
L = ;977 cm? = 72 cm?
.C = 27r
127 = 27r V= (2\@)3
6=r = 24\/3 em®
A =mar’ d. SA = 6(2k)?
=76 = 24k% em’
= 367 cm V= (2k)
= 8k* cm?®
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8. a. {xeR|x > 5}

b. {xeR|x = —1}

c. {xeR}

d. {xeR|-10 =x = 12}
e.{xeR|-1<x <3}

f. {xeR|2 = x <20}

9. a. \ /
Hinirum \T/
H=i ==L

The function has a minimum value of —5 and no
maximum value.
b.

Naximur
n=-t | )

The function has a maximum value of 25 and no
minimum value.

¥=z

The function has a minimum value of 7 and no
maximum value.
d.

z0 =i

The function has a minimum value of —1 and no

maximum value.

€.
m R4

u
1zzH68 1Y=-1

The function has a minimum value of —1.
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W=1.EF07969 |Y=E

The function has a maximum value of 5.

AT

H=z.1415814 |y=-7

The function has a minimum value of —7.

LAV

ax
W=1.EP078E1 |Y=-2

The function has a maximum value of —3.

3.1 Higher-Order Derivatives, Velocity,
and Acceleration, pp. 127-129

Lv(l)=2-1=1
v(5)=10—-25=—15

At t = 1, the velocity is positive; this means that
the object is moving in whatever is the positive
direction for the scenario. At t = 5, the velocity is
negative; this means that the object is moving in
whatever is the negative direction for the scenario.
2.a.y = x'0 + 3x°

y' = 10x" + 18x°

y" = 90x% + 90x*

b. f(x) = \/;c = x
1 .
frlx) =5x
1
Fr) = =
c. y=(1—-x)?
y'=2(1-x)(-1)
=—-2+2
y” — 2
d.h(x) =3x* —4x* - 3x* -5
R (x) = 12x* — 12x* — 6x
h"(x) = 36x* — 24x — 6
e.y= 46 — x 2
y = 6xF + 2x 3
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b
=
—~

=
N—

Il
—_

X
(x + D) — (20)(1)

F'x) = (x + 1)
X +2-2
 (x+ 1)

_ 2
C(x 1)

o= @ DY) = @)Cx + 1)

f”( ) (x+1)4

_ —4x -4
C(x+ 1)
g.y=x>+x"?
y =2x —2x73
y' =2+ 6x"*
—2+

h. g(x) = (3x — 6):
g0 =3Gr-6)"

&) =~ Gx = 6)
B 9
~ 4(3x - 6)
iy = (2x + 4)°
y = 6(2x + 4)?
y' = 24(2x + 4)
— 48x + 96
joh(x) = x

3.a.5(t) = 52 — 3t + 15
v(1) = 10t — 3
a(t) =10
b. s(t) = 26 + 36t — 10
v(t) = 61 + 36
a(t) = 12¢

3-4

c.s(t)=t—8+g

=t—8+6t"
v(t)=1—6t72
a(t) =12t73
d.s(¢) = (¢t — 3)
v(t) =2(t = 3)
a(t) =2

e.s(t)=Vr+1

v(t) = %(z +1)7

a(t) = —%(r +1)7

Ot
f. s(1) 3
9(t +3) — 9t
V(t) - ([ + 3)2
27
(t + 3)°
a(t) = —54(t + 3)7°
4.a.i.t =3
H.1<r<3
fi.3<r<5
b.i.t=3,t=7

i1 <r<3,7<t<9
ii.3<r<7

1
5.a.s=§t3—2t2+3t

v==1—4t+3

a=2t—4
b. Forv = 0,
t-3)t—-1)=0
t=3ort=1.
o=+
01 3

The direction of the motion of the object changes at
t=1and?=3.
c. Initial position is s(0) = 0.

Solving,
1
0=_1 -2+ 3t
3
= -6+ 9
=t(* —6t+9)
=t(t — 3)

t=0 or t=3
s=0 or s=0.
The object returns to its initial position after 3 s.
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1
6.a.5 = —gt2+t+4

2
- 211
V=73

2
V(l) = —g‘f‘ 1

1
3
2
v(4) = ~3 (4) +1
5
-3
For t = 1, moving in a positive direction.
For t = 4, moving in a negative direction.
b.s(t) = t(t — 3)*
v(t) = (1 = 3)* + 2t(t — 3)
=(t—3)(t—3+2)

= (t—3)(3t—3)
=30t —1)(—3)
v(1)=0
v(4)=9

For ¢t = 1, the object is stationary.
t = 4, the object is moving in a positive direction.
c.s(t) =1 — 7 + 10t

v(t) = 32 — 14t + 10

v(l)= -1

v(4)=2

For ¢t = 1, the object is moving in a negative direction.
For ¢t = 4, the object is moving in a positive direction.

T.a.s(t) =1 —6t+38

v(t) =2t -6
b.2t —6=0
t=3s

8.5(t) = 40t — 5¢°

v(t) = 40 — 10¢
a. When v = 0, the object stops rising.

t=4s

b. Since s(#) represents a quadratic function that
opens down because a = —5 < 0, a maximum

height is attained. It occurs when v = 0. Height is
a maximum for
s(4) = 160 — 5(16)

= 80 m.

9.5(t) =8 —Tt+ 1
v(t) = =7+ 2t
a(t)y =2

a.v(5)=-7+10

=3m/s

b. a(5) = 2m/s?

Calculus and Vectors Solutions Manual

10. s(¢) = 13(7 — 1)
a. v(t) = %t3(7 —1) — 1

b. The object stops when its velocity is 0.
355 T
t) = 7ti — 7[5

7 3
= 2t (5-1
v(t) = 0 for t = 0 (when it starts moving) and
t=>5.
So the object stops after 5 s.
¢. The direction of the motion changes when its

velocity changes from a positive to a negative value
or visa versa.

t 0=t<5 t>5

v(1) (H)(+) =+ 0

(+)(-) = -

7
v(t) = Eﬁ(S -1 v(t)=0fort =5
Therefore, the object changes direction at 5 s.
35 .
d. a(t) = 0 for It5(6 -1 =0.
t=0ort=6s.

t 0<t<6 t>6

a0 | () =+ O

Therefore, the acceleration is positive for
0<t<6bs.

Note: t = 0 yields a = 0.

e. Att = 0, s(0) = 0. Therefore, the object’s
original position is at 0, the origin.

When s(t) = 0,
37 -1)=0
t=0ort="17.

Therefore, the object is back to its original position
after 7 s.
11. a. h(t) = =562 + 25¢

v(t) = —10t + 25

v(0) =25m/s

3-5



b. The maximum height occurs when v(¢) = 0.
10t +25=0

t=25s
h(2.5) = —5(2.5)* + 25(2.5)
=31.25m

c. The ball strikes the ground when () = 0.
-5+ 25t =0
=5t(t—5)=0
t=0ort=5
The ball strikes the ground at ¢ = 5's.
v(5) = =50 + 25

= —25m/s
12.5(1) = 61 + 2¢
v(t) =12t + 2
a(t) =12

a.v(8) =96 +2 =98m/s
Thus, as the dragster crosses the finish line at
t = 8s, the velocity is 98 m/s. Its acceleration is
constant throughout the run and equals 12 m/s>.
b. s =60
61> + 2t — 60 = 0

2032+t —30)=0
2(3t +10)(t —3) =0
_ —10

t= 3 or t=3
inadmissible  v(3) = 36 + 2
0=t=8 =38

Therefore, the dragster was moving at 38 m/s when
it was 60 m down the strip.
13.a.5s =10+ 61 —

v=6-—12t

The object moves to the right from its initial
position of 10 m from the origin, 0, to the 19 m
mark, slowing down at a rate of 2 m/s. It stops at
the 19 m mark then moves to the left accelerating at
2 m/s? as it goes on its journey into the universe. It

passes the origin after (3 + \/E) .

t=6
&0 Y¢=3
Z10-5 0 5 10 15 20 25 °
b.s=¢—-12t—9
v=32-12
=3(—4)
= 3(t = 2)(t + 2)
a = 6t
3-6

The object begins at 9 m to the left of the origin, 0,
and slows down to a stop after 2 s when it is 25 m
to the left of the origin. Then, the object moves to
the right accelerating at faster rates as time increases.
It passes the origin just before 4 s (approximately
3.7915) and continues to accelerate as time goes by
on its journey into space.

270

1 1 1 1 1 1 1 1 1
-30-25-20-15-10-5 O 5 10 3
14. s(t) =1 — 107

v(t) = 5t* — 20t
a(t) =208 — 20

For a(t) = 0,
2068 =20 =10
202 —1)=0
t=1.
Therefore, the acceleration will be zero at 1 s.
s(1)=1-10
= -9
<0
v(l)=5-20
=-15
<0

Since the signs of both s and v are the same at
t = 1, the object is moving away from the origin at
that time.
15. a. s(t) = kt* + (6k*> — 10k)t + 2k
v(t) = 2kt + (6k* — 10k)
a(t) =2k +0
=2k
Since k # 0 and ke R, then a(t) = 2k # 0 and an
element of the Real numbers. Therefore, the
acceleration is constant.
b. Forv(z) = 0
2kt + 6k* — 10k = 0
2kt = 10k — 6k>
t=5-3k
k#0
s(5 = 3k)
= k(5 — 3k)*> + (6k* — 10k)(5 — 3k) + 2k
= k(25 — 30k + 9k*) + 30k*> — 18k>
— 50k + 30k* + 2k
= 25k — 30k® + 9k> + 30k*> — 18k* — 50k
+ 30k* + 2k
= —9k> + 30k? — 23k
Therefore, the velocity is 0 at t = 5 — 3k, and its
position at that time is —9k> + 30k*> — 23k.
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16. a. The acceleration is continuous at ¢ = 0 if
lima(z) = a(0).
t—0

Fort= 0,
t3
W=
322(2 + 1) — 2t(£)
and v(r) = @+ 1)
43
(P + 1)
(46 + 61) (1> + 1)?
and a(t) = @+ 17
_2(2 + D20 (r* + 3%)
(* + 1)
_@e 60+ 1) — (et + 38)
(* +1)°
AP+ 68 + 48 + 6t — 4 — 127
(* + 1)
=28 + 6t
(+ 1)
0,ifr <0
Therefore, a(r) = § —2 + 61 =0
(£ + 1)
0,ifr <0
_ 4
andv(n) = ) L3 o
(#+ 1)

lima(t) = 0, lima(t) =
—0" —0"

e ~lo

Thus, lima(¢) = 0.
t—0

0
Also, a(0) = 1

= 0.
Therefore, lima(t) = a(0).
t—0

Thus, the acceleration is continuous at ¢t = 0.

t* + 3¢?
b. imv(¢) = lm ———5——
>+ (®) ottt 22+ 1
3
1~|—?
= lim 1
t%+ocl+72+t74
=1
-2 6
P
lim a(¢) = lim a3 1
t—+o» t—)oc1+2+4+ﬁ
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— o

=0
17.v = \/b? + 2gs
v = (b® + 2gs)

dv 1 , 1 ds
- = _l’_ 2 o _l’_ -
2 (b 2gs) (O 2g dt)

1
a=—-2gv
2v &
a=g
Since g is a constant, a is a constant, as required.

ds
Note: — =
ote ” %

dv
=q

e
d v
18. F = Il i e——
il )
Using the quotient rule,

dv v o1 v f 2w
iy (=5 = 0= 5 (25)

y2
1=
c

. dv
Since — = a,

dt
G M S

v2
=5
c
ac? — av? vza}
_my c2 <z
v2\3
(1-&)
B myac*
=——"
2( _ ‘L)Z
c|1 2
mya

= T a as required.
(1 -3)
C

3.2 Maximum and Minimum on an

Interval (Extreme Values), pp. 135-138

1. a. The algorithm can be used; the function is
continuous.

b. The algorithm cannot be used; the function is
discontinuous at x = 2.

¢. The algorithm cannot be used; the function is
discontinuous at x = 2.
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d. The algorithm can be used; the function is
continuous on the given domain.

2. a. max 8; min —12

b. max 30; min —5

c¢. max 100; min —100

d. max 30; min —20
Joaf(x)=x>—4x+3,0=x=3

f'(x) =2x — 4
Let 2x — 4 = 0 for max or min
x=2
f(0) =3

f)y=4-8+3=-1
f3)=9-12+3=0
maxis3atx =0
minis —1latx =2

34(0,3)

(3, p)x
S5 09 N
(2,-1)

b. f(x) = (x —2)%0=x=2

ff(x)=2x—14
Let f'(x) = 0 for max or min
2x—4=0
x=2
f(0) =4
f2)=0

maxisdatx =0
minis2 atx = 2

y

10

4_‘(’4)

2_

(2,0) x

—I—I—I 0 hd T T
6 -4 2_2_ 2 4 6

_4_

_6_

c.f(x)=x*—-3x% -1=x=3
f'(x) = 3x* — 6x
Let f'(x) = 0 for max or min

3x2—6x=0

3x(x—2)=0

x=0orx =2
f(-1)=-1-3

= —4

3-8

f(0) =0
f(2)=8-12
= —4
f(3) =27 - 27
=0
minis —4atx = —1,2
maxisOQatx =0,3
Yy
4_
2_
T X
3 S SRTEEL
2_
4_

d. f(x) = x — 3%, xe[-2,1]

f'(x) = 3x* — 6x
Let f"(x) = 0 for max or min
3x* —6x =0
3x(x —2)=0

x=0orx =2
x = 2 is outside the given interval.

f(=2) = ~20
f(0)=20
f1) =-2
maxisOatx =0
minis —20atx = —2
y
8_
X
BYEEE TEED
_8_
_'|6_
_24_

e f(x) =2x—3x* — 12x + 1, xe[—2,0]
f(x) =6x*—6x — 12

Let f"(x) = 0 for max or min
6x> —6x —12=0

X>—x—-2=0
x=2)x+1)=0
x=2o0rx = —1

Chapter 3: Derivatives and Their Applications



f(=2)=—16 — 12 + 24 + 1

=-3
f(=1) =38
f(0) =1
f(2) = not in region
max of 8atx = —1
min of =3 atx = —2
sy
4
b X
4 _1 0 2
_4_

1 5
f. f(x) = §x3 - Exz + 6x,x€[0, 4]

fl(x)y=x*>*-5x+6
Let f'(x) = 0 for max or min
X¥=5x+6=0
(x—2)x—-3)=0
x=2o0rx=3

() =0
o) =
f3) =5
@ =5

maxis Latx =4
minisOatx =0

y
6_
4_
2_
X
30
_2_
4
4.a.f(x) =x +—
X
4
’ =1-—
f(x) o
x> —4
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Set f'(x) = 0 to solve for the critical values.

x> —4
x? =0
xX>—4=0
x=—2)x+2)=0
x=2,x= -2

Now, evaluate the function, f(x), at the critical
values and the endpoints. Note, however, that —2
is not in the domain of the function.

ﬂU=1+%=1+4=5

4
f@y=2+5=2+2=4
f(10)=10+i=5—0+%=5—2=10.4

10 5 5 5
So, the minimum value in the interval is 4 when

x = 2 and the maximum value is 10.4 when x = 10.

b. f(x)=4Vx—x,2=x=9

flx)y=2x¢"-1
Let f'(x) = 0 for max or min
%— 1=0
Vx =2
x =4
f(2)=4VvV2-2=36
f(4)=4V4—4=4
f(9)=4V9-9=3

min value of 3 when x = 9
max value of 4 when x = 4

1
c.f(x) —m,OSXSZ
fl(x)=—(x*—2x+2)%(2x — 2)
B 2x — 2
(-2 +2)
Let f'(x) = 0 for max or min.
2x — 2 —0
(x> —2x +2)
2x—2=0
x=1

f0) = 5. f(1) = 1.f2) = 5

max value of 1 whenx = 1
min value of  when x = 0, 2
d. f(x) = 3x* — 4x® — 36x> + 20
f(x) =12x° — 12x* — 72x
Set f'(x) = 0 to solve for the critical values.
120 = 12x* = 72x = 0
12x(x* —x—6)=0
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12x(x = 3)(x +2)=0
x=0,x=3,x= -2
Now, evaluate the function, f(x), at the critical
values and the endpoints.
f(=3) =3(—=3)* — 4(—3)* = 36(—3)> + 20 = 47
f(=2) =3(=2)*— 4(—2)° — 36(—-2)>+20 = —44
£(0) = 3(0)* — 4(0)* — 36(0)* + 20 = 20
f(3) = 3(3)* — 4(3)> — 36(3)* + 20 = —169
f(4) =3(4)* — 4(4)> — 36(4)> + 20 = —44
So, the minimum value in the interval is —169
when x = 3 and the maximum value is 47 when
x = —3.
4x

= D =x=
e. f(x) 241 2=x=4
, CA4(x?+ 1) — 2x(4x)
f (x) - (xz + 1)2
=4+ 4
x> +1
Let f'(x) = 0 for max or min:
—4x*+4=0
x*=1
x = =1
-8
—2) = —
f(-2) =~
—4
_1 -
f-n==
= -2
4
1) =—
1) =3
=2
16
4) = —
max value of 2 when x = 1
min value of —2 whenx = —1

f. Note that part e. is the same function but restricted
to a different domain. So, from e. it is seen that the
critical points are x = 1 and x = —1.

Now, evaluate the function, f(x), at the critical values
and the endpoints. Note, however, that —1 and 1 are
not in the domain of the function. Therefore, the only
points that need to be checked are the endpoints.

_ 4@ _8_
&=gp+1=57 18

_ 44 16 .
f4) = 42 +1 17 0.94

So, the minimum value in the interval is 0.94 when
x = 4 and the maximum value is 1.6 when x = 2.

3-10

4t
= — =
5.a.v(r) yan t3,t_0
Interval 1 =t =4
4
1)=-
YOES
16
4y =—
v(4) = -
4 + )(8r) — 4*(3¢°
vy = BHOE) 4260
4 +7)
32t + 8t — 12t =0
—41( —8) =0
t=0,t=2
16 4
TR
max velocity is 3 m/s
min velocity is £ m/s
b. (1) — 41
v 147
1+ %)(8r) — (4r%) (2t
ooy = (A = ()20
(1+7)
8+ 87 — 8
(1 + )
s
(1 + )
8t
(1 + )
8t =0
t=20

f(0) = 0 is the minimum value that occurs at x = 0.
There is no maximum value on the interval. As x
approaches infinity, f(x) approaches the horizontal
asymptote y = 4.
6. N(t) =302 — 240t + 500

N'(t) = 60t — 240

60t — 240 = 0
t=4
N(0) = 500

N(4) = 30(16) — 240(4) + 500 = 20

N(7) = 30(49) — 240(7) + 500 = 290
The lowest number is 20 bacteria/cm?.

1600v
7.a. E(v) = 7 + 6400
1600(v? + 6400) — 1600v(2v)
(v? + 6400)>
Let E'(N) = 0 for max or min
1600v* + 6400 X 1600 — 3200v* = 0
1600v* = 6400 X 1600
v = =80

0=v=100

E'(v) =
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E0)=0
E(80) =10
E(100) = 9.756
The legal speed that maximizes fuel efficiency is
80 km/h.

1600
b. E(v) = Y

v? + 6400
1600(v? + 6400) — 1600v(2v)
(v? + 6400)*

Let E'(N) = 0 for max or min
1600v* + 6400 X 1600 — 3200v> = 0

0=v=50

E'(v) =

1600v* = 6400 X 1600
v = *80
E0)=0
E(50) =9
The legal speed that maximizes fuel efficiency is

50 km/h.

c. The fuel efficiency will be increasing when
E’(v) > 0. This will show when the slopes of the
values of E(v) are positive, and hence increasing.

From part a. it is seen that there is one critical value

for v > 0. This is v = 80.

v slope of E(v)
0=v<80 +
80 <v=100 -

Therefore, within the legal speed limit of 100 km/h,
the fuel efficiency F is increasing in the speed inter-

val 0 = v < 8&0.

d. The fuel efficiency will be decreasing when
E’(v) < 0. This will show when the slopes of the
values of E(v) are negative, and hence decreasing.

From part a. it is seen that there is one critical value

for v > 0. This is v = 80.

v slope of E(v)
0=v<80 +
80 <v =100 -

Therefore, within the legal speed limit of 100 km/h,

the fuel efficiency E is decreasing in the speed
interval 80 < v = 100.

0.1¢
8.C(1) = (z+3)2’15t56
0.1(t + 3)> — 0.2t(t + 3)
c'(r) = =0
() (t + 3)*
(t +3)(0.1t + 03 — 0.21) = 0
t=3
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C(1) = 0.006 25

C(3) = 0.0083, C(6) = 0.0074

The min concentration is at t = 1 and the max
concentration is at t = 3.

1
9.P(t) =2+ ——— 0=

,0=r=1
162t + 1
P(t)=2— (162t + 1)72(162) = 0
162
(162t + 1)

81 =162+ > + 324t + 1
16222 + 324t — 80 = 0
81’ + 81t —20=0
(81t + 5)(81r —4) = 0

4
t>0 t= g
= 0.05
P(O) =1
P(0.05) = 021
P(1) =201

Pollution is at its lowest level in 0.05 years or
approximately 18 days.

10. r(x) = 1<49x00 + x)

400
1 (—4900
r'(x) = 400( 2 + 1) =0
Letr'(x) =0

x? = 4900,

x=70,x>0
r(30) = 0.4833
r(70) = 0.35

r(120) = 0.402
A speed of 70 km/h uses fuel at a rate of 0.35 L/km.
Cost of trip is 0.35 X 200 X 0.45 = $31.50.
11. f(x) = 0.001x* — 0.12x* + 3.6x + 10,

0=x=75
f'(x) = 0.003x* — 0.24x + 3.6
Set 0 = 0.003x* — 0.24x + 3.6
‘- 0.24 + \V/(—0.24)? — 4(0.003)(3.6)

2(0.003)
024 =012
©0.006
x=60o0rx =20
£(0) = 10
£(20) = 42
£(60) =10

f(75) = 26.875
Absolute max. value = 42 at (20, 42) and absolute
min. value = 10 at (0, 10) and (60, 10).
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12. a. y

b.D: —2=x=4
c. increasing: —2 = x <0
2<x=4

decreasing: 0 <x <2
13. Absolute max.: Compare all local maxima and
values of f(a) and f(b) when domain of f(x) is
a = x = b. The one with highest value is the
absolute maximum.
Absolute min.: We need to consider all local minima
and the value of f(a) and f(b) when the domain of
f(x)is a = x = b. Compare them and the one with
the lowest value is the absolute minimum.
You need to check the endpoints because they are not

necessarily critical points.
14. C(x) = 3000 + 9x + 0.05x%, 1 = x = 300

C
Unit cost u(x) = 73)
3000 + 9x + 0.05x”
B X
= 73(100 + 9 + 0.05x
—3000
Ul(x)= >— + 0.05
X
For max or min, let U’ (x) = 0:
0.05x* = 3000
x* = 60 000
x = 2449

U(1) = 3009.05
U(244) = 33.4950
U(245) = 33.4948
U(300) = 34.
Production level of 245 units will minimize the unit
cost to $33.49.
15. C(x) = 6000 + 9x + 0.05x>
C(x)
UGx) =<
~ 6000 + 9x + 0.05x2

X

3-12

6000

— + 9 + 0.05x
X
6000
Ux)=— o + 0.05
Set U'(x) = 0 and solve for x.
—60(2)0 +0.05=0
X
6000
0.05 = —;
X
0.05x* = 6000
x* =120 000
x = 346.41

However, 346.41 is not in the given domain of
1 = x = 300.
Therefore, the only points that need to be checked are
the endpoints.
f(1) = 6009.05
f(300) = 44
Therefore, a production level of 300 units will mini-
mize the unit cost to $44.

Mid-Chapter Review, pp. 139-140
La h(x)=3x"—4x>—3x> -5
h'(x) = 12x* — 12x* — 6x
h"(x) = 36x* — 24x — 6
b. f(x) = (2x — 5)°
f'(x) = 6(2x = 5)
£7(x) = 24(2x — 5)
= 48x — 120
15(x +3)7!
'= —15(x + 3)2
y" =30(x + 3)7°
30
- (x+3)
d.g(x) = (x> + 1y
g(x)=x(x*+ 1)~
g"(x) = —x*(x* + 1)’% + (x? + 1)7%
_ x? N 1
(x> + 1) (X + 1y
2.a.5(3) = (3)° — 21(3)* + 90(3)
=27 — 189 + 270
= 108
b. v(t) = s'(t) = 3> — 42t + 90
v(5) = 3(5)% — 42(5) + 90

o
<<
[
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=75 - 210 + 90
= —45
c.a(t) =v'(t) =6t — 42
a(4) =6(4) — 42
=24 — 42
=-18

3.a.v(t)=h(t) = -98t + 6
The initial velocity occurs when time ¢ = 0.
v(0) = —9.8(0) + 6

=6
So, the initial velocity is 6 m/s.
b. The ball reaches its maximum height when
v(t) = 0. So set v(¢) = 0 and solve for 7.
v(it)=0=—-98t+ 6
9.8t=16

t=0.61

Therefore, the ball reaches its maximum height at
time t = 0.61 s.
c¢. The ball hits the ground when the height, 4, is 0.
h(t) =0= —49 + 6t + 2

_ —6+\V36+392

-9.8
Taking the negative square root because the value ¢

needs to be positive,

_ —6—8.67

- —98
t = 1.50
So, the ball hits the ground at time ¢t = 1.50 s.
d. The question asks for the velocity, v(t), when
t = 1.50.
v(1.50)

t

-9.8(1.50) + 6
= —8.67
Therefore, when the ball hits the ground, the velocity
is —8.67 m/s.
e. The acceleration, a(t), is the derivative of the
velocity.
a(t) =v'(t) = —9.8
This is a constant function. So, the acceleration of
the ball at any point in time is —9.8 m/s?.
d4.a.v(t) =s'(t) = 4 — 14t + 61
v(2) =4 — 14(2) + 6(2)*
=4-28+24
=0
So, the velocity at time ¢t = 2 is 0 m/s.
a(t) =v'(t) = —14 + 12¢
a(2) = —14 + 12(2)
=10
So, the acceleration at time ¢ = 2 is 10 m/s.

Calculus and Vectors Solutions Manual

b. The object is stationary when v(z) = 0.
v(t) =0 =4 — 14t + 61
0= (6t—2)(t—2)
1

t=—_,t=2
3

Therefore, the object is stationary at time
t=1sandr=2s.

Before ¢ = 1, v(¢) is positive and therefore the
object is moving to the right.

Between ¢ = 1 and ¢ = 2, v(¢) is negative and
therefore the object is moving to the left.

After t = 2, v(t) is positive and therefore the object
is moving to the right.

c. Set a(¢) = 0 and solve for .

a(t)=0=—14 + 12¢

14 = 12¢
7,
6

tr=1.2

So, at time ¢ = 1.2 s the acceleration is equal to O.
At that time, the object is neither accelerating nor
decelerating.
S.a.f(x) =x+3x*+ 1
f'(x) = 3x* + 6x

Set f'(x) = 0 to solve for the critical values.

3x> + 6x =0
3x(x+2)=0

x=0,x=-2

Now, evaluate the function, f(x), at the critical
values and the endpoints.
f(=2) = (-2 +3(-2)P+1=5

£(0) = (0 +3(02+1=1

f2)=2P+3027*+1=21
So, the minimum value in the interval is 1 when
x = 0 and the maximum value is 21 when x = 2.
b. f(x) = (x + 2)?

f'(x) =2(x +2)

=2x+4
Set f"(x) = 0 to solve for the critical values.
2x+4=0
2x = —4
x=-2

Now, evaluate the function, f(x), at the critical
values and the endpoints.
f(=3)=(=3+27=(-17=1
f(=2)=(-2+2)7*=0

f(3) = (3 +2)* = (5) =25
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So, the minimum value in the interval is O when
x = —2 and the maximum value is 25 when x = 3.
1 1
C. f(x) = ; - ;
1 3
2 = - 4+ =
I (x) 2
—x* + 3x2
e
Set f'(x) = 0 to solve for the critical values.
—x* + 3x2
2 S
X
—x*+3x?2=0
x*(—x*+3)=0
x=20
x>=3

+\/3

Note, however, that —\/g and 0O are not in the given
domain of the function.

Now, evaluate the function, f(x), at the critical
values and the endpoints.

X =

11
f(l):I_W:1_1:0
1 1
f(\@)——%——( \/3)3—0.38
1 1 24
=T s

So, the minimum value in the interval is O when
x = 1 and the maximum value is 0.38 when
x=V3.
6. The question asks for the maximum temperature
of V.
V(t) = —0.000 067¢> + 0.008 504 3>
— 0.064 26t + 999.87

V'(t) = —0.000 2017* + 0.017 008 61 — 0.064 26
Set V' (t) = 0 to solve for the critical values.
—0.000 201> + 0.017 008 61 — 0.064 26 = 0

> — 84.619 900 5t + 319.701 4925 = 0
Using the quadratic formula,
t = 3.96 and t = 80.66.
However, 80.66 is not in the domain of the function.
Now, evaluate the function, V(¢), at the critical
values and the endpoints.

V(0) = 999.87
V(3.96) = 999.74
V(30) = 1003.79

So, the minimum value in the interval is 999.74
when temperature ¢ = 3.96.

3-14

Therefore, at a temperature of t = 3.96°C the
volume of water is the greatest in the interval.
7.a. f(x) = x* — 3x

fl(x)=4x> -3
f1(3) =43y -3
=105

b. f(x) =2x> + 4x*> — 5x + 8
fl(x)=6x>+8—5
f'(=2)=6(—2)>+8(-2)—5
=3
c f(x) = —-3x>—5x+7
f'(x)=—6x—5
F1(x) = 6
(1) = -6
d f(x)=4x-3x>+2x — 6
fr(x) =12x> —6x + 2
f"(x)=24x — 6
f"(=3)=24(-3) -6
= 78
e f(x) =14x> +3x — 6
f'(x)=28x +3
f'(0) =28(0) +3
=3
f.fx)=x*+x"—x3
f'(x) = 4x® + 5x* — 3x?
F(x) = 12x? + 20x> — 6x
7 (4) = 12(4)> + 20(4)° — 6(4)
= 1448
g f(x) = —2x° + 2x — 6 — 3x°
f'(x) = —10x* + 2 — 9x?
f"(x) = —40x> — 18x

()l )

h. f(x) = =3x* — 7x* + 4x — 11
fi(x) = —9x* — 14x + 4

)~ )

81 21
=—— -+

16 2 4
__18&

16
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8.5(1) = t(—Zt + 1>

5
——1r +1
6

s'(1) = —gt +1

5
S”(Z) = —g

= —1.7m/s?
9.5(t) = 189 — ¢*

7.
a.s'(1) = 189 = o'

s'(0) = 189 — %(0)%

=189 m/s
t)=20

4
3

b. s

~

189 —

t 0

wis

189

' =81
t = (819
t=3°
t=27s

c.s(27) = 189(27) — (27)
= 5103 — 2187

=2916 m

28
d.s"(t) = _jﬁ

t

W W[

Wl

28 1

(8) =~ 5 ()
_%

9

= —6.2 m/s?

It is decelerating at 6.2 m/s?.
10. s(1) = 12t — 4¢°

s'(t) = 12t — 6t*
To find when the stone stops, set s’ (z) = 0:

6t = 12
ti=2
r=(2)
=4
s(4) = 12(4) — 4(4)
=48 — 32
=16 m

The stone travels 16 m before its stops after 4 s.
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11. a. h(t) = —4.97 + 21t + 0.45
0= —4.92 + 21t + 045
2 V/(21) — 4(—4.9)(0.45)
2(—4.9)
21+ V44982

-98
t =431 ort = —0.021 (rejected since t = 0)

Note that #(0) = 0.45 > 0 because the football is

punted from that height. The function is only valid

after this point.

Domain: 0 = r = 4.31

b. h(t) = —4.9 + 21t + 0.45

To determine the domain, find when 4’(z) = 0.
h'(t) = —9.8t + 21

t

Set h'(f) = 0
0=—9.8+ 21
t=2.14

For 0 < ¢ < 2.14, the height is increasing.
For 2.14 <t < 4.31, the height is decreasing.
The football will reach its maximum height at 2.14 s.
c. h(2.14) = —4.9(2.14)* + 21(2.14) + 0.45
h(2.14) = —22.44 + 4494 + 045
h(2.14) = 22.95
The football will reach a maximum height of 22.95 m.

3.3 Optimization Problems, pp. 145-147
1. L

Let the length be L cm and the width be W cm.
2(L + W) =100

L+ W=50
L=5-W
A=L-W

= (50 — W)(W)

A(W) = —W? + 50W for 0 = W = 50
A'(W) = —2W + 50

Let A"(W) = 0:
—2W+50=0
W =25
A(0)=0
A(25) =25 X125
= 625
A(50) = 0.

3-15



8.5(1) = t(—Zt + 1>

5
——1r +1
6

s'(1) = —gt +1

5
S”(Z) = —g

= —1.7m/s?
9.5(t) = 189 — ¢*

7.
a.s'(1) = 189 = o'

s'(0) = 189 — %(0)%

=189 m/s
t)=20

4
3

b. s

~

189 —

t 0

wis

189

' =81
t = (819
t=3°
t=27s

c.s(27) = 189(27) — (27)
= 5103 — 2187

=2916 m

28
d.s"(t) = _jﬁ

t

W W[

Wl

28 1

(8) =~ 5 ()
_%

9

= —6.2 m/s?

It is decelerating at 6.2 m/s?.
10. s(1) = 12t — 4¢°

s'(t) = 12t — 6t*
To find when the stone stops, set s’ (z) = 0:

6t = 12
ti=2
r=(2)
=4
s(4) = 12(4) — 4(4)
=48 — 32
=16 m

The stone travels 16 m before its stops after 4 s.

Calculus and Vectors Solutions Manual

11. a. h(t) = —4.97 + 21t + 0.45
0= —4.92 + 21t + 045
2 V/(21) — 4(—4.9)(0.45)
2(—4.9)
21+ V44982

-98
t =431 ort = —0.021 (rejected since t = 0)

Note that #(0) = 0.45 > 0 because the football is

punted from that height. The function is only valid

after this point.

Domain: 0 = r = 4.31

b. h(t) = —4.9 + 21t + 0.45

To determine the domain, find when 4’(z) = 0.
h'(t) = —9.8t + 21

t

Set h'(f) = 0
0=—9.8+ 21
t=2.14

For 0 < ¢ < 2.14, the height is increasing.
For 2.14 <t < 4.31, the height is decreasing.
The football will reach its maximum height at 2.14 s.
c. h(2.14) = —4.9(2.14)* + 21(2.14) + 0.45
h(2.14) = —22.44 + 4494 + 045
h(2.14) = 22.95
The football will reach a maximum height of 22.95 m.

3.3 Optimization Problems, pp. 145-147
1. L

Let the length be L cm and the width be W cm.
2(L + W) =100

L+ W=50
L=5-W
A=L-W

= (50 — W)(W)

A(W) = —W? + 50W for 0 = W = 50
A'(W) = —2W + 50

Let A"(W) = 0:
—2W+50=0
W =25
A(0)=0
A(25) =25 X125
= 625
A(50) = 0.

3-15



The largest area is 625 cm? and occurs when
W =25cmand L = 25 cm.
2. If the perimeter is fixed, then the figure will be

a square.
3. L

Let the length of L m and the width W m.
2W + L = 600

L =600 — 2W
A=L-W
= W(600 — 2W)

A(W) = —2w? + 600W, 0 = W = 300
A" (W) = —dw + 600

. dA
For max or min, let —— = 0:

W = 50 aw
A(0) =0
A(150) = —2(150)% + 600 X 150
— 45000
A(300) = 0

The largest area of 45 000 m? occurs when

W =150 m and L = 300 m.

4. Let dimensions of cut be x cm by x cm. Therefore,
the height is x cm.

: 100 >

| fe——100- 2x—>|’_:i T

40 - 2x (40
_l

Length of the box is 100 — 2x.

Width of the box is 40 — 2x.

V = (100 — 2x)(40 — 2x)(x) for domain
0=x=20

Using Algorithm for Extreme Value,

av
I = (100 — 2x)(40 — 4x) + (40x — 2x*)(—2)
X
= 4000 — 480x + 8x* — 80x + 4x?
= 12x* — 560x + 4000
av
Set— =0
¢ dx

3x? — 140x + 1000 = 0

140 = V7600
X=——""—
6
140 = 1288
6
x=88orx =379
Reject x = 37.9 since 0 = x = 20

X

3-16

Whenx =0,V =0
x = 8.8, V = 28850 cm?
x =20,V =0.
Therefore, the box has a height of 8.8 cm, a length
of 100 — 2 X 8.8 = 82.4 cm, and a width of
40 — 3 X 8.8 =224 cm.

S. 220 - x

A(x) = x(220 — x)
A(x) = 220x — x?
A'(x) = 220 — 2x

Set A'(x) = 0.
0=220 — 2x
x = 110

220 — 110 = 110
A'(220) = =220 <0
A'(0) =220>0
maximum: The dimensions that will maximize the
rectangles’ area are 110 cm by 110 cm.

6. a
b 64
ab = 64
P =2a+2b
P =2a+ 2<64>
a
P =2a+ %
a
P =2a+ 128a7"
128
P =2-—
112
Set P’ =0
128
0=2-—7
128
2 —_
612
a’> = 64
a = 8 (—8 is inadmissible)
64
b=—
8
b=38

P(1)=-126<0

P'(9)=1.65>0

maximum: The rectangle should have dimensions 8 m
by 8 m.
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Yy
X X
Given:
4x + 3y = 1000
~ 1000 — 4x
Y 3
A = 2xy
1 —
A= 2x< 000 4x>
3
2000 8
A= Tx - gxz
2000 16
Al=———
3 3
Set A’ =
_ 2000 16
-3 3"
16 2000
2= 22
3 3
x =125
1000 — 4(125)
y= 3
y = 166.67
2000
A'(250) = 3 <0
2000

A(0) == >0

maximum: The ranger should build the corrals with
the dimensions 125 m by 166.67 m to maximize the
enclosed area.

8. Netting refers to the area of the rectangular
prism. Minimize area while holding the volume
constant.

V = Ilwh
V =x%
144 = x%
_ 144

2

Aol = Asige T Atop T Asige T Agnd
A=xy+xy+xy+x?
A =3xy + x*

144
A= 3x<x2> + x?

A=@+x2
X

A= x>+ 432x7!
A =2x — 432x?

Calculus and Vectors Solutions Manual

SetA' =0
0=2x — 432x7?
2x = 432x 7?2
x> =216
X =
_ 144
Ve
y=4

A'(4)=-19<0
A'(8) =925>0
minimum: The enclosure should have dimensions
4m X 6m X 6m.
9.

Let the base be x by x and the height be &
x*h = 1000
b= 10(2)0 @D
X
Surface area = 2x? + 4xh
A =2x* + 4xh @

=2x% + 4x<10(2)0>
x

4000
=2x2 + for domain 0 < x < 10V2

X

Using the max min Algorithm,
dA 4 4000
dx * x?
x # 0, 4x* = 4000

x* = 1000

x =10
A =200 + 400 = 600 cm?
Step 2: Atx >0, A > =

Step 3: Atx = 10\/@,

A = 2000 + 4000 X V1o
10v10 V10

= 2000 + 40\/10
Minimum area is 600 cm? when the base of the box
is 10 cm by 10 cm and height is 10 cm.
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10.
L=2x

10 y

.

X
< 10 > 10 >

Let the length be 2x and the height be y. We know
x? + y* = 100.

y=*xV100 — x?
Omit negative area = 2xy
=2xV100 — x?

for domain 0 = x = 10
Using the max min Algorithm,

dA 1 1
7 =2V100 — x* + 2y - 5(100 - xz) 2(—2x).
X
dA
Let— = 0.
“dx
2\/100—x2—27xz=()
V100 — x?
2(100 — x%) — 242 = 0
100 = 2x?
x> =50

x=5V2,x>0. Thus,y = 5\V2, L = 10V2
Part 2: If x =0,A =0
Part3: If x =10, A =0

The largest area occurs when x = 5V/2 and

the area is 10\/2\/ 100 — 50
= 10V2V50

= 100 square units.

11. a. Let the radius be r cm and the height be 4 cm.

Then 7r*h = 1000

1000
h = 5
T
Surface Area: A = 27> + 2mrh
1000
= 2mrr? + 271'}’( 5 )
T
=2mr? + 72(1100, 0=r=om
dA 4 2000
S
dr 2
For max or min, let %‘ = 0.
2000
dmr — —— =0
r
500
ar
500
r=a =542

3-18

Whenr =0, A — «
r=>542 A = 660.8
r— 0, A — ©
The minimum surface area is approximately
661 cm? when r = 5.42.
1000
b.r=542,h = 7 (5427
h 1084 1
d 2x54 1
Yes, the can has dimensions that are larger than the
smallest that the market will accept.

=10.84

12. a.
5 lm L
| w
(12-1)
< 12 cm >

Let the rectangle have length L cm on the 12 cm leg
and width W cm on the 5 cm leg.

A=LW
2—-L W
By similar triangl =—
y similar triangles, o 5
60 — SL = 12W
60— 12W

5

wfor domain0 =W =5

A:

Using the max min Algorithm,

dA 1 60
W—g[60—24WJ —O,W—Q—Z.Scm.
When W =25cm, A = w = 15cm?>

Step2: If W=0,4=0

Step3: If W=5A4=0

The largest possible area is 15 cm? and occurs when
W=25cmand L = 6cm.

b'T L

8cm

w
(15-1)
« 15cm >
Let the rectangle have length L cm on the 15 cm leg
and width W cm on the 8 cm leg.
A=L1LW O
S—-L W

1
By similar triangles, 1 iy

120 — 8L = 15W
I - 120 — 15W 3

3 =%
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A= vaerdomaino =W=8

Using the max min Algorithm,

dA 1 120

— = —[120 — =0,W=——-=4cm.

W3 [120 — 30W] = 0, 20 cm
(120 — 60) X 4

When W = 4cm, A = = 30 cm?.
Step2: If W=0,A=0
Step3: If W=8A4=0
The largest possible area is 30 cm? and occurs when
W=4cmand L =7.5cm.
c. The largest area occurs when the length and width
are each equal to one-half of the sides adjacent to
the right angle.
13. a. Let the base be y cm, each side x cm and the
height 4 cm.
2x +y = 60

y =60 — 2x

1
A=yh+2><5(wh)

= yh + wh
w Bw C

]

From AABC
h
— = cos 30°
X
h = x cos 30°
V3
= —x
2
Y — sin 30°
X
w = x sin 30°
1
= —x
2
Therefore, A = (60 — 2x)<\fx) + % X ?x
3
A(x) =30V3x — V3x? + \4/)62, 0=x=30

Apply the Algorithm for Extreme Values,
3

A'(x) =30V3 — 2V3x + \Z/x

Now, set A'(x) =0

\/

3
30\@—2\/§+7x=0.

Calculus and Vectors Solutions Manual

Divide by V3:

X
30-2x+-=0

72

x = 20.
To find the largest area, substitute x = 0, 20, and 30.
A0)=0

A(20) = 30V3(20) — V3(20)* + \f(zo)z
=520
A(30) = 30V3(30) — V3(30)> + \f(30)2

= 390
The maximum area is 520 cm?® when the base is
20 cm and each side is 20 cm.
b. Multiply the cross-sectional area by the length of
the gutter, 500 cm. The maximum volume that can
be held by this gutter is approximately 500(520) or
260 000 cm”.
14. a. A

: []
X

4x +2h =6
2x +h=30orh=3—-2x
V3

1
= + — X X —
Area = xh > X > X

\/ng

4

x(3 —2x) +

A(x)

3
3x — 2x% + sz

3
A’(x)=3—4x+\2/x,05x51.5

For max or min, let A"(x) = 0, x = 1.04.
A(0)=0,A(1.04) =143, A(1.5) =142

The maximum area is approximately 1.43 cm? and
occurs when x = 0.96 cm and & = 1.09 cm.

b. Yes. All the wood would be used for the outer
frame.
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15.

W+E
Yy

) z

Let z represent the distance between the two trains.
After ¢ hours, y = 60t, x = 45(1 — 1)

72 =3600 + 45%(1 — 1), 0=t=1
2z% = 7200t — 4050(1 — 1)

dz 7200t — 4050(1 — 1)
dt 2z

For max or min, let % = 0.
7200t — 4050(1 —¢) =0
t =0.36
When t = 0, z2 = 452,z = 45
t = 0.36, z2 = 3600(0.36)* + 45°(1 — 0.36)*
72 =129
z =36
t=1,z% = V3600 = 60
The closest distance between the trains is 36 km and
occurs at 0.36 h after the first train left the station.
16. vehicle 2
d
P Vehicle 1
At any time after 1:00 p.m., the distance between
the first vehicle and the second vehicle is the
hypotenuse of a right triangle, where one side of the
triangle is the distance from the first vehicle to P
and the other side is the distance from the second
vehicle to P. The distance between them is therefore

d = \/(60t)* + (5 — 80t)* where ¢ is the time in
hours after 1:00. To find the time when they are
closest together, d must be minimized.
d =\ (60t)* + (5 — 80t)
d =\V/36008% + 25 — 800t + 6400
d =\/10 000 + 25 — 800t
. 20 000t — 800
2V/10 000 + 25 — 800t
Letd = 0:
20 000t — 800 B

2V/10 0002 + 25 — 800t
Therefore 20 000 — 800 = 0
20 000¢ = 800
t = .04 hours

3-20

There is a critical number at + = .04 hours

v t< .04 .04 t> .04
d’'(t) - 0 +
Graph Dec. Local Min Inc.

There is a local minimum at ¢ = .04, so the two
vehicles are closest together .04 hours after 1:00, or
1:02. The distance between them at that time is 3 km.

17. 2, b2
~.a*+
Zab_l W
l a2 - bZ=
« a? - b? >
a—-b-L W
a’> — b? 2ab
2ab
W:aZ_b2(a2_b2_L)
2ab
A:LW=a2fb2[a2L—b2L—L2]
dA
Let—— =a’>— b> - 2L =
etdL a b 0,
aZ_bZ
L:
2
2ab 5 ) a’> — b?
andW=a2_b2a—b—— >
= ab.

The hypothesis is proven.

18. Let the height be 4 and the radius r.
Then, 7r°h = k, h = Lz

wr
Let M represent the amount of material,

M = 27 + 2arh
k
=27’ + 2’7Tl’h<2>
ar
=2wr2+¥,OSrSOC

Using the max min Algorithm,
dM 2k

“E = dar -

dr r?

M k k'
L _—= 3:7 = — .
et i 0, r 27T,r7&00rr (277)

Whenr — 0, M — o
r— o M—x

-8
2
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k O\
= 2 _—
d (27T>

h:L_ﬁ.(zw)

kY o
m 2
Min amount of material is
k) 2\
M =2m|— ) + 2kl —|.
o(ar) + ()
ENOE
™ ™

h
Rato—=—"F—+=2"72___ _

S}
Wi

k
:—.2

S

A x P 100-x B
19. T T 1
Cut the wire at P and label diagram as shown. Let
AP form the circle and PB the square.

Then, 27r = x
X

T 2m

And the length of each side of the square is !
2
Area of circle = 7-r<2x >

r

00 — x

ar
_ X
4ar
100 = x\2
Area of square = ( 004 x)
The total area is
2 1 _ 2
A(x) =4 < 00 x) , where 0 = x = 100.
4 4
2x 100 — x 1
A(x)y=—"+2 —=
&) 4 ( 4 >< 4)
_x 100 — x
2 8
For max or min, let A’(x) = 0.
x 100 = x 0
2 8
1
x = @ + o = 44
A(0) = 625
442 100 — 44>2
A(44)y=—+——) =350
(44) dar ( 4
1 2
A(100) = 00 = 796
4
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a. The maximum area is 796 cm? and occurs when
all of the wire is used to form a circle.

b. The minimum area is 350 cm? when a piece of
wire of approximately 44 cm is bent into a circle.

20.
10* (c{ (a-3))
8_

!
m_

|
O\_

|

I
N_

o
N
S
O\_
00

Any point on the curve can be represented by
(a, (a — 3)°).
The distance from (—3, 3) to a point on the curve is
d=\(a+3P%+ ((a—3)7-3)>
To minimize the distance, we consider the function
d(a) = (a + 3)* + (a* — 6a + 6).
in minimizing d(a), we minimize d since d > 1
always.
For critical points, set d’'(a) = 0.
d'(a) =2(a + 3) + 2(a* — 6a + 6)(2a — 6)
ifd'(a) =0,
a+3+ (a>—6a+6)2a—6)=0
2a°> — 18a%* + 49a — 33 =0

(a —1)(2a* — 16a + 33) =0

16 = V-8
4

There is only one critical value, a = 1.
To determine whether @ = 1 gives a minimal value,
we use the second derivative test:
d'(a) = 6a® — 36a + 49
d"(1) =6 — 36 + 49

= 0.
Then, d(1) = 4* + 1?

=17.

The minimal distance is d = \/ﬁ, and the point on
the curve giving this result is (1, 4).

a=1ora=
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21. Y

A(a? 2a)

on{ 0O
>

A
|
N
Pslo
N

B(b?, 2b)

Let the point A have coordinates (a°, 2a). (Note that
the x-coordinate of any point on the curve is positive,
but that the y-coordinate can be positive or negative.
By letting the x-coordinate be a*, we eliminate this
concern.) Similarly, let B have coordinates (b2, 2b).
The slope of AB is

20 —2b 2

a>—b> a+b

Using the mid-point property, C has coordinates

24 2
<a Zb,a+b>.

Since CD is parallel to the x-axis, the y-coordinate
of D is also a + b. The slope of the tangent at D is

given by % for the expression y* = 4x.

Differentiating.
dy
Zya =4
dy 2
dx y
And since at point D,y = a + b,
dy 2
dx  a+b

But this is the same as the slope of AB. Then, the
tangent at D is parallel to the chord AB.
22, y

B P(x, y)

o] 2 A 10

Let the point P(x, y) be on the line x + 2y — 10 = 0.

Area of AAPB = xy
x+2y=100rx =10 — 2y
A(y) = (10 = 2y)y
=10y — 2y, 0=y =35
A'(y) = 104y

3-22

For max or min, let A’(y) = 0 or 10 — 4y = 0,

y = 2.5,
A(0)=0

A(2.5) = (10 = 5)(2.5) = 1255
A(5)=0.

The largest area is 12.5 units squared and occurs
when P is at the point (5, 2.5).
23. y

(0, k)

A B
(k, 0)

7o
Ais (—x,y) and B(x,y)
Area = 2xy where y = k? — x?
A(x) = 2x(k* — x?)

=2k —2x°, ~k=x=<k
A'(x) = 2k* — 6x?
For max or min, let A"(x) = 0,

6x2 = 2k?
x:—l—ik
V3
k k) 2
= +— = 2 _ R :72
When x =57 k <\f3) 3k
: _ 2k %2:47"3 V3
MaxarealsA—\@X3k 3\/§><\/g
43 .
= 9 square units.

3.4 Optimization Problems in
Economics and Science, pp. 151-154
1. a. C(625) = 75(V625 — 10)

= 1125
Average cost is X2 = $1.80.

b. C(x)=75(Vx —10)

= 75Vx — 750
75
C'(x)=—+
™) =5vi
C'(1225) = D $1.07
S 2ViI2s T
c. For a marginal cost of $0.50/L,
75
=0.5
2Vx
75 = Vx
x = 5625

The amount of product is 5625 L.
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Average cost is X2 = $1.80.
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c. For a marginal cost of $0.50/L,
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The amount of product is 5625 L.
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2. N(t) =20t — *
a. N(3)=60—-9
=51
N(2) =40 — 4
= 36
51 — 36 = 15 terms
b. N'(t) = 20 — 2t
N'(2)=20—-4
= 16 terms/h
c. t > 0, so the maximum rate (maximum value of
N'(¢)) is 20. 20 terms/h

6t
L=
6(F>+2t+1)—6t(2t+2
2 L'() = € ) — 61(21 +2)

(+2t+ 1)
=6+ 6
(A4 2+ 1)

Let L'(¢) = 0, then —6¢> + 6 = 0,

£=1
2= +1.
6 6
b L) =10 7741
C.
T ——

d. The level will be a maximum.
e. The level is decreasing.

4.C=4000+%+150(2ﬂ,10005h520000
dc _ 1 15000000
dh 15 e

dC 1 15 000 000
Set o 0, therefore, 5 e 0,

h?* = 225000 000
h = 15000, 2 > 0.
Using the max min Algorithm, 1000 = /& = 20 000.

1000 15000 000
= = + -+
When £ = 1000, C = 4000 15 1000
=19 067.
15000 15000 000
- = -+ -+
When £ = 15 000, C = 4000 15 15000

= 6000.
When 2 = 20 000, C = 6083.
The minimum operating cost of $6000/h occurs
when the plane is flying at 15 000 m.

Calculus and Vectors Solutions Manual

=

Label diagram as shown and let the side of length x
cost $6/m and the side of length y be $9/m.
Therefore, (2x)(6) + (2y)(9) = 9000

2x + 3y = 1500.

Area A = xy
1500 — 2x
3

x<1500 - 2x>
3

2
= 500x — gxz for domain 0 < x < 500

Buty =

A(x)

4
A'(x) =500 — 3

Let A'(x) = 0, x = 375.
Using max min Algorithm, 0 = x = 500,

A(0) = 0, A(375) = 500(375) — %(375)2

= 93750
A(500) = 0.
The largest area is 93 750 m? when the width is

250 m by 375 m.
6. Let x be the number of $25 increases in rent.

P(x) = (900 + 25x)(50 — x) — (50 — x)(75)
P(x) = (50 — x)(825 + 25x)

P(x) = 41250 + 1250x — 825x — 25x>

P(x) = 41250 + 425x — 25x?

P'(x) = 425 — 50x

Set P'(x) =0
0 =425 — 50x
50x = 425
x =85

x=8orx=9
P'(0)=425>0

P'(10) = =75<0
maximum: The real estate office should charge
$900 + $25(8) = $1100 or $900 + $25(9) = $1125
rent to maximize profits. Both prices yield the same
profit margin.
7. Let the number of fare changes be x. Now, ticket
price is $20 + $0.5x. The number of passengers is
10 000 — 200x.
The revenue R(x) = (10000 — 200x) (20 + 0.5x),
R(x) = —200(20 + 0.5x) + 0.5(1000 — 200x)

= —4000 — 100x + 5000 — 100x.
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Let R'(x) = 0:
200x = 1000
x=5.

The new fare is $20 + $0.5(5) = $22.50 and the
maximum revenue is $202 500.

3
8. Cost C — (VZ n 216) Xt

Where vt = 500 or t = 5@

o= (2 4 16)(2)

1
= 250v% + 08 000, where v = 0.
108 000
C'(v) = 500v — 5
Vv
108 000
Let C'(v) = 0, then 500y = 2
5 _ 108000
500
v =216
v = 6.
The most economical speed is 6 nautical miles/h.
9. ,
. ///,_ ________
Lo X
2h

Label diagram as shown.
We know that (x)(2k)(h) = 20 000
or h’x = 10 000
~ 10000
=
Cost C = 40(2hx) + 2xh(200)
+ 100(2) (2h* + xh)
80xh + 400xh + 400h% + 200xh
= 680xh + 400h>

: 10 000
Since x = T
10 000
C(h) = 680h< 7 ) + 400h%,0 = h = 100
6 800 000
C(h) = T + 400h?
6 800 000
C'(h) = — 800A.
Let C'(h) = 0,
8004 = 6 800 000
h® = 8500
h = 20.4.
3-24

Apply max min Algorithm,
ash—0C((0)—> o
6 800 000

C(204) = 204

=499 800
C(100) = 4 063 000.
Therefore, the dimensions that will keep the cost to
a minimum are 20.4 m by 40.8 m by 24.0 m.
10. Let the height of the cylinder be & cm, the
radius r cm. Let the cost for the walls be $k and for
the top $2k.

+ 400(20.4)>

1000
V =1000 = mr*horh = —
mr
The cost C = (27r?)(2k) + (2mrh)k
or C = 4mkr* + 2mkr (10020>
r
2000k
C(r) = 4mkr* + 02 ,r=0
2000k
C'(r) = 8wkr — 2
2000k
Let C'(r) = 0, then 87kr = —
r
o 2000
87
r=423
1000
=——=172.
m(4.3)? !

Since r = 0, minimum cost occurs when r = 4.3 cm
and 4 = 17.2 cm.
11. a. Let the number of $0.50 increase be n.
New price = 10 + 0.5n.
Number sold = 200 — 7n.
Revenue R(n) = (10 + 0.57)(200 — 7n)
= 2000 + 30n — 3.5n2
Profit P(n) = R(n) — C(n)
= 2000 + 301 + 3.57% — 6(200 — 7n)
= 800 + 72n — 3.51?
P(n)y=72—-"Tn
Let P'(n) = 0,
72 —Tn = 0,n = 10.
Price per cake = 10 + 5 = $15
Number sold = 200 — 70 = 130
b. Since 200 — 165 = 35, it takes 5 price increases
to reduce sales to 165 cakes.
New price is 10 + 0.5 X 5 = $12.50.
The profit is 165 X 5 = $825.
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c. If you increase the price, the number sold will
decrease. Profit in situation like this will increase
for several price increases and then it will decrease
because too many customers stop buying.

12. Let x be the base length and y be the height.
Top/bottom: $20/m?

Sides: $30/m?

o 1m ) 3
4000 cm <1OO cm) = 0.004 m
0.004 = x%
_0.004
y= 2
ATop + ABottom = X2 + x2
= 2x?
4Agiqe = 4xy
C =20(2x?) + 30(4xy)

C = 40 + 1204 22
X

C = 40x> + 0.48x7!
C' = 80x — 0.48x 72

Set C’ =0
0 = 80x — 0.48x >
80x° = 0.48

x* = 0.006

X =0.182
0,004

Y 70182

y = 0121

C'(1)=7952>0
C'(—1)=-8048 <0
maximum
The jewellery box should be
12.1 cm X 18.2 cm X 18.2 cm to minimize the cost
of materials.
13. Let x be the number of price changes and R be
the revenue.
R = (90 — x)(50 + 5x)
R =5(90 — x) — 1(50 + 5x)
Set R" =0
0=5(90 — x) — 1(50 + 5x)
0 =450 — 5x — 50 — 5x

0 =400 — 10x
10x = 400
x =40
Price = $90 — $40
Price = $50
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R'(0) =400 >0
R'(100) = —600 <0
maximum: The price of the CD player should
be $50.
14. Let x be the number of price changes and R be
the revenue.
R = (75 — 5x)(14 000 + 800x),x = 7.5
R’ =800(75 — 5x) + (—5)(14 000 + 800x)
Set R" =0
0 = 60000 — 4000x — 70 000 — 4000x
10 000 = —8000x
x=-125
Price = $75 — $5(—1.25)
Price = $81.25
R'(—2) = 6000 >0
R'(2) = =26 000 < 0
maximum: The price of a ticket should be $81.25.
15. P(x) = (2000 — 5x)(1000x)
— (15000 000 + 1800 000x + 75x2)
P(x) = 2000 000x — 5000x> — 15 000 000
— 1800 000x — 75x>
P(x) = —5075x* 4+ 200 000x — 15 000 000
P'(x) = —10150x + 200 000
Set P'(x) =0
0 = —10150x + 200 000
10 150x = 200 000
x =19.704
P'(0) =200000 >0
P'(20) = —3000 < 0
maximum: The computer manufacturer should sell
19 704 units to maximize profit.
16. P(x) = R(x) — C(x)
Marginal Revenue = R’ (x).
Marginal Cost = C’(x).
Now P'(x) = R'(x) — C'(x).
The critical point occurs when P'(x) = 0.
If R"(x) = C'(x), then P'(x) = R'(x) — R'(x)
= 0.
Therefore, the instantaneous rate of change in profit
is O when the marginal revenue equals the marginal
cost.
17. h

eor
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Label diagram as shown, Let cost of cylinder be

$k/m?.
V =200
= mr*h + i77'r3
3

Note: Surface Area = Total cost C
Cost C = (2@rh)k + (47r*)2k

4
But, 200 = 7r’h + 3 ar® or 600 = 37wr’h + 4arr?

_ 3
Therefore, h = M
3mr

600 — 4771’
C(r) = 2k7'rr<3ﬂ_r2

600 — 4arr’
= 2k< Gl ) + 8kr?
3r

3

600\’
Since h = 16, r = (4) or0=r=36

)1 + 8kmr?

T
2
C(r) = 40:)k _ 8kmr b 3k
400k N 16karr?
o 3
, 400k  32kwr
C'(r)=— 2 + 3
LetC'(r) =0
400k 32kmr
23
50  dmr
23
47 = 150
5 150
o dar
r=2.29
h=897m

Note: C(0) — «

C(2.3) = 262.5k

C(3.6) = 330.6k

The minimum cost occurs when r = 230 cm and
h is about 900 cm.

450 450
18. C=115X + (35 +15.5)—
8§ —.1(s — 110) ( ) s
517.5 22725

= +
—.1s + 19 s
517.5s — 2272.5s + 431775

€= 195 — 1s2
o $BL775 — 17555
19s — .1s2

To find the value of s that minimizes C, we need to
calculate the derivative of C.
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1755195 — .15?)

!

(19s — .1s%)?
(431775 — 1755s)(19 — 25)
- (19s — .15%)?
Cr = (—33 3455 + 175.55%)
(19s — .15%)?
(8203725 — 119 700s + 351s%)
- (195 — .152)?
C = —175.5s% + 86 355s — 8203 725
(19s — .15%)?
LetC’ = 0:
—175.5s> + 86 3555 — 8203725 0
(19s — .1s%)?
s = 1284
There is a critical number at s = 128.4 km/h
s s<1284 128.4 s> 1284
c(s) - 0 +
Graph Dec. Local Min Inc.

There is a local minimum for s = 128.4, so the cost
is minimized for a speed of 128.4 km/h.
19.v(r) = Ar¥(ry— 1), 0 =r =r,

v(r) = Argr* — AP

V' (r) = 2Ary — 3Ar?

Letv'(r) = 0:
2Aryr — 3Ar* =0
2rgr — 3r* =0
r(2ry —3r) =0
2rg
= O = —.
r orr 3
v(0) =
2r, 4 2r,
(5)-he-)
4
A(rg) =0
The maximum velocity of air occurs when radius
. 2r,
is =

Review Exercise, pp. 156-159

1

L f(x) = x* — —
f) =t =
:X4_X_4

fl(x) =40 + 4x°
F"(x) = 12x* — 20x~°
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2.y=x9—7x3+2 x | f(x) = 2¢ — 9
4y = Ox® — 21x2 -2 - 52 min
dx
d2y 0 0 max
— =727 — 42
dx? 72x o 3 - 27
3.5(t) =12+ 2(2t — 31)5 4 "6
v=si() =20 E(ZI -3 The minimum value is —52.
=2+ (2t —3)" The maximum value is 0.
, 1 B b. f(x) = 12x — x°
a=s (Z) =2 - 5(2t — 3) (2) f’(x) =12 — 3x2
=2 (2t—-3)" For max min, f'(x) = 0:
5 3(4—xH=0
4.s(t)=t—7+? x=—-2orx=2
=t—7+ 5" x f(x) = 12x — x®
v(t)=1—-5t72 - >
a(t) =10¢73
5.s5(t) = 45t — 5¢ —2 —16
v(t) =45 — 10¢ 2 16 max
Forv(t) = 0,t = 4.5. 5 -65 min

t 0=t<45 |45 | t> 4.5 c. f(x)=2x+§
v(t) + 0 - *
fl(x)=2—18x7?

For max min, f'(x) = 0:

Therefore, the upward velocity is positive for
0 =t <455, zero for t = 4.5 s, negative for

t>45s. Lf =
X
x>=9
45 ¢ x = £3.
-g 30 A X f(x)=2x+%
g 151 1 20
<
& o N 3 12
£ _154 N 5 10+§:13.6
> =301 The minimum value is 12.
45 The maximum value is 20.
7.a.5(t) = 62 — 16t + 1
t (seconds) v(t) = —16 + 2¢
5(0) = 62
6. a. f(x) = 2> — 9x? Therefore, the front of the car was 62 m from the
f(x) = 6x* — 18x stop sign.
For max min, f'(x) = 0: b. Whenv = 0, ¢ = 8,
6x(x —3) =0 s(8) = 62 — 16(8) + (8)?
x=0orx=3. =62 — 128 + 64
= -2
Yes, the car goes 2 m beyond the stop sign before
stopping.
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c. Stop signs are located two are more metres from
an intersection. Since the car only went 2 m beyond
the stop sign, it is unlikely the car would hit another

vehicle travelling perpendicular.

8
Ls() =142t — 5——
8.5(1) T

_ 5 _ _ 16¢
V(t)—2+8(t +1) (2t)—2+m
a(r) = 16( + 1)72 + 16:(=2)(F* + 1) 2t
=16(2 + 1) 2 — 64> (> +1)3
=16(2+ 1) [ + 1 — 44
For max min velocities, a(z) = 0:

3t =1
1
t=*+t—+.
V6
16t
t v(t) =2 + @+ 17
0 2 min
1 \17 16V3
—= | 2+ L5 =2+—2-=2+3V3max
3 G +1)y 1
32
2 +--=3.
2 > 3.28

The minimum value is 2.

The maximum value is 2 + 3V/3.
9. u(x) = 625x~ 1 + 15 + 0.01x
u'(x) = —625x* + 0.01
For a minimum, u'(x) = 0
x? = 62 500
x = 250

e u(x) = % + 0.01x

1 625.01

250 | 2.5 4 2.5 =5min

625
500 | —+5=6.25
500

Therefore, 250 items should be manufactured to
ensure unit waste is minimized.

10. a. C(x) = 3x + 1000

i.  C(400) = 1200 + 1000

= 2200
. 2200
ii. 100 $5.50
iii. C'(x)=3

The marginal cost when x = 400 and the cost of
producing the 401st item are $3.00.
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b. C(x) = 0.004x> + 40x + 8000
i. C(400) = 640 + 16 000 + 8000
— 24640
24 640
09~ $61.60
iii. C’(x) = 0.008x + 40
C'(400) = 0.008(400) + 40
— 4320
C’(401) = 0.008(401) + 40
= $43.21

11.

The marginal cost when x = 400 is $43.20, and the

cost of producing the 401st item is $43.21.

c. C(x) = Vx + 5000
i. C(400) =20 + 5000
= $5020
5020

ii. C(400) == =

= $12.55
1 .
iii. C'(x) = Exff
1
2Vx
1
C'(400) = —
= $0.025
= $0.03
, 1
C’'(401) = SN/A0T
= $0.025
= $0.03
The cost to produce the 401st item is $0.03.
d. C(x) = 100x* + 5x + 700
1
i. C(400) = % + 2000 + 700
= $2705
2750
ii. C(400) =———
ii. C(400) 200
= $6.875
= $6.88
iii. C'(x)=—-50x"7+5
=50
C’'(400) =
= 5.00625
= §5.01
C'(401) = $5.01
The cost to produce the 401st item is $5.01.
11. C(x) = 0.004x> + 40x + 16 000
Average cost of producing x items is

+5
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16 000
C(x) = 0.004x + 40 +

To find the minimum average cost, we solve

C'(x)=0
0.004 — 1099 _
X
4% — 16 000 000 = 0
x? = 4,000 000
x = 2000, x > 0

From the graph, it can be seen that x = 2000 is a
minimum. Therefore, a production level of 2000
items minimizes the average cost.
12. a. s(t) =3 — 10

v(t) = 6t

v(3) =18
v(3) > 0, so the object is moving to the right.
s(3) = 27 — 10 = 17. The object is to the right of
the starting point and moving to the right, so it is
moving away from its starting point.
b.s(t) = —£ + 4> — 10

s(0) = —10

Therefore, its starting position is at — 10.
s(3) =-27+36 - 10

v(t) = =32 + 8t
v(3) = —27 + 24

= -3
Since s(3) and v(3) are both negative, the object
is moving away from the origin and towards its
starting position.

13. s=27z3+$+10,t>0

1
a.v = 817 —76
t
16
812 — > =0
t
81¢* = 16
16
th=—
81
t: —|—g
3
t>0

2
Therefore, t = 3
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dv 32
b.a=~— =162+ 5
T I

2 2 32
Atr=Za=12 %% + 5

3 37 2
=216

Since a > 0, the particle is accelerating.

14. Let the base be x cm by x cm and the height 4 cm.
Therefore, x4 = 10 000.

A = x*+ 4xh

10 000
But h = >
X

1
A(x) = x>+ 4x< 0x200>

, . 400000
= x>+

,forx =5

400 000
A'(x) = 2x — 2

Let A'(x) = 0, then 2x = 40(1900
x* =200 000
x = 27.14.
Using the max min Algorithm,

A(5) =25 + 80000 = 80 025
A(27.14) = 15475
The dimensions of a box of minimum area is
27.14 cm for the base and height 13.57 cm.
15. Let the length be x and the width y.

X

12 000
P=2x+6yandxy = 12000 or y = T

12 000

P(x)=2x+ 6 X

72 000
X
72 000
Al(x)=2— 2
Let A'(x) = 0,
2x* = 72 000
x? =36 000
x = 190.
Using max min Algorithm,
A(10) = 20 + 7200 = 7220 m?
A(190) = 759 m?
A(1200) = 1440 060

P(x) = 2x + ,10 = x = 1200(5 X 240)
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The dimensions for the minimum amount of fencing is
a length of 190 m by a width of approximately 63 m.
16. X

Let the width be w and the length 2w.
Then, 2w? = 800
w? = 400
w =20, w>0.
Let the corner cuts be x cm by x cm. The dimensions
of the box are shown. The volume is
V(x) = x(40 — 2x)(20 — 2x)
= 4x% — 120x> — 800x, 0 = x = 10
V'(x) = 12x* — 240x — 800
Let V'(x) = 0:
12x% — 240x — 800 = 0
3x% — 60x — 200 =0

60 = V3600 — 2400

6
x =158 orx = 4.2, but x = 10.
Using max min Algorithm,

X =

V(0) =0
V(4.2) = 1540 cm?
V(10) = 0.

Therefore, the base is

40 —2 X 42 =316

by 20 —2 X 42 =11.6

The dimensions are 31.6 cm by 11.6 cm by

4.2 cm.

17. Let the radius be r cm and the height & cm.
V = ar*h = 500

A =2mr* + 2arh

500
Sinceh=—>,6=h=15
Tr
500
A(r) = 2mr* + 27Tr(2>
T

1000
= 2mr? + for2=r=<35

1000
A'(r) = 4mr — 2

Let A'(r) = 0, then 477> = 1000,

3 _ 1000
dar

r=4.3.
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Using max min Algorithm,

A(2) = 550
A(4.3) = 349
A(5) = 357

For a minimum amount of material, the can should
be constructed with a radius of 4.3 cm and a height
of 8.6 cm.

18. R

'—
A c X B

«— 88— »
Let x be the distance CB, and 8 — x the distance AC.
Let the cost on land be $k and under water $1.6k.
The cost C(x) = k(8 — x) + 1.6k\V1 + x?,

0=x=8.

1 !
C'(x) = —k + 1.6k X 5(1 + x?)72(2x)

P 1.6kx
V1 + x?
Let C'(x) =0,
1.6kx
k + (e 0
l6x
V1 + k?
1.6x = V1 + x?
2.56x* =1 + x?
1.56x* =1
x? = 0.64
x=08x>0
Using max min Algorithm,
A(0) = 9.6k
A(0.8) = k(8 — 0.8) + 1.6k\V1 + (0.8)* = 9.25k
A(8) =129k

The best way to cross the river is to run the pipe
8 — 0.8 or 7.2 km along the river shore and then
cross diagonally to the refinery.

19. S y B

A

Let y represent the distance the westbound train
is from the station and x the distance of the
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northbound train from the station S. Let ¢
represent time after 10:00.

Then x = 100¢, y = (120 — 120¢)

Let the distance AB be z.

2=V (10002 + (120 — 120050 =t =1

dz 1 1
— = —[(100£)* + (120 — 120¢)*]
= 5110007 + )
X [2 X 100 X 100t — 2 X 120 X (120(1 — ¢))]

d
Let e 0, that is
dt

2 X 100 X 100r — 2 X 120 X 120(1 — 1)
21/ (100¢)? + (120 — 120¢)? B
or 20 000t = 28 800(1 — 1)
48 800 = 288 000

0

288 .
t = 188 0.59 h or 35.4 min.
When ¢t = 0, z = 120.
t =0.59

2 =V/(100 X 0.59)% + (120 — 120 X 0.59)?

= 76.8 km
t=1,z =100
The closest distance between trains is 76.8 km and
occurs at 10:35.
20. Let the number of price increases be n.
New selling price = 100 + 2n.
Number sold = 120 — n.
Profit = Revenue — Cost
P(n) = (100 + 2n)(120 — n) — 70(120 — n),
0=n=120

= 3600 + 210n — 2n?

P'(n) =210 — 4n

Let P'(n) = 0
210 — 4n =0
n=525.

Therefore, n = 52 or 53.
Using max min Algorithm,

P(0) = 3600
P(52) = 9112
P(53) = 9112

P(120) = 0

The maximum profit occurs when the portable MP3 are

sold at $204 for 68 and at $206 for 67 portable MP3.

21. p
5

Let x represent the distance AC.
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Then, RC = 20 — x and 4.

PC =V25 + x?

The cost:
C(x) = 100 000V25 + x>+ 75 000(20 — x),
0=x=20

1 1
C'(x) = 100000 X (25 + x*)4(2x) = 75 000.

Let C'(x) =0,
100 000x
———75000=0
V25 + x2
dx = 3V25 + x2
16x* = 9(25 + x?)
7x? = 225
x>=32
x =5.7.

Using max min Algorithm,
A(0) =100 000V/25 + 75 000(20) = 2 000 000

A(5.7) = 100 000V/25 + 5.7% + 75 000(20 — 5.7)
= 1830 721.60
A(20) = 2061 552.81.

The minimum cost is $1 830 722 and occurs when
the pipeline meets the shore at a point C, 5.7 km
from point A, directly across from P.

22.

:3cm
£
v
h N
w
A= hw
8l =(h —6)(w—4)
81
-6 " 4
81
+ =
-6 4=w
81 +4(h—6)
h—=6
4h + 57
h—=6

Substitute for w in the area equation and differentiate:
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4h + 57
A= (h) P
_ 4h* + STh
- h-6
s (8h + 57)(h — 6) — (4h* + 57h)
- (h — 6)
o 8h% + 9h — 342 — 4h?® — 57h
- (h — 6)
2
b 4h® — 48h — 342
(h — 6)
Let A’ = 0:
4h? — 48h — 342
(h — 6) -

Therefore, 4h> — 48h — 342 = 0
Using the quadratic formula, # = 17.02 cm

h t<17.02 17.02 t>17.02
A’(h) - 0 +
Graph Dec. Local Min Inc.

There is a local minimum at 2z = 17.02 cm, so that is
the minimizing height.
81 =(h —6)(w—4)
81 =11.02(w — 4)
735=w —4
w = 11.35cm
The dimensions of the page should be
11.35cm X 17.02 cm.
23.

X
== = Brick —— =Fence
C = (192 + 48)x + 192(2y)
C = 240x + 284y
1000 = xy

1000
e

. 1000 . . .
Substitute o for y in the cost equation and differen-

tiate to find the minimizing value for x:

1
C= 2400y00 + 284y
C— 240 000 T 284y
3-32

—24
¢ - 2w,
| 284y — 240 000
C = =
Let C' = 0:
284y — 240 000
2

y
Therefore 284y? — 240 000 = 0

284y? = 240 000

284

=0

y=291m
y ¥y <29.1 29.1 y>29.1
c(y) - 0 +
Graph Dec. Local Min Inc.

There is a local minimum at y = 29.1 m, so that is the
minimizing value. To find x, use the equation

1000
1000 _
y
1000
291
X =344m

The fence and the side opposite it should be 34.4 m,
and the other two sides should be 29.1 m.

24. Boat 2

Bo;ﬂ Dc;ck

The distance between the boats is the hypotenuse of a
right triangle. One side of the triangle is the distance
from the first boat to the dock and the other side is
the distance from the second boat to the dock. The

distance is given by the equation

d(t) = V/(15¢)* + (12 — 12¢)? where ¢ is hours
after 2:00

d(t) = V3692 — 288t + 144

To find the time that minimizes the distance, calculate
the derivative and find the critical numbers:

() = 738t — 288
V8172 — 48t + 144
Letd'(t) = 0O:
738t — 288 B
V8172 — 48t + 144
Therefore, 738t — 288 = 0
738t = 288
t = .39 hours
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t t<.39 .39 t> .39
d'(t) - 0 +
Graph Dec. Local Min Inc.

There is a local minimum at ¢t = .39 hours, so the
ships were closest together at 2:23.
25. Dundas
Ancaster T
T rest 16
4, stop :
L x 8 — xu
C<----8---»D
Let the distance from C to the rest stop be x and so
the distance from the rest stop to D is 8 — x, as
shown. The distance from Ancaster to the rest stop
is therefore
\/42 + x? = \/16 + x2, and the distance from the
rest stop to Dundas is

V6> + (8 — x)> = V36 + 64 — 16x + 2
=V100 — 16x + x?

So the total length of the trails is
L=V16 + x> + V100 — 16x + x°
The minimum cost can be found by expressing L as
a function of x and examining its derivative to find
critical points.
L(x) = V16 + x* + V100 — 16x + x2, which is
defined for 0 = x = 8§

Lo 2x 2x — 16
B = e+ 2 T 2Vi00 — 16x + &
~ xV100 — 16x + x* + (x — 8)V16 + x?
V(16 + 23 (100 — 16x + x2)

The critical points of A (r) can be found by setting
L'(x)=0:
x¥V100 — 16x + x> + (x — 8)V16 + x> =0
x2(100 — 16x + x?) = (x> — 16x + 64)(16 + x?)
100x? — 16x° + x* = x* — 16x* + 64x?

+ 16x* — 256x + 1024
20x% + 256x — 1024 = 0
4(5x —16)(x +16) =0
So x = 3.2 and x = —16 are the critical points of
the function. Only the positive root is within the
interval of interest, however. The minimum total

length therefore occurs at this point or at one of the
endpoints of the interval:
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L(0) = V16 + 0% + V100 — 16(0) + 0*> = 14
L(32) = V16 + 322 + V100 — 16(32) + 3.2
=128
L(8) = V16 + 8 + V100 — 16(8) + 8 = 14.9

So the rest stop should be built 3.2 km from point C.
26.a.f(x) =x*—2x+6,-1=x=7

f'(x)y=2x -2
Set f'(x) =0
0=2x—2
x=1

f(=1)= (-1 =-2(-1)+6
f(=1)=1+2+6
f(=1)=9
f(7) = (7)Y =2(7)+6
f(7) =49 — 14 + 6
f(7) =41
f(1H)y=1"-2(1)+6
f(ly=1-2+6
f(1) =5
Absolute Maximum: f(7) = 41
Absolute Minimum: f(1) = 5

b. f(x)=x>+x*-3=x=3
f(x) =3x* + 2x

Setf'(x) =0
0=3x>+ 2x
0=x(3x+2)

2
x=—§orx=0

f(=3) = (=3)° + (=3)
f(=3)=-27+9
f(=3) = —18

(55)-)+(3)
(5) -5

£(0) = (0)* + (0)?

f(0) =0

f3) =3y + 3y
f(3)=27+9
£(3) = 36

Absolute Maximum: f(3) = 36
Absolute Minimum: f(—=3) = —18

c. fx)=x>—12x+2,-5=x=5
fi(x)=3x*—12
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Set f'(x) = 0

0=3x>-12

x> =4

x=—2o0rx=2
f(=5) = (=5°—-12(-5)+2
f(=5)=-125+60 + 2
f(=5)=-63

f2) = (2 —12(2) + 2
f2)=8-24+2
f(2)y=—-14
f(=2)= (-2 —12(-2) + 2
f(=2)=—-8+24+2
f(=2) =18
f(5) = (5)° = 12(5) + 2
f(5) =125 — 60 + 2
f(5) =67
Absolute Maximum: f(5) = 67
Absolute Minimum: f(—5) = —63
d f(x)=3x"-5 -2=x=4
f(x) = 15x* — 15x2
Setf'(x) =0
0 = 15x* — 15x2
0 =15x*(x* — 1)
0=152(x — 1)(x + 1)
x=—lorx=0o0rx =1
f(=2) = 3(=2)’ = 5(=-2)’
f(=2) = =96 + 40

f(=2) = =56
f(0) = 3(0)° + 5(0)°
f(0)=20

Note: (0, 0) is not a maximum or a minimum

f(4) =3(4) - 5(4)°
£(4) = 3072 — 320
£(4) = 2752
f(=1) =3(=1y = 5(=1)°
f(-1)=—-3+5

f-1)=2
f(1) =31 = 5(17
f(1)=3-5
1) = -2

Absolute Maximum: f(4) = 2752
Absolute Minimum: f(—2) = —56
27.a.s(t) = 20t — 0.3

s'(t) =20 — 0.9¢
The car stops when s'(t) = 0.
20 — 0.9 =0

0.9> = 20

3-34

20
0.9
t=4714
(—4.714 is inadmissible)
s(4.714) = 20(4.714) — 0.3(4.714)°
=629 m

=

b. From the solution to a., the stopping time is

about 4.7 s.
c.s"(r) = —1.8¢
s"(2) = —1.8(2)
= —3.6 m/s?
The deceleration is 3.6 m/s?.

28.a.f'(x) = %(5)63 - Xx)

=15x* - 1
F7(x) = (156 = 1)
dx
= 30x

So £ (2) = 30(2) = 60
b. f'(x) = (%(—2;(3 + x?)
=6x*+ 2x
d . 4
f"(x) = a(@c + 2x)
= —24x 42
Sof"(~1) = —24(—1)" + 2 = 26
c.f'(x) = dix(4x —1)*
= 4(4x — 1)(4)
— 16(4x — 1)}
£ () = S (16(4x = 17)
= 16(3)(4x — 1)(4)
= 192(4x — 1)
So £7(0) = 192(4(0) — 1)? = 192

d. fi(x) = ch(xz—)CS)

_(x=5@) - 291)
(x = 5)
_ 1o
(x = 5)

frx) = i( (x_—l(;)2>

_ (x = 57(0) = (=10)(2(x = 5))

(x = 5)*

Chapter 3: Derivatives and Their Applications



20
(x = 5)°
20 5

SOf”(l) = (1 _ 5)3 = _E

e. f(x) can be rewritten as f(x) = (x + 5). Then

£ = (0 +5))

1 |
= E(x + 5)_§

=43 s)

OEE

1 3
= —Z(x + 5)7

1

108
f. f(x) can be rewritten as f(x) = x*. Then

£ = (¥

So f"(4) = —%(4 +5)7 = -

Sof7(® = ()@= -
29.a.5(1) = ti—t,j
o (E+3)(2) — 2(1)
SO =Ty
26—
o (r+3)?
6
C o (r+3)
gy = (3 (0)(:(32)9 +3)+ 1)
_—6(2 + 6)
o+ 3)
_ —12(¢ + 3)
(t+ 3)*

Calculus and Vectors Solutions Manual

18

At ¢ = 3, position is 1, velocity is #, acceleration is
—%, and speed is &.

5
b.s(t) =t +——

s'(t) =1+

=1

s"(t) =

0

r+2

(t+2)(0) —5(1)

5
(t + 2)?

_ (142)°(0) = 5[2(x + 2)(1)]

(t+2)

_10(r + 2)
e+ 2)

(t+2)*

3-35



10
(1+2)°
_10
27
At ¢ = 3, position is 5, velocity is §, acceleration is
19 and speed is 3.
30.a.5(t) = (A +1),t=0
2 |
v(r) = g(t2 +1)73 (2t + 1)
a(t)

{_;(ﬂ + t)‘%(Zt + )2t + 1)+ 2( + 1)_§

s"(1) =

WIN WI[N

(-3)@ + 0@+ 17— 6@ + 1)
- —%(zz + )42+ 4+ 1 — 68 — 61)

2 4
= §(z2 + )73+ 2t — 1)

_3(5) —s(0)

S 5-0

_ (52 +5) = (0* + 0y
5

b. vy,

30° -0
5
= 1.931
The average velocity is approximately 1.931 m/s.

c.v(5) = %(52 +35)73(2(5) + 1)

2 1
=501

= 2.360
The velocity at 5 s is approximately 2.36 m/s.
v(5) — v(0)

d. Average acceleration = which is

undefined because v(0) is undeﬁ_ned.
2 .
e.a(5) = 5(52 +5)75(2(5)* +2(5) = 1)

20
= 5(30 ) (59)

= 0.141
2

The acceleration at 5 s is approximately 0.141 m/s>.

Chapter 3 Test, p. 160
l.a. y=7x*—9x + 22

y =14x -9
y' =14
3-36

b. f(x) = —9x°> — 4x> + 6x — 12
fl(x) = —45x* —12x> + 6
f"(x) = —180x* — 24x

c.y=5x73+10x°
y' = —15x"* 4 30x?
y" = 60x" + 60x

d. f(x) = (4x — 8)°
f'(x) = 3(4x — 8)*(4)

= 12(4x — 8)*
f"(x) = 24(4x — 8)(4)
= 96(4x — 8)

2.a. s(t) = =3 + 5> — 6t
v(t) = =92 + 10t — 6

v(3) = —9(9) + 30 — 6
= —57

a(t) = —18¢ + 10

a(3) = —18(3) + 10
= —44

b. s(t) = (2t — 5)°
v(t) = 3(2t — 5)*(2)

=6(2t —5)
v(2) = 6(4 — 5)?
=6
a(t) = 12(2t — 5)(2)
=24(2t — 5)
a(2) = 24(4 - 5)
= —24
Joa.s(t)=1*—3t+2
v(t)=2t—3
a(t)y =2
b.2t—3=0
t=15s

s(1.5) =15 -3
(1.5) +2= —-0.25
c. £—-3t+2=0
(t—1)(t—-2)=0

t=1lort=2
()| =|-1]
=1
v(2)] = [1]
=1

The speed is 1 m/s when the position is 0.
d. The object moves to the left when v(¢) < 0.
2t—=3<0

t<15
The object moves to the left between ¢ = 0 s and
t=15s.

Chapter 3: Derivatives and Their Applications
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e.v(5)=10—-3=7m/s
v(2)=4-3=1m/s

. 7-1
average velocity = -
=2m/s’

4. a. f(x)=x>—12x + 2
f'(x) =3x* — 12x
x> —12x =0
3x(x —4)=0
x=0orx =4
Test the endpoints and the values that make the
derivative 0.
f(=5)=—-125+ 60 + 2 = —63 min
£(0) =2
f(4)=64 —48 +2 =18
f(5) = 125 — 60 + 2 = 67 max

9
b. f(x)=x+;

=x+ 9x!
fl(x)y=1-—9x72
1-9x2=0
9
1-—==0
22
2
-9
X 9y
X
x>=9=0
x = =3
x = —3is not in the given interval.

f)y=1+9=10 max

f3)=3+3=6 min

f(6)=6+15=175

5.a. h(t) = —4.9* + 21t + 045
h(t) = —9.8t + 21

Set 4'(t) = 0 and solve for .

—-98+21=0
9.8t =21
t=21s

The graph has a max or min at t = 2.1 s. Since the
equation represents a parabola, and the lead coeffi-
cient is negative, the value must be a maximum.
b. h(2.1) = —4.9(2.1)* + 21(2.1) + 0.45

=229
The maximum height is about 22.9 m.

G.I

X

l

Calculus and Vectors Solutions Manual

Let x represent the width of the field in m, x > 0.
Let y represent the length of the field in m.
4x +2y =2000 (D
A =xy @
From (D: y = 1000 — 2x. Restriction 0 < x < 500
Substitute into (2):
A(x) = x(1000 — 2x)
= 1000x — 2x?
A'(x) = 1000 — 4x.
For a max min, A'(x) = 0, x = 250

X A(x) = x(1000 — 2x)

0 lim A(x) =0
x—=0"

250 | A(250) = 125 000 max

1000| lim A(x) =0
Xx—1000

x = 250 and y = 500.

Therefore, each paddock is 250 m in width and

2% m in length.

2x

Let x represent the height.
Let 2x represent the width.
Let y represent the length.
Volume 10 000 = 2x?%y
Cost:
C = 0.02(2x)y + 2(0.05)(2x?%)
+ 2(0.05)(xy) + 0.1(2xy)
= 0.04xy + 0.2x> + 0.1xy + 0.2xy
= 0.34xy + 0.2x°

But v — 10000 _ 5000
Y 2x? xt
5000
Therefore, C(x) = O.34x< 5 ) + 0.2x°
x
1700
=—+02x%5x=0
x
—1700
C'(x) = s + 0.4x.

3-37



Let C'(x) = 0:
—1700
2 +04x =0
0.4x* = 1700
x® = 4250
x =16.2.
Using max min Algorithm,
C(0)—>
1700
C(16.2) = 162 + 0.2(16.2)* = 157.4.

Minimum when x = 16.2, 2x = 32.4 and y = 19.0.
The required dimensions are 162 mm by 324 mm
by 190 mm.

3-38

8. Let x = the number of $100 increases, x = 0.
The number of units rented will be 50 — 10x.
The rent per unit will be 850 + 100x.

R(x) = (850 + 100x)(50 — 10x)

R'(x) = (850 + 100x)(—10) + (50 — 10x)(100)
= —8500 — 1000x + 5000 — 1000x
= —2000x — 3500

SetR'(x) =0

0 = —3500 — 2000x

2000x = —3500

x=—-175butx =0

To maximize revenue the landlord should not
increase rent. The residents should continue to pay
$850/month.

Chapter 3: Derivatives and Their Applications
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