CHAPTER 4
Curve Sketching

Review of Prerequisite Skills, pp. 162—163

lL.a.2y’+y—-3=0

2y +3)(y-1)=0

— 3 p—

y——Eory—l

b. x> - 5x+3=17

x> —=5x—-14=0

x—=—7(x+2)=0
x=T7o0orx = -2

c.4x*+20x +25=0
2x+5)02x+5)=0

5

X =—=

2

dy’ +4°+y—-6=0
y = 1lis azero, soy — 1is a factor. After
synthetic division, the polynomial factors to

(y = 1)(y* + 5y + 6).

So(y —1)(y +3)(y +2)=0.
y=lory=—-3ory= -2

2.a.3x +9<2

3x < =7
_ 7

r< -~
3

b.53-x)=3x—-1
15—-5%x=3x -1
16 = 8x
8x =16
x=2
c. ?—-2t<3
?—2t—3<0
(t—=3)t+1)<O0

Considert =3 and ¢t = —1.

t values t< -1 -1<t<3 t>3
(t+1) - + +
(t-3) - - +
(t=3)(t+1) + - +

The solutionis —1 <t < 3.

d. ¥>’+3x—4>0
x+4Hx-1)>0

Consider x = —4 and x = 1.
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x values x< -4 -4<x<1 x>1
(x + 4) - + +
(x-1) - - +
x+4)(x-1) + - +
The solution is x < —4 or x > 1.
3. a. )4
3
2_
'|_
X
/i 2 3
b.
8-
6_
4_
1 X
IR EEY RERY
—4
-6
—8-
_]0_
_'|2_
C. y
6_
4_
24
T T T O K—*
~6-4-20/7 4 ¢
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2 /(>

—6-4-20 2

4 6

4.a. lim (x> —4)=2>—4
x—2"

=0
2
_l’_ J—
b. lim* ¥ 10
x—2 x—2
_l’_ —
~ lim (x +5)(x—2)
x—2 X — 2
= lim(x + 5)
x—2
=7
X -27
c. lim
x—3 X — 3

- 24+ 3x +
- lim (x =3)(x*+3x +9)

x—3

x—3

= lim (x*> + 3x + 9)
x—3

=32 +3%x3+9

=27

d. Iim V2x + 1

x—4"

=V2x4+1

=3

1
5.a.f(x) = Zx4 + 2x3 — X

fx)y=x>+6x>+x2

b. f(x) =

14
=X+ 2 - x
4x X X

x +1
x> -3

1

1

(x> =3)(1) — (x + 1)(2x)

fx) =

(=3

x> =3 —2x>—2x

—x?

x2

(=3
—2x—3

(x* = 3)°

+2x +3

c. f(x) = (3x?

f'(x) = 2(3x* — 6x)(6x — 6)

4-2

— 6x)?

2t
W0 ==
S~ 2t
f,(t)zz Tt T ovi—4
t—4
4(t — 4) 2t
, 2WNi—4 2Vi—4
1 = =t——
Lo At —4)— 2
f(f)—w
2t —16
C2(t— 4y
-8
S (1—4y
x—38
6.a. x+3)x2—5x+4
x* + 3x
—8x + 4
—8x — 24
28 -
2 . —
(x—5x—4)f(x-i-3)—x—8-i—x_}_3
x+7
b.x — 1)+ 6x — 9
x> —x
Tx — 9
Tx — 7
-2
(xX*—6x—9)+~(x—1)=x+7- 2
x—1
7. f(x) =x>+05x> —2x + 3
fl(x)y=3*+x-2
Let f'(x) = 0:

2 +x—-2=0
Bx—2)x+1)=0

2
= — = —1
x 3orx

The points are (%, 2.19) and (—1,4.5).

8. a. If f(x) = x", where n is a real number,

then f'(x) = nx" 1.

b. If f(x) = k, where k is a constant, then f'(x) = 0.

c. If k(x) = f(x)g(x), then

k'(x) = f"(x)g(x) — f(x)g'(x)

d. If h(x) = %, then /' (x)

_ ['(0)gx) — fx)g'(x)
[g(x)F

,8(x) # 0.
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e. If fand g are functions that have derivatives, There is no solution, so there is no x-intercept.
then the composite function 4 (x) = f(g(x)) has a
derivative given by 4'(x) = f'(g(x))g’(x).

The y-intercept is y = 0 i 1= 5.

f. If u is a function of x, and n is a positive integer, ii. y = 4x
d ny — n*ldu . r 2
then - (u") = nu"""_~ To find the x-intercept, let y = 0.
9.a.lim2x> — 3x + 4 = o x__
x—ow X — 2
lim 2x> — 3x + 4 = » x=0
X—>—% . . _ 0 _
b. lim 2% + 4x — 1 = o The y-interceptis y = =5 = 0.
X—>© vee _ 3x —5
lim 2x° + 4x — 1 = — m'y_6x—3
o To find the x-i lety = 0:
¢ lim —5x* + 2% — 62 + Tx — 1 = — o= 10 find the xintercept, fety =0
lim —5x*+2x° —6x> + 7x — 1 = — 6x —3
= Therefore, 3x — 5 =0
1 1
10.a. ——=— 5
fx)  2x x=3
Let2x =0 . . _0-5_35
x = 0, so the graph has a vertical asymptote at x = 0. The y —1n{e(:);ce_pt 41 YT o5 TS
1 . 1 iv. y = 57
o = X
fx)  —x+3 To find the x-intercept, let y = 0.
Let—x+3=0 10x — 4
x = 3, so the graph has a vertical asymptote at x = 3. o T 0
1 1 N
c. ) AP+l Therefore, 10x — 4 = (2)
Let (x +4)+1=0 x=3
There 15 tno solution, so the graph has no vertical The y-intercept is y = =, which is undefined, so
asymptotes. there is no y-intercept.
d 1 1 5
Tf(x)  (x + 3)? b'i°y:x+1
2 _
Let (x +3)°=0 . Domain: {xeR|x # —1}
x = —3, so the graph has a vertical asymptote at Range: {yeR|y # 0}
x = —3. 4x
.5 . i y=
11. a. lim o 0, so the horizontal asymptote x =2
S :Xo_’w Domain: {x e R|x # 2}
Y 4x Range: {yeR|y # 4}
b. lim -~ = 4, so the horizontal asymptote is y = 4. 3x — 5
X iii. y =
-5 . o YT x -3
¢ lim = 3, so the horizontal asymptote is y = 3.
bx — 3 . 1
10x — 4 Domain: { xeR|x # 5
d. lim 5 = 2, so the horizontal asymptote
xX—®© 1
isy = 2. Range: {yeR|y * 2}
12.&.1.1.y=x+1 iv.y=10x_4
To find the x-intercept, let y = 0. 5x
5 _ Domain: {x e R|x # 0}
x+1 Range: {yeR|y # 2}
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b.i. -1 <x<1

4.1 Increasing and Decreasing D
i.x<-1,x>1

Functions, pp. 169-171 i, (—1.2). (2. 4)
La f(x)=x>+6x>+1 c.ix< -2
f(x) =3x* + 12x . —2<x<2,2<x
Letf'(x) =0:3x(x +4) =0 iii. none
x=0orx =—4 doi. —1<x<2,3<x
The points are (0, 1) and (—4, 33). il.x<-1,2<x<3
b. f(x) = Vx> + 4 jii. (2,3)
= (& + 4) 4. /
1 |
F1(0) = 5 + 4)H(2x) RS
s /
Vx? + 4
Let f'(x) = O: a. f(x)=x"+3*+1
) f(x) = 3x* + 6x
Va? + 4 Let f'(x) = 0
Sox = 0. 3x> + 6x = 0
The point is (0, 2). 3x(x +2)=0
¢ f(x) = (2x = 1)*(x* = 9) x=0orx= -2
f(x)=22x —1)(2)(x* = 9) + 2x(2x — 1)?
Let f'(x) = 0: x x<-2 |-2]|-2<x<0]0 x>0
2(2x — 1D)R*=9) +x(2x — 1)) =0
2(2x — 1)(4x* —x —18) =0 f'(x) + 0 - 0 n
22x — 1)(4x —9(x+2)=0 A . .
1 Graph Increasing Decreasing Increasing
xX=_-orx=—orx = —2.
2 4 b.

This points are (3, 0), (2.25, —48.2) and /_ \l )

(-2, —125).
5x
A { \j

5(x* 4+ 1) —5x(2x)  5(1 — x?)

FO="" "y Ty f(x) = x° = 5 + 100
Let f'(x) = 0: f(x) = 5x* = 2047

5(1 - %) Let f'(x) = O«
Tl)z=0 5x4—20x3=0

(x 5¢3(x —4) =0

Therefore, 5(1 — x?) = 0 x=0orx = 4.

1-x)(1+x)=0
y= +1 X x<0 0 0<x<4 |4 x> 4
. 5 5
The points are (1, g) and (—1, —5). 00 N 0 _ 0 N
2. A function is increasing when f'(x) > 0 and is
decreasing when f'(x) < 0. Graph | Increasing Decreasing Increasing

Joai.x < —1,x>2
i —-1<x<2
iii. (—=1,4), (2,-1)
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1 = 3x* + 4x3 — 1242
f) =x++ Yy =120 + 1242 — 24x
, 1 Intervals of increasing: Intervals of decreasing:
Fx=1-"5 126° + 1267 — 24x >0 12x° + 12x% — 24x <0
Let f'(x) =0 x(x*+x—-2)>0 x(x*+x-2)<0
. 1_0 x(x —D(x+2)>0 x(x —D(x+2)<0
x2 _xizo x< -2 -2<x<0 0<x<1 x<1
x=—lorx=1 x - - + +
Also note that f(x) is undefined for x = 0. .1 R _ _ R
x x<-1 |-1] -1<x<0 0 o<x<1[1] x>1 x+2 - + + +
y' + + - +
f'(x) + 0 - undefined 0 +
Intervals of increasing: —2 < x < 0,x > 1
Graph | Increasing Decreasing Decreasing Increasing Intervals of decreasing: x < _2’ 0<x<1
f.
d.
e
.______\U -
y=x*+x*-1
f(x)=x_1 y' = dx® + 2x
x> +3 Interval of increasing: Interval of decreasing:

oo X2+ 3= 2x(x — 1) 4x* +2x >0 4 +2x <0
Fix) = (x* + 3)? x(2x*+1)>0 x(2x*+1)<0
Let f'(x) = 0, therefore, —x> + 2x + 3 = 0. But 2x? + 1 is always positive.
Orx2—2x—3=0 Interval of increasing: x > 0
(x—=3)(x+1)=0 Interval of decreasing: x < 0

x=30orx=—1 S5.//(x) = (x = D(x +2)(x + 3)
Let f'(x) = O:
x x<-1 | -1| —1<x<3 x>3 Then (x — 1)(x +2)(x +3) =0
x=1lorx=—-2orx = —3.
f/(x) - 0 + - o,
X x<-3 |-3 =2 -2<x<1 x> 1

Graph | Decreasing Increasing Decreasing =3

f/(x) - 0 + 0 - +
Graph |Decreasing Increasing Decreasing Increasing
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41 /(2.9

(-1,0071
_2_

210 12

7.f(x) =x* 4+ ax* + bx + ¢

f(x)=3x>+2ax + b

Since f(x) increases to (—3, 18) and then

decreases, f'(3) = 0.

Therefore, 27 — 6a + b = 0 or 6a — b = 27.
Since f(x) decreases to the point (1, —14) and then

increases ' (1) = 0.

Therefore, 3 + 2ab + b =0or2a + b = —3.
Add (1) to (2) 8a = 24 and a = 3.

Whena =3,b=6+b = —-3o0orb = —0.
Since (1, —14) is on the curve and a = 3, b = —9,
then —14=1+3-9+¢

The function is f(x) = x> + 3x> — 9x — 9.

c=—9.
8. -
(=56 %

‘1, 2) .

N

9.a.i.x <4
ii.x >4
iii.x =4

b.ix<-1,x>1
. —-1<x<1
ili.x=—-1x=1

4-6

c.i. 2<x<3
fx<-2,x>3
fii.x=-2,x=3
y

X

QI35 43

10. f(x) = ax> + bx + ¢
f'(x) =2ax + b

Let f'(x) = 0, then x = %:.

-b ..
Ifx < 52 f'(x) < 0, therefore the function is
decreasing.

If x > ;—:, f'(x) > 0, therefore the function is
increasing.
11. f(x) =x*—32x + 4

f(x)=4x>—32

Let f'(x) = 0:
4 -32=0
4x =32
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x =2
X x<2 2 X>2
f(x) - 0 +
Graph Dec. |Local Min Inc

Therefore the function is decreasing for x < 2
and increasing for x > 2. The function has a local
minimum at the point (2, —44).

Hinimun
H=g

12. ¥

&
o
i\

13. Lety = f(x) and u = g(x).
Let x; and x, be any two values in the interval
a = x = b so that x; < x,.
Since x; < x,, both functions are increasing:
fx) > f(x) (D)
8(x) > g(x1) (2)
yu = f(x) - g(x).
(1) X (2) results in f(x;) - g(x2) > f(x1)g(x1).
The function yu or f(x) - g(x) is strictly increasing.
y

f(x)

. 8(x)
<] : X

a x x1 b

14. Let x,, x, be in the interval a = x =< b, such that

x; < x,. Therefore, f(x,) > f(x;), and g(x,) > g(x;).

In this case, f(x;), f(x,), g(x;), and g(x,) < 0.
Multiplying an inequality by a negative will reverse
its sign.
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Therefore, f(x;) * g(x2) < f(x1) * g(x1).
But LS > 0 and RS > 0.

Therefore, the function fg is strictly decreasing.

4.2 Critical Points, Relative Maxima,
and Relative Minima, pp. 178-180

1. Finding the critical points means determining the
points on the graph of the function for which the
derivative of the function at the x-coordinate is 0.
2. a. Take the derivative of the function. Set the
derivative equal to 0. Solve for x. Evaluate the
original function for the values of x. The (x, y)
pairs are the critical points.

b.y = x* — 6x?
d
T -1
=3x(x —4)
dy
Let— = 0.
“dx
3x(x—4)=0
x=0,4
The critical points are (0, 0) and (4, —32).
y
20
X
» N
— O_
O_

3.a. y =x* — 8&?

% = 4x° — 16x = 4x(x* — 4)
=4dx(x +2)(x — 2)
dy
Let— =10
© dx
dx(x +2)(x—2)=0

x=0, =2.
The critical points are (0, 0), (=2, 16), and
(2, —16).

x |x<-2| -2 |-2<x<0| 0 [0<x<2| 2 |x<2
dy
— - 0 0 - 0
dx + +
Local Local Local
Graph | Dec. Min Inc. Max Dec. Min Inc.
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Local minima at (—2, —16) and (2, —16)
Local maximum at (0, 0)

2x
b. f(x) = 5——
f(.X') x2 +9
Lo 2(x*+9) — 2x(2x)
f (x) - (x2 4 9)2
18— 247
(x> + 9)?
Let f/(x) = 0
Therefore, 18 — 2x? =
x>=9
x = *3.
x x< -3 -3 —-3< 3 x>3
x <3
f'(x) - 0 + 0 -
Graph | Decreasing |Local Min| Increasing %\C/)I;il Decreasing

Local minimum at (—3, —0.3) and local maximum
at (3, 0.3).
c.y=x>+3x>+1

dy
—— =3x> + 6x = 3x(x + 2
PR x = 3x(x )
dy
Let— =10
© dx
3x(x+2)=0
x=0,-2
The critical points are (0, 1) and (—=2,5).
X |x<-2| -2 |-2<x<0| 0 |x<0O
dy -
dx + 0 0 +
Graph Inc. L'a?sl Iﬁ;il Inc.

Local maximum at (—2,5)
Local minimum at (0, 1)
4.a.y = x* — 8?
To find the x-intercepts, let y = 0.
xt=8?=0
(x> —8)=0
x=0, = \/é
To find the y-intercepts, let x = 0.
y=0

y
20+
101
X
pym[e: T
10
_20_
2x
To find the x-intercepts, let y = 0.
2x
2+9 0
Therefore, 2x = 0
x=0
To find the y-intercepts, let x = 0.
0
= —_— = 0
Y7o
y
0.5+
X
DR T
—0.51

cy=x"+3x*+1

To find the x-intercepts, let y = 0.
0=x>+3x2+1

The x-intercept cannot be easily obtained algebraically.
Since the function has a local maximum when

x = —2, it must have an x-intercept prior to this
x-value. Since f(—=3) = 1 and f(—4) = —15, an
estimate for the x-intercept is about —3.1.

To find the y-intercepts, let x = 0.

y=1
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5.a.h(x) = —6x° + 18x* + 3
h'(x) = —18x* + 36x

Leth'(x) = O:
—18x% + 36x =0
18x(2 —x) =0

x=0orx =2
The critical points are (0, 3) and (2, 27).
Local minimum at (0, 3)
Local maximum at (2, 27)
Since the derivative is 0 at both points, the tangent
is parallel to the horizontal axis for both.
b.g(t) =1 + ¢
g'(t) = 5t* + 3¢

Letg'(¢) = 0:
5t4+ 32 =0
252 +3)=0
t=20
X x<0 0 0<x<?2 0 Xx>2
dy _
dx + 0 0 +
Local Local
Graph| Inc. Min Dec. Max Inc.

The critical point is (0, 0).

t t<0 0 t>0
9'(x) + 0 +
Graph Inc. Local Min Inc.

(0, 0) is neither a maximum nor a minimum
Since the derivative at (0, 0) is 0, the tangent is
parallel to the horizontal axis there.

c.y=(x—5)
dy L _ 52
dx 3% )
B 1
© 3(x — 5)
dy
< £0
dx
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The critical point is at (5, 0), but is neither a
maximum or minimum. The tangent is not parallel
to the x-axis.

d. f(x) = (x> = 1)}
1 2
r() =56 - D7)

Let f'(x) = O«
1 2
g(x2 -1)753(2x) =0

x=0
There is a critical point at (0, —1). Since the

derivative is undefined for x = =1, (1, 0) and
(—1,0) are also critical points.

X x<-—-1-1]-1<x<0| 0 [0<x<1| 0 |x<1

Y IpNe - 0 +  |bNe| +
dx

Local
Graph| Dec. Dec. Min Inc. Inc.

Local minimum at (0, —1)

The tangent is parallel to the horizontal axis at (0, —1)
because the derivative is O there. Since the derivative is
undefined at (—1, 0) and (1, 0), the tangent is not
parallel to the horizontal axis at either point.

6. a.

Hiniraurm
h:ﬂ Y=z

Haximun
4=1ooodogg |v=zr |

C.
d.

7. a. f(x) = —2x* + 8x + 13
fl(x)=—4x +38

Let f'(x) = 0«
—4x+8=0
x=2
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The critical point is (2, 21).
Local maximum at (2, 21)

e f(x) = 2x% + 9x* + 12x
f'(x) =6x> + 18x + 12

x x<2 2 x>2 Let f'(x) = 0«
() + 0 - 6x> + 18x + 12 =10
Graph Inc. Local Max. Dec. 6(x + 2)(x 4 1) =0
v x=-2orx=—1
20 The critical points are (—2, —4) and (—1, —5).
X X< =2 -2 —2<x<-1| =1 |[x>—1
10 = 0 - o | +
X Graph Inc. Iﬁ;il Dec. L,\%il Inc.
T T O T T .
-8 4 4 8 Local maximum at (—2, —4)
Local minimum at (—1, —5)
O_
8_
20
4_
L,
b.f(x)=§x—9x+2 x
f(x) = x2 -9 -4 =2 2 4
Let f'(x) = 0: 4
x>—=9=0
x*=9 —8-
x= =3
The critical points are (—3,20) and (3, —16) d. f(x) = —3x° — 5x
Local maximum at (-3, 20) 'f’(x) 9?5
Local minimum at (3, —16) Let f(x) = 0:
X | x<-3 -3 |-3<x<3 3 Xx>3 —0x2—-5=0
dy _
ax + 0 0 + 2 _é
Graph Inc. L,\j;il Dec. L'\c;lcisl Inc. 9
This equation has no solution, so there are no
y critical points.
20' y
8_
14+ "
X X
R3S DESEC \EEpY Ry = YRR~ ERE:\NEREEEE:
_4_
_.'|O_
_8_
_20_
ef(x)=Vx>—2x+2
2x — 2 x—1
4 x = =
f) 2V —2x+2 Vi —2x+2
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Let f'(x) = 0:
Therefore,x — 1 =10
x=1
The critical point is (1, 1).
\/x? — 2x + 2 is never undefined or equal to zero,
so (1, 1) is the only critical point.

X x <1 1 x> 1
f'(x) - 0 +
Graph Dec. Local Min Inc.
Local minimum at (1, 1)
y
8_
\\/
X
4 2 0 2 4
f. f(x) = 3x* — 4x3
f(x) = 12x° — 12x?
Let f'(x) = O«
12x3 = 1222 =0
12x*(x —1) =0
x=0o0rx=1
X x<0 0 0<x<1 1 x> 1
dy _ _
dx 0 0 +
Graph | Dec. Dec. Local Min | Inc.

There are critical points at (0, 0) and (1, —1).
Neither local minimum nor local maximum at (0, 0)
Local minimum at (1, —1)

y

X

o~3

8.f(x)=(x+1)(x —2)(x +6)

Let f'(x) = O:
x+DHx—-2)(x+6)=0
x=—6orx=—-lorx=2

The critical numbers are —6, —1, and 2.
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X [x<—-6] -6 |-6<x<-—-1| =1 |-1<x<2| 2 |x<2
dy - _
dx 0 + 0 0 +
Local Local Local
Graph | Dec. Min Inc. Max Dec. Min Inc.
Local minima atx = —6and x = 2
Local maximum at x = —1
9.
(-1,6) Tflx)

ByEgEYEy RESEIRER:

10. y = ax* + bx + ¢

% =2ax + b
Since a relative maximum occurs at x = 3, then
2ax + b =0atx = 3. 0Or, 6a + b = 0. Also, at
(0,1),1 =0+ 0 + cor c = 1. Therefore,
y = ax* + bx + 1. Since (3, 12) lies on the curve,

12=9a +3b + 1

9a + 3b =11
6a + b =0.
Since b = —6a,
Then 9a — 18a = 11
1
ora 9
22
b= 3
The equation is y = —%xz + 23—2x + 1.
1. f(x) =x* + px + q
fx)=2x+p
In order for 1 to be an extremum, f'(1) must equal O.
2()+p=0
p=-2

To find g, substitute the known values for p and x
into the original equation and set it equal to 5.

X x <1 1 x> 1
f'(x) - 0 +
Graph Dec. Local Min Inc.




(1 + (W)(=2)+q=>5
qg==6
This extremum is a minimum value.
12. a. f(x) = x* — kx
f(x)=3x*—k

In order for fto have no critical numbers, f'(x) = 0
must have no solutions. Therefore, 3x> = k must
have no solutions, so k < 0.
b. f(x) = x* — kx

fi(x)=3x>—k
In order for f to have one critical numbers,
f'(x) = 0 must have exactly one solution.
Therefore, 3x* = k must have one solution, which
occurs when k = 0.
c. f(x) =x° — kx

fi(x)=3%—k
In order for f to have two critical numbers,
f'(x) = 0 must have two solutions. Therefore,
3x? = k must have two solutions, which occurs
when k& > 0.
13.g(x) =ax* + bx* + cx + d

g (x) = 3ax* + 2bx + ¢

Since there are local extrema at x = 0 and x = 2,
Oa +0b+c=0and12a +4b +c =0
Therefore, ¢ = 0 and 12a + 4b = 0
Going back to the original equation, we have the
points (2, 4) and (0, 0). Substitute these values of x
in the original function to get two more equations:
8a + 4b + 2¢ + d = 4 and d = 0. We now know
that ¢ = 0 and d = 0. We are left with two equa-
tions to find a and b:
12a +4b =0

8a +4b = 4
Subtract the second equation from the first to get
4a = —4. Therefore a = —1, and b = 3.
14. a. f'(X)

6

|

o
|

.
I

N
o
N H
S
O\_
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d. )

15. f(x) =3x*+ax* + bx* + ex + d

a. f'(x) = 12x + 3ax® + 2bx + ¢

Atx =0,f(0) =0,then f'(0) =0+0+0+ ¢
orc = 0.

Atx = -2, (-2) =0,

—96 + 12a — 4b = 0. (1)
Since (0, —9) lies on the curve,
-9=0+0+0+0+dord=—9.

Since (—2, —73) lies on the curve,
-73=48—-8a+4b +0-9
—8a + 4b = —112

or2a — b =28 )
Also, from (1): 3a — b = 24
2a — b = —-28
a=—4
b = —36.
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The function is f(x) = 3x* — 4x* — 36x% — 9.
b. f'(x) = 12x* — 12x* — 72x
Let f'(x) = 0:

- xP-6x=0
x(x —=3)(x +2)=0.
Third point occurs at x = 3,

f(3) = —198.
C.
Local minimum is at (=2, —73) and (3, —198).
x |x<-2| =2 72<| 0o | O< | 3 |x>3
x<0 x<3
f'(x) - 0 + 0 - 0 +
Graph Decreas-| Local | Increas- | Local [Decreas-| Local | Increas-
- ing Min ing Max ing Min ing
Local maximum is at (0, —9).
16.a.y = 4 — 3x*> — x*
dy
— = —6x — 4x°
dx
dy
Let— = 0:
dx
—6x —4x° =0
—2x(2x*+3) =0
2 3. ..
x=0o0rx" = —5 inadmissible
X x<0 0 x>0
dy _
dx + 0
Graph Increasing Local Max Decreasing

Local maximum is at (0, 4).

Yy

=)
N
N
o

b.y = 3x°> — 5x° — 30x

d
D {54 — 15x2 — 30
dx

dy

Let— = 0:

¢ dx

15x* = 15x> =30 =0
x*=x2-2=0

Calculas and Vectors Solutions Manual

(> =2)(x*+1)=0
x>=2orx*= -1

x = £V2; inadmissible

d
Atx =100, > 0.
dx
Therefore, function is increasing into quadrant one,

local minimum is at (1.41, —39.6) and local
maximum is at (—1.41, 39.6).

1

60+

) O
207
40+
60

fx)

g(x)

Since f(x) has local maximum at x = c, then
f'(x) >0forx <candf'(x) <0forx > c.
Since g(x) has a local minimum at x = ¢, then

g'(x) <Oforx <candg'(x)>0forx > c.

17. h(x) =

_ f(x)
" _}g‘((x)) (x) — &' (0)f(x)
, _ "(x)g(x) — g (x)f(x
e 5T

Ifx <c, f'(x) >0and g'(x) <0, then &' (x) > 0.
Ifx>c, f'(x) <0and g'(x) > 0, then 4’ (x) <O.
Since for x < ¢, h’(x) > 0 and for x > ¢,

h'(x) <0.

Therefore, 4 (x) has a local maximum at x = c.

4.3 Vertical and Horizontal
Asymptotes, pp. 193-195

1. a. vertical asymptotes at x = —2 and x = 2;
horizontal asymptote at y = 1
b. vertical asymptote at x = 0; horizontal asymptote

aty =0
8(x)

2. =

0 = §05
Conditions for a vertical asymptote: 4 (x) = 0 must
have at least one solution s, and lim f(x) = o.
Conditions for a horizontal o
asymptote: lim f(x) = k, where k e R,
or lim f(x) = k where keR.

X—>—®

4-13



Condition for an oblique asymptote is that the
highest power of g(x) must be one more than

the highest power of 4 (x).

( 3
o2 +3 . xX2H
3. a.lim = lim
x—x X — X— 1
x(x - ;)
1+ 2
= lim 1x
X—® 1 -
X
lim (2 + §)
nmﬁ—l)
X—>0 X
240
1-0
=2
Similarly, lim = = 2.
3
Co5xr -3 x2(5—7)
b.lim——— =1
x—o X° + 2 X—® 2( 2)
X 1+ P
5- 2
= lim —
e 4 5
lim (5 - 7)
5-0
1+0
=5
Similarly, lim 25— = 5.
. =5x?+3x xz(_s +
¢lm—e—s ~im fos
X -2
X
-5l
2 ¢
1m4—5+4
_ Xo® X
lim (2 - P)
=540
2-0
414

__3
2
. . . —5x2 + 3x _ 5
Slmllarly, xlin_iwﬁ = —5.
3 5
o2 —=3x*2+5 x5(2—;+;)
d.lim——F————F =lim
xow x4+ 5x — 4 X% 4 5 4
xN3+ 5 —
X X
x(2 - % + 25)
= lim %
X—>x 3 + -
[RCE—
3 5
{}E;(X(Z —e T 2)
L 5 4
}g(3 53
. . 3 5
- %Clil‘i(x)x ilg:o(2 - + ;)
. 5 4
{33;(3 i)
2-=0+0
=l X ——
lim () X350 -0
=
.. .20 —=3x2+5 . _
Slmllarly, lim 3t +5r — 4 £1an (x) = —00,

Xm0
4. a. This function is discontinuous at x = —5. The
numerator is non-zero at this point, so the function
has a vertical asymptote there. The behaviour of the
function near the asymptote is:

x-values X xX+5 y !,'E:y
X— =57 <0 <0 >0 +oo
xX— —5* <0 >0 <0 —®

b. This function is discontinuous at x = 2. The
numerator is non-zero at this point, so the function
has a vertical asymptote there. The behaviour of the
function near the asymptote is:

x-values X+ 2 x =2 f(x) !('E: f(x)
X—>2" <0 <0 <0 — o
x—2* >0 >0 >0 +oo

c¢. This function is discontinuous at ¢t = 3. The
numerator is non-zero at this point, so the function
has a vertical asymptote there. The behaviour of the
function near the asymptote is:

m
t-values 1 (t—3) s LS
xX—3" >0 >0 >0 +o0
x—3* >0 >0 >0 +o0

Chapter 4: Curve Sketching



d. This function is discontinuous at x = 3.
However, the numerator also has value O there,
since 32 — 3 — 6 = 0, so this function has no
vertical asymptotes.

e. The denominator of the function has value 0
when

x+3)x—-1)=0

x = —3 or x = 1. The numerator is non-zero at these
points, so the function has vertical asymptotes there.
The behaviour of the function near the asymptotes is:

x-values 6 x+3 x—1 f(x) L'E" f(x)
xX— -3 >0 <0 <0 >0 + 0
x— —3* >0 >0 <0 <0 —®
x—1" >0 >0 <0 <0 —®
x—17" >0 >0 >0 >0 +o0

f. This function is discontinuous when

x>—-1=0
x+DHx-1)=0
x = —1 or x = 1. The numerator is non-zero at these

points, so the function has vertical asymptotes there.
The behaviour of the function near the asymptotes is:

x-values x? x+1 x—1 y !('L"cy
x— -1 >0 <0 <0 >0 + o
x— -1 >0 >0 <0 <0 —o0
x—1" >0 >0 <0 <0 —®
x—17" >0 >0 >0 >0 +oo
. . X
5.a.lim = lim
x—weX + 4 X—0 4
x\1 + -
. 1
= lim 7
X—>°°1 + —
lim (1)
— X—>0
lim (1 + f)
X—%®
B 1
1+0
=1

Similarly, lim S 1,s0 y = 1 is a horizontal

X T 4 -
asymptote of the function.

Calculas and Vectors Solutions Manual

At a point x, the difference between the function

X . '
y = 4 and its asymptote y = 1 is
SIS Sl € )
x+4 x+4
_ 4
x+ 4

When x is large and positive, this difference is
negative, which means that the curve approaches the
asymptote from below. When x is large and negative,
this difference is positive, which means that the
curve approaches the asymptote from above.

2
b. lim ——— = lim ——
x—o X — X—0 2(1 . l)
X Xz
2
= lim 71
=1 *)
lim (2)
1imx(1 . %)
X—0 X
lim (2)

lim (x) X lim (1 = %)

X—>x X—>x

I 1 y 1
= lim —
x—nX 1—-0
=0
Similarly, lim zzf 1= 0, so y = 0 is a horizontal

asymptote of the function.

At a point x, the difference between the function

2 . 5 2
flx) = e f 1 and its asymptote y = 0 is 5 f T
When x is large and positive, this difference is
positive, which means that the curve approaches the
asymptote from above. When x is large and nega-
tive, this difference is negative, which means that
the curve approaches the asymptote from below.

32 + 4 f2(3 + %)
¢ lim >5—— = lim ——=
X—>x t - 1 X—> 1
t2(1 - f)
t2
4
3+ z
= lim T
x—>0°1 _

2
lm (3 n ;12)
tim (1~ 1)
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3+0
0

:1_
=3
2

Similarly, lim S 3,50 y = 3 is a horizontal

2
xo—wt® =1

asymptote of the function.

At a point x, the difference between the function

2
g(t) = 3:2 j14 and its asymptote y = 3 is
344, 3 +4-3(2-1)
=1 £ -1
__7
-1

When x is large and positive, this difference is
positive, which means that the curve approaches
the asymptote from above. When x is large and
negative, this difference is positive, which means
that the curve approaches the asymptote from

above.
8 7
-8 -7 x2(3_;_ﬁ)
d. lim = lim
X—® X — 4 X—® 4
f1-3)
X
8 7
. X(3 “E T *)
= lim 7
X—® 1 —
X
lim (x(3 _8 lz))
_ x—>® X X
lim (1 - ﬂ)
xX—®© X
. . 8 7
_ lim (x) X ng:o( -4
lim (1 - i)
X—>© X
3-0-0
=i X — =
lim (x) * =7
3 8= z 7
P —
Similarly, lim ="~ = lim (x) = -, so this
function has no horizontal asymptotes.
6. a. This function is discontinuous at x = —5.

Since the numerator is not equal to O there, the
function has a vertical asymptote at this point. The
behaviour of the function near the asymptote is:

x-values x—3 xX+5 y L'_'Ey
X— =5~ <0 <0 >0 +oo
x— —5% <0 >0 <0 —®

4-16

To check for a horizontal asymptote:

D 3 x(l - g
lim = lim 2
x—oX 5 X—© 5

x(l + 7)
_3
= lim 1
X—)Ocl + §
lim (1 - §)
_ x> X
lim (1 + 7)
~1-0
1+0
=1
Similarly, lim % = 1,s0y = 1 is a horizontal

asymptote of the function.
At a point x, the difference between the function

X — . .
y=x+sand its asymptote y = 1 is
x—-3 _x-3-(x+5)_ 8
x+5 x+5 x+5

When x is large and positive, this difference is
negative, which means that the curve approaches
the asymptote from below. When x is large and
negative, this difference is positive, which means
that the curve approaches the asymptote from
above.

y

- 96
S

LT T P

b. This function is discontinuous at x = —2. Since
the numerator is non-zero there, the function has a
vertical asymptote at this point. The behaviour of
the function near the asymptote is:

x-values 5 (x + 2)? f(x) I):Tc f(x)
x—>2" >0 >0 >0 + o
x—2* >0 >0 >0 +0

To check for a horizontal asymptote:

Chapter 4: Curve Sketching



5

Ly S
T T TH0+0
Similarly, xlin}wﬁ = 0, so y = 0 is a horizontal

= lim

i X? 4+ 4x + 4

. 5

1lmﬁ

x—)ocxz(l + -+ 7)
X X

lim (5)

x—0

mﬂﬁﬁ+ﬂ+%»
X X

lim (5)

X—>0

lim (x?) X lim (1 +24 4)

X—®© X—>©

asymptote of the function.

Ata point x, the difference between the function

flx) = o+ 2)2 and its asymptote y = 0 is
ﬁ. When x is large and positive, this

difference is positive, which means that the curve
approaches the asymptote from above. When x is
large and negative, this difference is positive, which
means that the curve approaches the asymptote

from above.

===

8 -6 -4

2
0
24

--ﬁd-------

=y

2

c¢. This function is discontinuous at ¢t = 5. However,

the numerator is equal to zero there, since

52 — 2(5) — 15 = 0, so this function has no vertical

asymptote.
To check for an oblique asymptote:
t—3
t—5)F -2t — 15
£ — 5t
0+3—-15
0+3t—-15
0+0+0

Calculas and Vectors Solutions Manual

So g(t) can be written in the form
g(r)=1-3

d. This function is discontinuous when

x> =3x=0
x(x—=3)=0

x=0orx =3
The numerator is non-zero at these points, so the
function has vertical asymptotes at both of them. The
behaviour of the function near these asymptotes is:

xvalues | 2 +x [3-2x| x |x-3| y | limy
Xx=>0 | >0 | >0 | <0 | <0 | >0 | +=
x—>0*| >0 | >0 | >0 | <0 | <0 | —
x—3" | >0 <0 >0 <0 >0 +o
x—>3*| >0 | <0 | >0 | >0 | <0 | —
To check for horizontal asymptotes:
(2+x)(3—2x) . 22X’ —x+6
=lm——m———
X0 x? — 3x x—>»  X°— 3x
1 6
xz(—2 - —+ 7)
= lim Lo
x> x2(1 _§)
X
1 6
T2 te
= lim 3
X—®© 1 J—
X
. 1 6
lim (—2 - -+ —2)
R X X
lim (1 - =
xX—®
~_—2-0+0
1-0
=-2
.. . 2+ 3-2 .
Similarly, lim % =-2,s0y=—21s

x——

o0

a horizontal asymptote of the function.



At a point x, the difference between the function

—2x2—x+6 . _
y =" 32_5, andits asymptote y = —2is
—2x' —x +6 —2x% — x + 6 + 2(x* — 3x)
3 . 2= 5
X% = 3x x°— 3x
_/x+6
x?—=3x’

When x is large and positive, this difference is
negative, which means that the curve approaches the
asymptote from below. When x is large and negative,
this difference is positive, which means that the curve
approaches the asymptote from above.

7. a. 3x — 17
x =332 —2x — 17
3x% — 9x
Tx — 17
Tx — 21
4

So f(x) can be written in the form

4 .4
fx)=3x—-17+ . Since 1:3(:; = 0 and

. 4 . .
lim P 0, the line y = 3x — 7 is an asymptote

to the function f(x).
b. x+3
2x + 322 + 9x + 2
2x% + 3x
6x + 2
6x +9
-7

So f(x) can be written in the form

Since lim = 0 and

X—>

flx)=x+3 -

2x + 3° 2x + 3

lim -
r—w2X + 3

to the function f(x).

= 0, the line y = x + 3 is an asymptote

4-18

C. x—2
4208 + 0xr 4+ 0x — 1

x>+ 2x2
—2x*+0x — 1
— 2x* — 4x
4x — 1
So f(x) can be written in the form
fx)y=x—-2+ ;12x+—21x Since
1
4x — 1 X(4 - *)
li = lim ——"¢
xlgicxz + 2x e

x_mxz(l + 2)

X
41

= lim -

)wa(l + g)
X

lim (4 _ l)

X—® X

i+

lim (4 _ l)
X

X—>x

lim (x) X lim (1 + %)

X—>x X—>x

_ g <1>><4_0
e B I,

:0,

dx -1

21 o 0,the liney = x — 21is

and similarly lim

an asymptote to the function f(x).
d. x+3
¥ —4x +3)x*— xX*— 9x+15
X — 4’ + 3x

3x* — 12x + 15
3x* - 12x + 9
6
So f(x) can be written in the form
6 . .
fx)=x+3+ 2 a1+ 3 Since llmm

X—00

and lim = (0, the line y = x + 3 is an

X2 —4x + 3
asymptote to the function f(x).
8. a. At a point x, the difference between the

function f(x) = f(x) =3x — 7 +
oblique asymptote y = 3x — 7 is

4 4 .
3x —7 +m - (Bx—17) —m.Whenxls

and its

4
x—3
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large and positive, this difference is positive, which
means that the curve approaches the asymptote
from above. When x is large and negative, this
difference is negative, which means that the curve
approaches the asymptote from below.

b. At a point x, the difference between the function

7 . .
f(x) = x +3 — 5~ and its oblique asymptote
. 7 7
y=x+3isx+3 - ———-(x+3)=—"—

When x is large and positive, this difference is
negative, which means that the curve approaches the
asymptote from below. When x is large and

negative, this difference is positive, which means
that the curve approaches the asymptote from above.
9. a. This function is discontinuous at x = —5. The
numerator is non-zero at this point, so the function
has a vertical asymptote there. The behaviour of the
function near the asymptote is:

x-values | 3x —1 | x+5 | f(x) L'L“‘ f(x)
x—-5"| <0 <0 >0 + o0
x— -5 <0 >0 <0 —

To check for a horizontal asymptote:

1
3x—1 . 2 S
+5

1
=1

3x -1
+

Similarly, lim = 3,0y = 3 is a horizontal

x—0 X
asymptote of the function.
b. This function is discontinuous at x = 1. The
numerator is non-zero at this point, so the function
has a vertical asymptote there. The behaviour of the

function near the asymptote is:
To check for a horizontal asymptote:

x-values | x? + 3x — 2 (x— 1) 9(x) ETEQ )
x—>1" >0 >0 >0 T
x—1* >0 >0 >0 +°

Calculas and Vectors Solutions Manual

x4+ 3x -2
Im ————

x>+ 3x =2
xX—>%© (x—1)2 -

x—oX

lim(1+§—%)
X

X—>® X

hmﬁ—3+%)
X X

1+0-0
1-0+0

=1

2+ 3x —2

.. . X
Similarly, 1{12}0 e

horizontal asymptote of the function.
c¢. This function is discontinuous when
x> —4=0
x>=4
x==*2.
At x = 2 the numerator is 0, since
22 + 2 — 6 = 0, so the function has no vertical
asymptote there. At x = —2, however, the
numerator is non-zero, so the function has a vertical
asymptote there. The behaviour of the function
near the asymptote is:

=1,soy=1isa

x-values | x2+x—6 X2 —4 h(x) | limh(x)
X—> =27 <0 >0 <0 — %
x— —2% <0 <0 >0 + oo
To check for a horizontal asymptote:
1 6
2 x2(1 + — — 7)
. x"+x—6 ) x
lim 5 lim
x—e X — 4 X—® 2( 4)
-2
X
1 6
I+ %
= lim 7
= =
X
6
lim (1 + - — 7)
_ X0
. 4
lim (1 - —2)
x—> X
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1+0-0

1-0
—1
Similarly, lim * 5% %= 1,50y = lisa

horizontal asymptote of the function.

d. This function is discontinuous at x = 2. The
numerator is non-zero at this point, so the function
has a vertical asymptote there. The behaviour of the
function near the asymptote is:

x-values | 5x2 — 3x + 2 x—2 m(x) | limm(x)
xX—2" >0 <0 <0 — o0
x—27 >0 >0 >0 +oo
To check for a horizontal asymptote:
i x?+3x —2 i x?+3x -2
m——=Ilm———
roe (x = 1) e |
3 2
2=
= lim —
x—mxz 1-—-+ *2)
X X
3 2
1+=-—->
= lim 1
R e ]
X X

&mmwﬁgﬁ%ﬁﬁﬁ
horizontal asymptote of the function.
3—x

10. a. f(x) = t s
Discontinuity is at x = —2.5.

i 3—x "
x—>15r215’2x +5 B

I 3—x
;Hl—n215*2x +5
Vertical asymptote is at x = —2.5.
Horizontal asymptote:
I 3—-x 1
a2+ 5 2

i 3—x 1
x5 2

=1,soy=1lisa

= 400

4-20

Horizontal asymptote is at y = —3.
, —(2x +5) —2(3 —x) -11
f(x) = 2 = 2
(2x +5) (2x +5)

Since f'(x) # 0, there are no maximum or
minimum points.
y-intercept, letx = 0,y =

x-intercept, let y = 0

|
#
1
1
____________F_______________

b. This function is a polynomial, so it is continuous
for every real number. It has no horizontal, vertical,
or oblique asymptotes.

The y-intercept can be found by letting ¢ = 0, which
gives y = —10.

h'(t) = 61> — 30t + 36

Set 4’ (t) = 0 and solve for ¢ to determine the critical

points.
6> — 30t +36 =0

?=5t+6=0
(t—2)(t-3)=0

t=2ort=23

t t<2 t=2 2<t<3 t=3 t>3
h'(t) + 0 - 0 +
Graph| Inc. | Local Max Dec. Local Min Inc.

The x-intercept cannot be easily obtained
algebraically. Since the polynomial function has a
local maximum when x = 2, it must have an
x-intercept prior to this x-value. Since f(0) = —10
and f(1) = 13, an estimate for the x-intercept is
about 0.3.
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R
c¢. This function is discontinuous when
X+4=0

x>=—4
This equation has no real solutions, however,
so the function is continuous everywhere.
To check for a horizontal asymptote:

I e i+ )
x 1 + )

X

lim (20)

X—®©

]

lim (20)

X—®©

lim (x%) X lim (1 + %)

X—® X—

1. 20

Similarly, xlir{lwm

asymptote of the function.

= 0, so y = 0 1is a horizontal

The y-intercept of this function can be found by

letting x = 0, which gives y = 0223 1= 5. Since the
numerator of this function is never 0, it has no
x-intercept. The derivative can be found by rewriting
the function as y = 20(x* + 4)~!, then
y' = =20(x* + 4)"1(2x)
40x
(x> + 4)°
Letting y* = 0 shows that x = 0 is a critical point of
the function.

X x<0 x=0 x>0
y' + 0 -
Graph Inc Local Dec
. ' Max '

Calculas and Vectors Solutions Manual

1
d. s(7) =t+?

Discontinuity is at t = 0.

. 1
lim|ft+— )=+
t—0" t
. 1
Iim(¢t+—)=—
—0~ t

Oblique asymptote is at s(t) = t.

1
S’(I) =1- 72
Lets'(t) =0, =1

t==*1.
Local maximum is at (—1, —2) and local minimum
is at (1,2).

-1< 0<
t — = - =
t< 1]t 1 <0 fe t=1 t>1
s'(t) + 0 - - 0 +
Increas- | Local |Decreas-|{Decreas-| Local |Increas-
Graph . . . . .
ing Max ing ing Min ing
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2x* 4+ 5x + 2 There is no vertical asymptote. The function is the
e.g(x) = x+3 straight lines =t + 7,t = —7.
Discontinuity is at x = —3. 104 s(t)
2x% 4+ 5x + 2 |
A e -1+ > $
x+3 x+3 /
Oblique asymptote is at y = 2x — 1. 4
li = +oo, i = —o
x—)lEr;J’g(X) ’ x—}ljé’g()(:) 21 t
p— 2 T T T T T T T
¢(x) = (4x +5)(x +3) — (2x°* + 5x + 2) —8—6—4—220 S
(x + 3)? 4
. 2x% + 12x + 13 u
(x + 3)? 11. a. The horizontal asymptote occurs at y = =
Let g'(x) = 0, therefore, 2x> + 12x + 13 = 0: b. The vertical asymptote occurs when cx + d = 0
d
—12 = V144 — 104 orx = —.
x =
4
x=—14orx = —46.
t |x<-a6|-46| 205 -3 X;3_<1'4 x=14|x>-14
s'(t) + 0 - Undefined - 0 +
Graph | Increasing l}\j:il Decreasing A;/yer:;i)ctf)lte Decreasing L,Sﬁzl Increasing

Local maximum is at (—4.6, —10.9) and local

minimum is at (—1.4, —0.7).

16
2+ 4t —21
f.s(1) = 5 f= -7
_(t+T7)(t—3)
(t—3)
Discontinuity is at t = 3.

+ —
limw = lim (¢ + 7)
x—37 (t — 3) x—37

=10
lim (¢t +7) =10
x—3"
4-22

12. a. Since f'is defined for all values of x, f’ and f"
are also defined for all values of x. f has a horizontal
asymptote at y = 0. So f" and " will have horizontal
asymptotes there. f has a local maximum at (0, 1) so
f' will be O when x = 0. fhas a point of inflection at
(—0.7,0.6) and (0.7, 0.6), so f” will be 0 at

x = =% 0.7. At x = 0.7, f changes from concave up
to concave down, so the sign of f” changes from
positive to negative. At x = 0.7, f changes from
concave down to concave up, so the sign of f”
changes from negative to positive there. fis
increasing for x < 0, so f’ will be positive. fis
decreasing for x > 0, so f’ will be negative. The
graph of fis concave up for x < —0.7 and x > 0.7,
so f" is positive for x < —0.7 and x > 0.7. The
graph of fis concave down for —0.7 < x < 0.7, so
f" is negative for —0.7 < x < 0.7.

Also, since f” is 0 at x = = (.7, the graph of f’ will
have a local minimum or local maximum at these
points. Since the sign of f” changes from negative

to positive at x = (.7, it must be a local minimum
point. Since the sign of f” changes from positive to
negative at x = —0.7, it must be a local maximum
point.
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b. Since fis defined for all values of x, f" and f” are
also defined for all values of x. f has a horizontal
asymptote at y = 0 so ' and f” will have a horizon-
tal asymptote there. f has a local maximum at

(1, 3.5) so f" will be 0 when x = 1. f has a local min-
imum at (—1, —3.5) so f’ will be 0 when x = —1.
fhas a point of inflection at (—1.7, —3), (1.7, 3) and
(90,0)so f”" willbe O at x = = 1.7 and x = 0. At

x = 0, f changes from concave up to concave down,
so the sign of f” changes from positive to negative.

At x = —1.7, f changes from concave down to con-
cave up, so the sign of f” changes from negative to
positive. At x = 1.7, f changes from concave down
to concave up, so the sign of f” changes from nega-
tive to positive. fis decreasing for x < —1 and

x > 1, so f" will be negative. The graph of fis
concave up for —1.7 < x < 0Oand x > 1.7,s0 f" is
positive for —1.7 < x < 0 and x > 1.7. The graph
of fis concave down for x < —1.7and 0 < x < 1.7,
so f" is negative for x < —1.7and 0 < x < 1.7.

Also, since f” is 0 when x = 0 and x = = 1.7, the
graph of f’ will have a local maximum or minimum
at these points. Since the sign of f” changes from
negative to positive at x = — 1.7, f’ has a local mini-
mum at x = —1.7. Since the sign of f” changes
from positive to negative at x = 0, it must be a local
maximum point. Since the sign of f” changes from
negative to positive at x = 1.7, it must be a local
minimum point.

Calculus and Vectors Solutions Manual

13. a. If f(x) is increasing, then f'(x) > 0. From the
graph of f', f'(x) > 0 for x < 0. If f(x) is decreas-
ing, then f'(x) < 0. From the graph of ', f'(x) <0
for x > 0. At a stationary point, f'(x) = 0. From the
graph, the zero of f'(x) occurs at (0, 0). At x = 0,
The graph changes from positive to negative, so f
has a local maximum there. If the graph of fis con-
cave up, " (x) is positive. From the slope of f’, the
graph of fis concave up for x < —0.6 and x > 0.6.
If the graph of f'is concave down, f”(x) is negative
and concave down for —0.6 < x < 0.6. Graphs will
vary slightly.

An example showing the shape of the curve is
illustrated.

y

b. If f(x) is increasing, then f'(x) > 0. From the
graph of f', f"(x) > 0 for x < 1 and x > 5. If f(x)
is decreasing, then f'(x) < 0. From the graph of f,
f(x) <0Oforl<x<3and3 <x <5.Ata sta-
tionary point, f'(x) = 0. From the graph, the zeros
of f'(x)occuratx = 1 and x = 5. Atx = 1, the
graph changes from positive to negative, so f has a
local maximum there. At x = 5, the graph changes
from negative to positive, so f has a local minimum
there. If the graph of fis concave up, " (x) is posi-
tive. From the slope of f', the graph is concave up
for x > 3. If the graph of fis concave down, f”(x)
is negative. From the slope of f', the graph of fis
concave down for x < 3. There is a vertical asymp-
tote at x = 3 since f’ is not defined there. Graphs
will vary slightly. An example showing the shape of
the curve is illustrated.
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X+ 2c+1 . (x+1)(x+1)

14. a. f(x) and r(x): lim f(x) and lim r(x) exist.

_ _ ) lim
b. h(x): the highest degree of x in the numerator is ~ x—»= x + 1 s (x +1)
exactly one degree higher than the highest degree of = )161_1)1010 (x +1)
x in the denominator. = o
¢. h(x): the denominator is defined for all x e R. b. lim ¥+l ¥+t
- - 3 : X—%

flx) = x has vertical asymptotes at x4l x4l

(x = 7)(x +2) CoxP+1l-x-2x—1
x =7andx = —2. f(=2.001) = —110.99 so as = lim

_ X—® x+1
x——27,f(x)> —» oy
F(—1.999) = 111.23 s0 as x — —27, f(x) — = lim
£(6.999) = 111.12 50 as x — 7~ f(x) — xonX +21
f(7.001) = —111.10s0asx > 77, f(x) - — = lim— )
f(x) has a horizontal asymptote at y = 0. L+
g(x) has a vertical asymptote at x = 3. 2 — 2y
g(2.999) = 23974.009 so as x — 37, g(x) — oo 17. f(x) = 2 _9

- _ + —
£(3.001) 24 026.009 so as x > 37, g(x) —> — = Discontinuity is at x> — 9 = 0 or x = =3.

—4x — 1 -
By long division, 4(x) = x + <x> SOy =x xl_l)lgf(x) =+®

X+ 1 :
is an oblique asymptote. xlg?,f (x) = -
+3)(x =2 i = —
r(x) = (x )(x ) has vertical asymptotes at xln_%j (x) >
(x = 4)(x +4) lim f(x) = +o
x=—4andx = 4. x—>—3"
r(—4.001) = 750.78 so as x - —47, r(x) > Vertical asymptotes are at x = 3 and x = —3.
r(—3.999) = —749.22 soas x —» —4",r(x) -> —o  Horizontal asymptote:
r(3.999) = —1749.09 soas x >4, r(x) -> — lim f(x) = 2 (from below)
r(4.001) = 175091 so as x > 4™, r(x) — o T _
’ 1 =2 (f b
r(x) has a horizontal asymptote at y = 1. xl—IScf(x) (from above)
ax + 5 Horizontal asymptote is at y = 2.
15. f(x) = 3~ bx £(x) = (4x — 2)(x* = 9) — 2x(2x* — 2x)
Vertical asymptote is at x = —4. (x> =9y
Therefore, 3 — bx = 0 at x = —5. 4 — 2x7 — 36x + 18 — 4x® + 4x?
Thatis,3 — b(—=5) =0 B (x* — 9)?
p=2 2~ 36x + 18
. 5 - (xz _ 9)2
Horizontal asymptote is at y = —3. Let f'(x) = 0,
hm("x+5):_3 26— 36x + 18 = 0or x> — 18x + 9 = 0.
we\3 = bx 18+ V182 - 36
- 2
a—+ - _
lim<ax * 5) =lim| 57— | = -4 x=05lorx =175
eI = bx/ s\ 2 b y=0057ory = 1.83.
a_ _ Local maximum is at (0.51, 0.057) and local
But =, 3ora=3b. minimum is at (17.5, 1.83).
Buth =3, thena = 2.
1 t | 3= |o51 |01 3< 175 |x>175
‘ 2+ ' x+; x <0.51 x<3 [x<175
16. a. lim~——- = lim—— sw| + | o | - - 0 +
1+
= oo Graph Increas- | Local |Decreas-| Decreas- Local Min || .
rap |ng Max Iﬂg Iﬂg OcCa In | InCreasing
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Mid-Chapter Review, pp. 196-197

1. a.

L/

The function appears to be
and increasing on (2, ).

decreasing on (—,2)

b.

|

1Y

The function appears to be increasing on (—, 0)
and (2, ) and decreasing on (0, 2).

'

The function is increasing on (— o, —3) and

(_3a OO)'
d.

The function appears to be decreasing on (— o, 0)

and increasing on (0, o).

Calculus and Vectors Solutions Manual

2. The slope of a general tangent to the graph
g(x) = 2x* — 3x* — 12x + 15 is given by

dg
dx

x for which ds _ 0.
dx

= 6x% — 6x — 12. We first determine values of

So6x? —6x —12=0
6(x>?—x—-2)=0
6(x+1)(x—-2)=0

x=—-1,x=2
. dg . .
Since cTi is defined for all values of x, and since
d . .
df = O only atx = —1 and x = 2, it must be either

positive or negative for all other values of x. Consider
the intervals between x < —1, —1 < x < 2, and
x> 2.

Value of x x< -1 —-1<x<?2 x> 2
Value of
dg dg dg
Y _ex—x—-12 | g0 | =0 o0
dx
Slope of Tangents positive negative positive
y-values Increasing or increasin decreasin increasin
Decreasing 9 9 9
3. ¥
8_
1/ G5
4_
(-=2,0) X
Saag 148
_4_
_6_
_8_
.. dy
4. The critical numbers can be found when i 0.
d d
a. 2 = —4x + 16. When 2 = 0,
dx dx
d
Do 4x+a)=0
X
x=—4
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x<1 1<x<2 x>2
x—1 - + +
X -2 - - +
(x=1Dx-2) (D) =+ (D)=~ | D)=+
% >0 <0 >0
g(x) = 2x° — 9x% + 12x increasing decreasing increasing

dy 3 dy From the table above, x = 1 is the local maximum
b. - =x"—27x. When — =0 ’
flx * o M dx ’ and x = 2 is the local minimum.
Y _ _ d
o2 =0 b B =324y -4
dx
x=0x= i3\/§ dg
dy dy To find the critical numbers, set — = 0.
¢. ;- =4’ — 8x. When ;= 0, dx
d’; * 3x2—4x —4=0
a:4x(x2—2)=0 (3X+2)(x_2)=0
x=0,x=i\6 x=—§0rx=2
d. 2 = 153" — 75" + 60. When 2 = 0,
x dx <-2 ~2 x<2 x>2
dy o524 4) =0 - E 3
— =15 - +4) =
dx (¥ o ) 3x + 2 - + +
d
L 15(2 - 1) —4) =0 x-2 - - +
dx 7
x==*1,x ==*2 dx + - +
dy _ 2x(x2+1) — (x2—1)(2x) dy _ g(x) increasing decreasing increasing
e = (17 . When I 0, ;
the numerator equals 0. So % =2x(x*+1) — The function has a local maximum at x = 3 and a
(x? = 1)(2¢) = 0. After simplifying, © = 4x = 0. local minimum at x = 2
x=0 df
dy  (x2+2) — x(2x) dy 6'E:2x+k
f. E = W When de 0, the o
numerator equals 0. SO after Slmpllf}/lng’ TO haVe a local mll’llmum Value, a = 0 ThlS occurs
d
ﬁz—x2+2=0- whenx=—§.Sof(—§)=1.
_ 2 2
x=*\V2 K _K +2=1
dg N 4 2
S.a.df=6x — 18x + 12 >
x
—-—— 4+ 2=
To find the critical numbers, set % = 0. So 4
6x2—18x +12=0 L
6(x—1)(x—-2)=0 4
x=1x=2 k2 =4
k= £2
4-26 Chapter 4: Curve Sketching



7. (x) = 4x° — 32
To find the critical numbers, set f'(x) = 0.
4x* —32=0

4(x* - 8)=0
x=2
x<2 x>2
f'(x) = 4x3 — 32 - +
f(x) decreasing increasing

The function has a local minimum at x = 2.
8.a.Sincex +2=0forx=—-2,x=—2isa
vertical asymptote. Large and positive to left of

asymptote, large and negative to right of asymptote.

b. Since 9 — x> =0 forx = *3,x = —3 and

x = 3 are vertical asymptotes. For x = —3: large
and negative to left of asymptote, large and positive
to right of asymptote.

c. Since3x + 9 =0forx = —-3,x=—3isa
vertical asymptote. Large and negative to left of
asymptote, large and positive to right of asymptote.
d. Since 3x> — 13x — 10 = 0 when x = —% and

x =5,x = —%and x = 5 are vertical asymptotes.
For x = —3 large and positive to left of asymptote,
large and negative to right of asymptote. For x = 3:
large and positive to left of asymptote, large and
negative to right of asymptote.

1
3x_1_3x(1—3x)
¥+ x<1~|—5>

X

1
(1-4)

5
1+2
X

3| im (1-3)

tim (1 +2)
X——® X
_3(1-0)
(1+0)
=3
So the horizontal asymptote is y = 3. Similarly, we

can prove lim f(x) = 3. If x is large and positive,

for example, if x = 1000, f(x) = 1352, which is
smaller than 3. If x is large and negative, for exam-
ple, if x = —1000, f(x) = =552, which is larger

9.a.f(x) =

lim f(x) =

X—>+®

Calculus and Vectors Solutions Manual

than 3. So f(x) approaches y = 3 from below when
x is large and positive and approached y = 3 from
above when x is large and negative.

o, 3 2
x2+3x—2_x(1+}_P)

b. f(x) =

(x = 1) _xz(l—g-i-lz)

X X

3 2

(1+3-3)

2 1

(1-3+3)

@+3—3)

lim xz_(l‘l‘O_O)

x
H*“(l_%+i2) (1-0+0)
X X

=1
So the horizontal asymptote is 1. Similarly, we
can prove lim f(x) = 1. If x is large and positive,

for example, x = 1000, f(x) = % =

1909062909(?1, which is greater than 1. If x is large
and negative, for example, x = —1000,
- ? - - . .
flx) = LS 3CH00) =2 096998 which s less

(-1000 — 1)
than 1. So f(x) approaches y = 1 from above when x
is large and positive and approaches y = 1 from
below when x is large and negative.
10. a. Since (x — 5> =0whenx =5, x =5isa
vertical asymptote.
X X

flx) = o\

(¥ =3) x2(1 _ 10 + 2—2)

X X
B 1
x(l _ 10 + 2—2)
X X
lim (1)
. _ x—+5 —
}ﬂﬂ”‘.(@_m+x»'m
)}1—>H+15 g x ¥

This limit gets larger as it approaches 5 from the

right. Similarly, we can prove that the limit goes to

+0o0 as it approaches 5 from the left. For example,
1

if x = 1000 =

I x f(x) 1000(1 _ % + 25 2)

gets larger as x gets larger. Thus, f(x) approaches

+0o0 on both sides of x = 5.

b. There are no discontinuities because x* + 9

never equals zero.
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c. Using the quadratic formula, we find that
x> — 12x + 12 = O when x = 6 = 2\/6. So
x = 6 + 2\/6 are vertical asymptotes.

-3

x—2
f(x) = 3 — =
x*—12x + 12 x2(1—3+%)
X X
2
lim \[x(l - ;)
. _ x—>+6+2V6
m e T = . xz(l IEN g)'
x—>+6+2V6 x X

This limit gets smaller as it approaches 6 + 2V6
from the right and get larger as it approaches

6 + 2\/6 from the left. Similarly, we can show that
the limit gets smaller as it approaches 6 — 2V/6 from

the left and gets larger as it approaches from the right.

11. a. f'(x) > 0 implies that f(x) is increasing.
b. f'(x) < 0 implies that f(x) is decreasing.
12. a. h(t) = —4.92 + 9.5t + 2.2
Note that #(0) = 2.2 < 3 because when the diver
dives, the board is curved down.

h'(t) = —9.8t+ 9.5

t<2.5198 t> 2.5198
1
——4 —3 — +
ik
Sign of C'(t) - +
Behaviour of C(t) decreasing increasing

Seth'(t) = 0
0=-98+95
t=0.97
0<t<0.97 t>0.97
-9.8t + 9.5 + -
Sign of h'(t) + -
Behaviour of h(t) increasing decreasing

b. h'(¢) = v(t)
v(t) = —98t+ 95
V'i(t) = —-98<0
The velocity is decreasing all the time.

t
13. C(1) = i 2t

1
C'(t)y=—— 473
(0=
Set C'(¢) = 0
1
0=—— 4"
4
1
— =43
4
£ =16
t=12.5198
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14. For f(x) the derivative function f'(0) = 0 and
f(@2)=0.

Therefore, f'(x) passes through (0, 0) and (2, 0).
When x < 0, f(x) is decreasing, therefore,

f'(x) <O.

When 0 < x < 2, f(x) is increasing, therefore,
f'(x)>0.

When x > 2, f(x) is decreasing, therefore,

£/(x) < 0.

Yy
24
X
paEEE: N
-4
—6-
15. a. f(x) = x> — 7Tx — 18
iLf'(x)=2x—7
Set f'(x) = 0
0=2x—-7
7
X ==
2
ii. . .
x< i x> E
2% -7 - +
Sign of ' (x) - +
Behaviour of f(x) decreasing increasing

iii. From ii., there is a minimum at x = =

Q-0 Q-
(2)-2-

-
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iv.

b. f(x) = —2x> + 9x* + 3
i.f(x) = —6x* + 18x

0=8x*— 8
0=8x(x*—1)
0=8x(x—1)(x+1)
x=—-lorx=0o0rx=1
ii.
x< -1 -1<x<0 0<x<1 x>1
8x - - + +
x—=1 - - - +
x+1 - + + +
Signof | (—)(—)(—)|(=)(=)(H) [ ()| (F)(H)(+)
' (x) = - =+ = - =+
Behaviour d . . ) d . . .
of f(x) ecreasing Increasing ecreasing Increasing

Set f'(x) = 0
0= —6x>+ 18x
0= —6x(x—3)
x=0orx =3
ii.
x<0 0<x<3 x>3
—6x + - _
x-3 - — i
Signof F/(x) | (+) (=)=~ | (=)(=) =+ | (=)(+)=—
Behaviour d . ) ) g .
of f(x) ecreasing Increasing ecreasing

iii. From ii., there is a minimum at x = 0 and a
maximum at x = 3.

f(0) = —=2(0)° + 9(0)* + 3

£(0) =3

f(3) = —2(3)°+9(3)*+ 3

f(3) = =54 + 81 + 3

f(3) = 30

1v.

_I |0 T T T
2 92 4& 6

e f(x) =2x*—4x*+ 2
i. f(x) = 8x° — 8
fi(x)=0

Calculas and Vectors Solutions Manual

iii. From ii., there is a maximum at x = 0 and
minimaatx = —landx =1

f(=1) =2(=1)" —4(-1) +2
f(=1)=2—-4+2

f(=1)=0
£(0) = 2(0)* — 4(0)*> + 2
f0) =2

F(1) =2(1)* — 4(1)? + 2
f1)y=2-4+2
=0

1v.

d. f(x) = x° — 5x
if(x)=5x*"-5

Set f'(x) =0
0=>5x*-5
0=5x*—-1)

0=5(x>-1)(x*+1)
0=5x—-1D(x+1)(x*+1)
x=—-lorx=1
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ii. x< -1 -1<x<1 x>1
5 + + +
x—=1 - - +
x+1 - + +
X+ 1 + + +
Sign of | (+)(—) (=) (H)|(F) () (F)(D)[(H)(F)(H)(+)
' (x) =+ = - =+
Behaviour . ) ) ) )
of £(x) increasing decreasing increasing
iii. From ii., there is a maximum at x = —1 and a
minimum at x = 1
f(=1) = (=1) = 5(-1)
f(=1)=-1+5
f-1) =4
f(1) = (1) = 5(1)
f(1) = 4
y
8_
6_
4_
| X
_l _l O T T
2 f-1 0 1/ 2
_4_
_6_
_8_
16. a. vertical asymptote: x = —3, horizontal

asymptote y = 1; as x approaches 3 from the left,
graph approaches infinity; as x approaches 3 from
the right, graph approaches negative infinity.

b. vertical asymptote: x = —2, horizontal asymp-
tote: y = 1; as x approaches —2 from the left, graph
approaches infinity; as x approaches —2 from the
right, graph decreases to (—0.25, —1.28) and then
approaches to infinity.

c. vertical asymptote: x = — 3, horizontal asymp-
tote: y = —1; as x approaches —3 from the left,
graph approaches infinity; as x approaches —3 from
the right, graph approaches infinity

d. vertical asymptote: x = —4, no horizontal
asymptote; as x approaches —4 from the left, graph
increases to (—7.81, —30.23) and then decreases to
—4; as x approaches —4 from the right, graph
decreases to (—0.19, 0.23) then approaches infinity.
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3 —2x

17. a. lim
X—>0 X
3
X X
- lm s
X
_0-2
3
_ 2
3
2
x°—2x+5
b.lm—————
x~>M6x2+2X_1
€ 2 s
. xz_xz X2
S T
x? x> X
~1-0+0
6+0—-0
_ 1
6
I 7 + 2x% — 3x3
clim-————F—F
x—>°°X3_4X2+3x
7,
T B S o
R TER T
XX x°
~0+0-3
1-0+0
= -3
5+ 2x3
d. lim
x—>00x4_4x
5 2x3
Cooxt Xt
BT
x*t xt
~0-0
1-0
=0
2 4 4
i 2% — 1 i 2 +§x +§x—1
M —— = 1im | X -
e 3xt —x2 =2 e\ 3 3xt—x* -2
%x3 %x 1
I )
— lim 2x + lim 22— %
T T e e 2
P
= 00
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x>+ 3x — 18
()6—3)2

~ lim x?+3x — 18
1w X2 — 6x + 9

X2 3x 18

hmw
X2 6x + 9
Xz XZ

1+0-0
1-0+0
=1

f. im

X—x

hmw
g X—® )C - 1

=1

=lim5x + lim4 — lim

x—®© xX—® x—0X +§
X X
= o0

4.4 Concavity and Points
of Inflection, pp. 205-206

1. a. A: negative; B: negative; C: positive; D: positive
b. A: negative; B: negative; C: positive; D: negative
2.a.y =x’ — 6x* — 15x + 10
dy
=2 = 3x2
dx o
dy
For critical values, we solve —~ = 0:

dx
3x? —12x—15—0

—12x =15

x> —4x—-5=0
x=5x+1)=0
x=50rx= -1

The critical points are (5, —105) and (—1, 20).

dZ
Now,d2—6x—12

2

Atx =5, % = 18 > 0. There is a local minimum
at this point.

d’ .
Atx = — ’ch); = —18 < 0. There is a local

maximum at this point.
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The local minimum is (5, —105) and the local
maximum is (—1,20)
25
by= o s
ay _ __ 0
dx (x* + 48)*

dy
For critical values, solve — = 0 or does not exist.

dx dx
Since x* + 48 > 0 for all x, the only critical point is
(0.5)
d’y 2 -2 2 -3
i —50(x* + 48) 7% 4+ 100x(x* + 48)°(2x)
o 50 200x>
(x2 +48)F  (x* + 48)°
Atx = 0, F = jgz < 0. The point (0, 48) isa
local maximum.
c.s=t+1t!
ds 1
—=1—-—,t#0
dt tz’
For critical values, we solve% 0:
1
1- z= =0
£=1
t= *1.
The critical points are (—1, —2) and (1, 2)
@5 _2
a

2
Att = —1,% = —2 < 0. The point (=1, =2)isa
2

1, W = 2 > 0. The point
(1, 2) is a local minimum.

dy=(x—-37+8
dy

— =3 _32
oS =3)

x = 3 1is a critical value.
The critical point is (3, 8)

local maximum. At ¢t =

d*y

52 0 =3
2

Atx—3,ﬁ—0

The point (3, 8) is neither a relative (local)
maximum or minimum.
3. a. For possible point(s) of inflection, solve

2
L§=0:
dx

6x —8=0

4
x—3.
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Int | x < 4 X 4 X > 4
nterv — = — —
eva 3 3 3
f"(x) <0 =0 >0
Concave Point of Concave
Graph of f(x) Down Inflection Up

The point (%, - 14%)is point of inflection.
b. For possible point(s) of inflection, solve

d?y _ 0o

dx>

200x% — 50x% — 2400 = 0

150x2 = 2400.

Since x* + 48 > 0:

x = *+4,
Interval | x< —4 | x=—-4 |[-4<x<4| x=4 x> 4
f"(x) >0 =0 <0 =0 >0
Graph of | Concave | Point of | Concave | Point of |Concave
f(x) Up Inflection Down Inflection Up

(—4, %) and (4, %) are points of inflection.

d’s 3
C. — = —
drr
Interval t<O0 t=20 t>0
f"(t) <0 Undefined >0
Concave ' Concave
Graph of f(t) Down Undefined Up

The graph does not have any points of inflection.
d. For possible points of inflection, solve

ry
dx? '
6(x—3)=0
x =3
Interval x <3 x=3 x> 3
f”(x) <0 =0 >0
e e

(3, 8) is a point of inflection.
4.a.f(x) =2x>—10x + 3atx =2
f(x) =6x*—10
f"(x) = 12x
f"(2)=24>0
The curve lies above the tangent at (2, —1).

1
b. g(x) =x2—;atx= -1

1
! =2x + —
g (x) X 2
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2
" — 2 _
g"(x) s

¢ (—1)=2+2=4>0

The curve lies above the tangent line at (—1,2).

w
: -7 _atw=3
R S S
p(w) = ww? + 1)

dp ) 1 ( 1) 2 3
“@Po_ + 1)+ wl—= + 1)y
— (WZ + 1)% — 14)2(1/1)2 + 1)%

d’p L, 3 2 :
o7 = (W 1)i@w) = 2w(w? + 1)
3 5

#w(3) o+ 1)
= = — - +
Atw =3, 3= ~1ovio  10vi0 T 100710
S
100vV10

The curve is below the tangent line at (3, %)

d. The first derivative is
§(1) = (¢ 4)((t23 4)2(21)(1)
-8
T (-4
The second derivative is
_ (= 4)*(0) — (—8)2(¢ — 4)!

s" (1) (t — &)
16
T -4y
Sos"(=2) = (_215 4y
16 2
T 26 27

Since the second derivative is negative at this point,
the function lies below the tangent there.

5. For the graph on the left: i. f"(x) > 0 forx < 1
Thus, the graph of f(x) is concave up on x < 1.
f"(x) = 0 for x > 1. The graph of f(x) is concave
down on x > 1.

ii. There is a point of inflection at x = 1.

Chapter 4: Curve Sketching
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X
_l _l 0 T T
2 a9 \&

For the graph on the right: i. f”(x) > 0 forx < 0 or
x>2

The graph of f(x) is concave up on x < 0 or x > 2.
The graph of f(x) is concave down on 0 < x < 2.

ii. There are points of inflection at x = 0 and x = 2.
iii. y

y=F

6. For any function y = f(x), find the critical points,
i.e., the values of x such that f'(x) = 0 or f'(x) does
not exist. Evaluate f” (x) for each critical value.
If the value of the second derivative at a critical
point is positive, the point is a local minimum. If
the value of the second derivative at a critical point
is negative, the point is a local maximum.
7. Step 4: Use the first derivative test or the second
derivative test to determine the type of critical
points that may be present.
8.a.f(x) = x* + 4x°
i f(x) = 4x° + 12x2

7 (x) = 12x* + 24x

Calculas and Vectors Solutions Manual

For possible points of inflection, solve f”(x) = 0O:
12x> +24x =0

12x(x +2)=0
x=0orx = —-2.
Interval | X< —2 | x=-2 [-2<x<0| x=0 x>0
f”(x) >0 =0 <0 =0 >0
Graph Concave | Point of | Concave | Point of [Concave
of f(x) Up Inflection Down Inflection Up

The points of inflection are (=2, —16) and (0, 0).
ii.Ifx =0,y = 0.
For critical points, we solve f'(x) = 0:

4x3 + 12x% =
4x*(x+3)=0
x=0andx = —3.
Interval X< -3 [x=-3|-3<x<0|x=0 x>0
f(x) <0 =0 >0 =0 | >0
Graph Decreasing | Local Increasing Increasing
of f(x) Min
Ify=0x*+4x>=0
Px+4)=0
x=0orx=—4
The x-intercepts are 0 and —4.
)4
20
15
10
5_
X
L _I 0 T
2 2 (5] 2
_'|0_
_'|5_
_20_
—254
4w? — 3
b.d.g(w)=—5—
4
=——=—w#*0
3wl
4 9
i gd(w)y=—-—+—
g'(w) w2 ot
99— 4w?
w
8 36
" w) = — — —
g"(w) W oW
B 8w? — 36
WS
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For possible points of inflection, we solve
g'"(w)=0:
8w? — 36 = 0, since w’> # 0

9
w? ==
2
N 3
w = IT—F.
V2
3 <w<
3 3 -——=< 3 3
Interval|\w < ———=|w = ——=| /2 0<i W= —w>—=
V2 V2 W0 V2 V2 V2
g'(w) <0 =0 >0 <0 0 >0
Graph | Concave | Point of |Concave|Concave | Point of | Concave
ofg(w)| Down Inflection Up Down |[Inflection|  Up
The points of inflection are (—\%, —8%,/5) and
(L _M)
V2> 9 )
ii. There is no y-intercept.
. . 3
The x-intercept is = .
For critical values, we solve g'(w) = 0:
9 — 4w? = 0 since w* # 0
+3
w = *x—
2
3 <0<
3 3| =< 3
Interval| w < —— |Ww = —— 2 3 w==| w>=
<2
2 2 w<0 w 5 2 2
g'(w) <0 =0 >0 >0 0 <0
Graph | Decreasing | - Local Increasing | Increasin Local Decreasin
ofg(w)| Down Min 9 9 Max 9
. 4w? -3 . 4wt -3
Im ——— =0, lm ——5—= -
w—0" w w—0" w
. 4 3 . (4 3
lim (—3 =0, lim{——-—|=
w——o\ W w w—o\ W w

Thus, y = 0 is a horizontal asymptote and x = 0 is
a vertical asymptote.

y
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9. The graph is increasing when x < 2 and when
2 <x<5.

The graph is decreasing when x > 5.

The graph has a local maximum at x = 5.

The graph has a horizontal tangent line at x = 2.
The graph is concave down when x < 2 and when
4 <x<T.

The graph is concave up when 2 < x < 4 and when
x>17.

The graph has points of inflection at x = 2, x = 4,
and x = 7.

The y-intercept of the graph is —4.

41y

2—/\
X
|

_I_lo T T T T
4 2_2_{2 4 6 8

!

10. f(x) = ax® + bx* + ¢
f'(x) = 3ax* + 2bx
f"(x) = 6ax + 2b
Since (2, 11) is a relative extremum,
f(2) = 12a + 4b = 0.
Since (1, 5) is an inflection point,
f"(1) = 6a + 2b = 0.
Since the points are on the graph,a + b + ¢ = 5 and
8a + 4b + ¢ =11

Ta +3b =06
9a +3b =0
2a = —6

11. f(x) = (x + 1) + bx~!
f(x)= %(x + 1)% — bx?

1 5
f"(x) = —Z(x + 1) + 2bx 73
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Since the graph of y = f(x) has a point of inflection

atx = 3:
1 5 2b
_f4f+7:
4() 27 0
1w
32 27
_27
64

12. f(x) = ax* + bx*
f'(x) = dax® + 3bx?
f"(x) = 12ax* + 6bx
For possible points of inflection, we solve

f"(x) = 0:
12ax?> + 6bx = 0
6x(2ax + b) =0
b
x=0orx = _Z'

The graph of y = f”(x) is a parabola with
x-intercepts 0 and —2.

2a
We know the values of f” (x) have opposite signs

when passing through a root. Thus at x = 0 and at

x=—5 the concavity changes as the graph goes

through these points. Thus, f(x) has points of

inflection at x = 0 and x = —2%. To find the
x-intercepts, we solve f(x) = 0
x*(ax + b) =0
b
x=0orx =——.

a
The point midway between the x-intercepts has

. b
x-coordinate —=—.
2a

The points of inflection are (0, 0) and

(_2 _L)
200 16a°)
x3 — 2x2 + 4x 8x — 8

x2 — 4 _x_2+x2—4(by
division of polynomials). The graph has discontinu-
ities at x = *2.

13.a.y =

. 8x — 8
XEII%(X_Q,‘FH):—OO
. 8 — 8
ﬁ%(X‘2+f_4>——w
8x — 8
li -2+ = —
dim (24 ) = =
. 8 — 8
XLII_I’%+<)C 2+ x2_4>_—00
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When x =0,y = 0.
x(x> —2x +4)  x[(x — 1)* + 3]

x2 -4 -4 )
Since (x — 1)? + 3 > 0, the only x-intercept
isx = 0.

Also, y =

. . 8x —8
Since lim > = 0, the curve approaches the

xonX” =4
value x — 2 as x — . This suggests that the line
y = x — 2 is an oblique asymptote. It is verified by
the limit lim[x — 2 — f(x)] = 0. Similarly, the

curve approaches y = x — 2 as x — — .

% 14 8(x* — 42};_8(:)2— 1)(2x)
_1_8(x2—2x+4)
- (x* = 4)’

d . ..
We solve d% = ( to find critical values:

8x? — 16x + 32 =x*— 8%+ 16
x*—16x*—-16=0

X =8+4V5(8-4V5is

inadmissible)
x = *=4.12.
limy = «and lim y = —o
X—® X—>—®
x < X = 412 | —2<x| 2<x |x= X >

Interval

=412 |-412|<x<2| <2 | =412 |4.12| 4.12

dy

>0 =0 <0 <0 <0 0 >0
dx

Graph |Increas-| Local |Decreas-|Decreas-|Decreas-|Local | Increas-
of y ing Max ing ing ing Min | ing

[o:]
1 1
|
\i
N\
A

\

Tf X
T T
4 46
4
- 1
IESEREY

|
o
|
.
|
Nt - == ]
o
A)
== - NP

___IT_
N
1

—
o
1

b. Answers may vary. For example, there is a sec-
tion of the graph that lies between the two sections
of the graph that approach the asymptote.

14. For the various values of n, f(x) = (x — ¢)"
has the following properties:
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n n=1 n=2 n=3 n=4
' (x) 1 2x—=¢) | 3(x—0) | 4(x—c¢)?
' (x) 0 2 6(x—0) [12(x — )
Infl. Pt. None None X=cC X=cC

It appears that the graph of f'has an inflection point
atx = ¢ whenn = 3.

4.5 An Algorithm for Curve
Sketching, pp. 212-213
1. A cubic polynomial that has a local minimum

must also have a local maximum. If the local mini-
mum is to the left of the local maximum, then

f(x) = +oas x — —o0 and f(x) - — % as x — +oo.

If the local minimum is to the right of the local
maximum, then f(x) — —o as x — —o0 and
f(x) > +o as x — +oo,
2. Since each local maximum and minimum of a
function corresponds to a zero of its derivative, the
number of zeroes of the derivative is the maximum
number of local extreme values that the function
can have. For a polynomial of degree n, the deriva-
tive has degree n — 1, so it has at most n — 1
zeroes, and thus at most n — 1 local extremes. A
polynomial of degree three has at most 2 local
extremes. A polynomial of degree four has at most
3 local extremes.
3. a. This function is discontinuous when

X +4x+3=0
x+3)(x+1)=0
x = —3 orx = —1. Since the numerator is non-zero
at both of these points, they are both equations of
vertical asymptotes.
b. This function is discontinuous when

x> —6x + 12
6=V (=6) —4(1)(12)
t 2(1)
6+ V-12
2

This equation has no real solutions, so the function
has no vertical asymptotes.
¢. This function is discontinuous when
x> —6x+9=0
(x —3P%=0
x = 3. Since the numerator is non-zero at
this point, it is the equation of a vertical asymptote.
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4.a.y = x> — 9x* + 15x + 30

We know the general shape of a cubic
polynomial with leading coefficient positive. The
local extrema will help refine the graph.

Q=3x2—18x+15
dx

Set % = 0 to find the critical values:
32— 18 +15=0
xX>—6x+5=0
x—1Dx-5=0
x=1lorx =>5.

The local extrema are (1, 37) and (5, 5).

(55 X
=2[° 2 4 6 8 10
_5_
_O_

b. f(x) = 4x> + 18x* + 3

The graph is that of a cubic polynomial with
leading coefficient negative. The local extrema
will help refine the graph.

Q = 12x% + 36x

dx
To find the critical values, we solve % =0:
—12x(x —=3)=0

x=0orx =3.
The local extrema are (0, 3) and (3, 57).
d?y
dx?
The point of inflection is (%, 30).

= —24x + 36

Chapter 4: Curve Sketching



1
Y =34 ——
ey (x +2)?

1 ..
We observe that y = 3 + w2y is just a

translation of y = %
The graph of y = % is

The reference point (0, 0) for y = é becomes the

point (—2,3) fory =3 + ﬁ The vertical
asymptote is x = —2, and the horizontal asymptote
isy = 3.

y><

12 3

dy .. .
P P ek hence there are no critical points.
dzy 6 .
T @+ > 0, hence the graph is always
concave up.

i y

8

I

1

[}

I

LN

—7__ LSS
I
i X
309 3 i

[}

iees

}

|

=8+

1

[}

d. f(x) = x* — 4x® — 8x* + 48«

We know the general shape of a fourth degree poly-
nomial with leading coefficient positive. The local
extrema will help refine the graph.

f'(x) = 4x° — 12x* — 16x + 48

For critical values, we solve f'(x) = 0

x? = 3x* —4x + 12 = 0.

Since f'(2) = 0, x — 2 is a factor of f'(x).

The equation factors are

(x—=2)(x =3)(x+2)=0.

Calculas and Vectors Solutions Manual

The critical values are x = —2, 2, 3.

f7(x) = 12x* — 24x — 16

Since f"(—=2) = 80 > 0, (=2, —80) is a local
minimum.

Since " (2) = —16 < 0, (2, 48) is a local maximum.
Since f”(3) = 20 > 0, (3, 45) is a local minimum.
The graph has x-intercepts 0 and —3.2

The points of inflection can be found by solving
f"(x)=0:

3> —6x—4=0

6+ /84

X
6
1 5
X = ——or—.
2 2
Y(2,48)
40 (3,45)
20
X
L pERRYy RERESRED
_2 ]
60
_80_
(—2,-80)
ey — 2x
YT s
There are discontinuities at x = —5 and x = 5.

im =
S5 \x? — 25

2x
l.m = —
XLS’ <X2 - 25) * and

1'm< 2 )——oo and 1'm( 2 )-oo
xLS’ x> =25 —>1—5+ x> =25

x = —5 and x = 5 are vertical asymptotes.

dy _2(x2—-25) —2x(2x) _ 2x2+ 50

= (@-25)¢ (@ =o2sp < Ofor

all x in the domain. The graph is decreasing
throughout the domain.

. 2x . X
(2 5e) = tm || S
=0 X horizontal
2 asymptote.
lim 2 o 0
T\ -2 J
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Py Ax(x =257 — (207 + 50)(2)(x* — 25)(2x)

dx* (x* — 25)*
_ 4 +300x  4x(x? + 75)
(x* —25)° (x* — 25)°
There is a possible point of inflection at x = 0.
Interval [ x < —-5|-5<x<0| x=0 [0<x<5| x>5

dy _

e <0 >0 =0 <0 >0

Graph |[Concave| Pointof | Concave | Point of | Concave

of y Down Up Inflection | Down Up

Y 1

1
1
1
1
1
1
1
i
I; T T
8 12
1

f. This function is discontinuous when

x> —4x =0
x(x—4)=0
x = 0 or x = 4. The numerator is non-zero at these
points, so the function has vertical asymptotes at
both of them. The behaviour of the function near
these asymptotes is:

x-values 1 X X—4 f(x) I)!r_n>c f(x)
x—0" >0 <0 <0 >0 +
x—07 >0 >0 <0 <0 — o0
X—4" >0 >0 <0 <0 — @
x—4% >0 >0 >0 >0 + oo

To check for a horizontal asymptote:

=lim———
)
lim (1)

X—®

im ({1~ )
lim (1)
lim (x?) X lim (1 — ;)

X—® X—®

lim
x—o X" — 4X

= limi X !
x—)OO.X'2 1+0

=0
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_ . 1
Similarly, Eir:o o

asymptote of the function.

Since y = 0 and x = 0 are both asymptotes of the
function, it has no x- or y- intercepts.

The derivative is

(x> —4x) — (1)(2x — 4)

= 0, so y = 0 is a horizontal

fx) = (x* — 4x)?
4-2
= (274)32, and the second derivative is
x- — 4x
vy = (8 = 40)7(=2) = (4 = 20 (2(x7 — 4x)(2x — 4)
fr) = e
=27+ 8x 4+ 8x? — 32x + 32
(x* — 4x)*
_6x7 — 24x + 32
(x* — 4x)?

Letting f'(x) = 0 shows that x = 2 is a critical
point of the function. The inflection points can be
found by letting f” (x) = 0, so
2(3x* = 12x +16) =0
12 +V/(—12)2 - 4(3)(16)
X =
2(3)

122V -48

- 6
This equation has no real solutions, so the graph of
f has no inflection points.

X x<0 0<x<2 x=0 2<x<4 x>4
' (x) + + 0 - -
Graph Inc. Inc. Local Max| Dec. Dec.
" (x) + - - - +
Concavity Up Down Down Down Up

o
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X
There is a discontinuity at x = 0.

. 6x? =2 . 6x*—2
lim——5— = % and lim ——5—
x—0 X x—=0" X
The y-axis is a vertical asymptote. There is no

y-intercept. The x-intercept is a vertical asymptote.
1

— 00

There is no y-intercept. The x-intercept is *

The x-axis is a horizontal asymptote.

,\/jo
dy 6 6 —6x'+6
dx x> x* x*
d
o =0 when6x’ = 6
x
x==1
Interval [ x < —1 |[x=—1|-1<x<0l0o<x<1|x=1| x> 1
dy <0 =0 >0 >0 =0 <0
dx
Graph of | Decreas- | Local Increasing | Increasin Local | Decreas-
y = f(x) ing Min 9 9| Max ing

There is a local minimum at (—1, —4) and a local
maximum at (1, 4).
dy 12 24 12x* —24

dx* x* X x? X
For possible points of inflection, we solve dxy2 =0
(x* # 0):
12x% =24

X = i\/Z.

x < x < V2 < 0<

Interval s 5 o0 | x<v3 x=V2 | x>V2

d’y _ _

e <0 =0 >0 <0 =0 >0
Graph of [Concave| Point of [Concave| Concave | Point of |[Convave
y = f(x) | Down [Inflection| Up Down |[Inflection| Up

There are points of inflection at (—\6, —%)

and (\/2, %)

5 6 2
. 6xt—2 -
hm73=11mx =0
xX—>© X X—>0 1

6 2
. x X
lim =0
XxX=—o X
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y
8
4 M
=l 2 ¢
_8_
_]2_
x+3
h.y=——
Y x> — 4
There are discontinuities at x = —2 and at x = 2.
i <x+3> . 4 i <x+3> o
im = an m|———|=—
x—>—2" X2 — 4 x—2" X2 -4
x+3 x+3
lim = —o and lim =
x—>2<X2 — 4> x—>2(X2 - 4>
There are vertical asymptotes at x = —2 and x = 2.
When x = 0, y = —3. The x-intercept is — 3.
dy  (D(* —4) = (x +3)(2x)
dx (x* — 4)°
B —x*—6x —4
(<~ 47
... d
For critical values, we solve d% =0:
x*+6x+4=0
6+ V36— 16
X=———"F7"—"
2
=-3xV5
= —520r —0.8.
intervall X < x= |=-52<]| -2< |[x= |-08< _—
52 | -52|x<-2|x<-08|-08| x<2 | *
Yl o] =0| 0| =0 |=0| <0| <o
dx
Graph |Decreas-| Local |Increas- | Increas- | Local | Decreas- | Decreas-
ofy ing Min ing ing Max ing ing
1 3
limy = lim| = | =0
xX—>© xX—>© 1 _
x2
1 3
[ x e
o i
x2
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The x-axis is a horizontal asymptote.
Y,

D 4 6 8
_x2—3x+6
1.y—7x_1
4
=x—2+x_1
x—2
x—1)x>-3x+6
X —x
—2x + 6
—2x + 2
4

There is a discontinuity at x = 1.

) <x2—3x+6>
im|l———————— | = —
x—1 )C_l

. <x2—3x+6>
lim (22X 0 — o

x—1" x—1

Thus, x = 1 is a vertical asymptote.

The y-intercept is — 6.

There are no x-intercepts (x> — 3x + 6 > 0 for all
x in the domain).

dy 4
dx (x — 1)
.. dy
For critical values, we solve i 0:
4 —
(x — 1)
(x—1)Y%=4
x—1==x2
x=—1lorx = 3.
interval | x < —1|x= 1| ' < | T= |x=3]x>3
x <1 x<3
Yl o] =0 | <0 | <0 |=0] >0
dx
Graph |Increas- | Local [Decreas-|Decreas-| Local [Increas-|
of y ing Max ing ing Min ing
d?y B 8
d’x  (x —1)°
4-40

d’y
dx?
dZ

For, x > 1, 7y2 > 0 and y is always concave up.

The line y = x — 2 is an oblique asymptote.

For x <1, < 0 and y is always concave down.

j- This function is continuous everywhere, so it has
no vertical asymptotes. It also has no horizontal
asymptote, because

lim (x — 4)' = w and lim (x — 4)' = o,

The x-intercept of the function is found by letting
f(x) = 0, which gives
(x—4y7=0

x =4
The y-intercept is fougld by letting x = 0, which
gives f(0) = (0 — 4) = 2.5.
The derivative of the function is
f'(x) = (%) (x — 4)’% and the second derivative is
f"(x) = (—%) (x — 4)_%. Neither of these derivatives

has a zero, but each is undefined for x = 4, soitis a
critical value and a possible point of inflection.

X x<4 xX=4 x> 4
f'(x) - Undefined +
Graph Dec. Local Min Inc.
' (x) - Undefined -

Concavity Down Undefined Down
y
5_
4_
24
'|_
X

0 2 46 810

—1
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6.y =ax’+bx*+cx +d
Since (0, 0) is on the curve d = O:

dy
X

df=3ax2+2bx+c

AtXZZ,QZO.

dx

Thus, 12a + 4b + ¢ = 0.

Since (2, 4) is on the curve, 8a + 4b + 2¢c = 4

or 4a +

. . . . . d
Since (0, 0) is a point of inflection, 2

2b + ¢ = 2.
2

d’y
ﬁ=6ax+2b

JBAT

7

x=0.
Thus, 2b =0
b=0.
Solving for a and c:
12a + ¢ =0
4a+c=2
8a = -2
1
77y

c = 3.

1
The cubic polynomial is y = _ZX3 + 3x.

= 0 when

The y-intercept is 0. The x-intercepts are found by

setting y = 0:

1
—Zx(x2 -12)=0
x=0, or x= i2\/3.

Let y = f(x). Since f(—x) = x> — 3x = —f(x),
f(x) is an odd function. The graph of y = f(x) is

symmetric when reflected in the origin.

y
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7. a. Answers may vary. For example: kK1
) k—x 2Ty
(i) = tm| )0
2t 1
6_
5. 11_r>101c o =0
X * ; +1
~8-6-4 —2_20_ 2 4 68 Hence, the x-axis is a horizontal asymptote.
4] y
3_
_6_
2_
_8_
\ X
b. Answers may vary. For example: —4 =2 10 > 4 6 8
_2_
_3_
9. g(x) = x(x + 3)
There are no discontinuities.
1 2 2 1 2 1
g'x)= gxg(x +3) + x3<3)(x + 3):(1)
_x+3+2x  3(x+1)
3¢ (x +3)  3xi(x +3)
x+1

N 3x (x + 3)

8. f(x) = k—x g (x) =0whenx = —1.
. 2 2 ..
k*+x* g'(x) doesn’t exist when x = 0 or x = —3.
There are no discontinuities.
The y-intercept is ! and the x-intercept is k interval| x < 3 b= 3] > = Xl= 1|7 X x=0] x<0
y p k X p . < —1 <0
. _ (_1)(k2 + xz) — (kK —x)(2x) Does Does
f(x) = (k2 + xz)z g’ (x) >0 not <0 =0 >0 not >0
Exist Exist
x? = 2kx — k?
=5 Graph |Increas- | Local |Decreas-| Local | Increas- Increas-
(k” + x%) ofg(x) | ing Max ing Min ing ing
For critical points, we solve f'(x) = 0: ] ]
2 —2kx — k2 =0 There is a local maximum at (—3, 0) and a local
X2 = Dkx — k%2 = 2k? minimum at (—1, —1.6). The second derivative is
(x — k)? = 2k? algebraically complicated to find.
x—k= i\@k Interval | x < —3 3 3= 0 >0
x<-3|x=- X = X
x=01+V2)korx=(1-V2)k x<0
Interval x < X = —-04k<| x= X >
—041k | 041k | x<2.41k| 2.41k 2.4k Graph [Concave Cus Concave| Point of | Concave
£(x) -0 <0 <0 -0 -0 g"(x) | Down P Up |Inflection| Down
Graph Increasin Local Decreasin Local Increasin
of (x) 9| Max 9| Mmin 9
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1
\x\ 1+;

limf(x) = lim

X—>% X—>0

X .
R since x > 0

X/ 1+ —
2

— fim b
U+ %
X
=1
y = 1 is a horizontal asymptote to the right-hand

branch of the graph.
lim f(x) = lim

x . _
Jim lim ——==, since x| = —x
. - [
—x,/1+ >
X

for x <0
= lim %
Tty
)C2
= -1
y = —1 is a horizontal asymptote to the left-hand
branch of the graph.
y
2_
'|_ _____________
X
EyaEn: 15EE!
___________ -
_2_
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b.g(t) =V + 4t — Vi + ¢
(VP u NP (VP 4+ V)

VP + 4+ Ve + 1t
3t

VE+ 4+ VE+1

3t

4 1
[t 1+ — 4 |ty /1 +—
t t

limg(t) =2 = 3, since |¢| = tfort >0

X—®

lim g(¢) = == = —3, since |t| = —tfort <0
X——»
y =3and y = —3 are horizontal asymptotes.

1.y =ax*+bx*+cx+d

d
Y _ 3¢ + 2bx + ¢
X
2
y b
dxz=6ax+2b=6a<x+3a)
2
For possible points of inflection, we solve d% =0:
b
x=—3-

. dz
The sign of chyz changes as x goes from values less

than —% to values greater than —3%. Thus, there is a
point of inflection at x = —%.
b dy b\? < b )
Atx=—-—"==3a|l —— ) +2b{ — | +
T30 dx a< 3a> 3a ¢
b2
= C — 5

Review Exercise, pp. 216-219

l.a.i. x <1

ii.x>1

iii. (1, 20)

b.iix< -3 -3<x<1,x>65

.1 <x<33<x<65

iii. (1, —1), (6.5, —1)

2. No. A counter example is sufficient to justify the
conclusion. The function f(x) = x* is always
increasing yet the graph is concave down for x < 0
and concave up for x > 0.
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|
N_

o
N_
N

3.a.f(x) = —2x3 4+ 9x* + 20
f'(x) = —6x* + 18x
For critical values, we solve:
f(x)=0
—6x(x —3)=0
x=0orx =3.
f"(x) = —12x + 18
Since f”(0) = 18 > 0, (0, 20) is a local minimum
point. The tangent to the graph of f(x) is horizontal
at (0, 20). Since " (3) = —18 <0, (3, 47) is a local
maximum point. The tangent to the graph of f(x) is
horizontal at (3, 47).
b. f(x) = x* — 8 + 18> + 6

f(x) = 4x> — 24x? + 36x

f(x) = 4x(x* — 6x + 9)

f(x) = 4x(x — 3)*

Let f(x) = 0O:
dx(x —3)*=0

x=0o0rx=3

The critical points are (0, 6) and (3, 33).

X x<0 0 0<x<3 3 x> 3
& - 0 + 0 +
dx
Graph Dec Lo;al Inc Inc
Min

Local minimum at (0, 6)

(3, 33) is neither a local maximum nor a local
minimum.

The tangent is parallel to the x-axis at both points
because the derivative is defined at both points.

c. h(x) = %
h(x) = (1) (x? +(7x)21 (7);2— 3)(2x)
7+ 6x — x?
(T
4-44

(7T =-x)(1+x)

(x24T
Since x> + 7 > 0 for all x, the only critical values
occur when 4’ (x) = 0. The critical values are x = 7
and x = —1.

Interval | x< —1 | x=—-1 [-1<x<T7| x=7 x>7
h’(x) <0 =0 >0 =0 <0
Graph Decreas- | Local Increas- Local Decreas-
of h(t) ing Min ing Max ing

There is a local minimum at (—1, —3) and a local
maximum at (7, ). At both points, the tangents are
parallel to the x-axils.

d)g(x) = (x — 1y

g = 30— 17
Letg'(x) = 0:

1 L

g(x - 1) = 0

There are no solutions, but g’ (x) is undefined for
x = 1, so the point (1, 0) is a critical point.

X x <1 1 x> 1
f'(x) + Undefined +
Graph Inc. Inc.

(1, 0) is neither a local maximum nor a local
minimum.
The tangent is not parallel to the x-axis because it is
not defined for x = 1.
da.a<x<bx>e
b.b<x<c
cx<a,d<x<e
d.c<x<d
2x
x—3
There is a discontinuity at x = 3.

lim < 2 ) o and lim ( 2 ) o0
1 = — an 1 =
=3 \x — 3 =3 \X — 3

Therefore, x = 3 is a vertical asymptote.

x—5
b.g(x)=x+5

There is a discontinuity at x = —35.

. x—=35 . x—5

lim = o and lim = —®
x>-5\X + 5 x—>=5"\X + 5
Therefore, x = —5 is a vertical asymptote.

x> —2x — 15
“f =T

S.a.y =

Chapter 4: Curve Sketching




_ (@ +3)(x—5)

x+3
=x—-5x#-3
There is a discontinuity at x = —3.

lim f(x) = —8and lim f(x) = —8
x—-3" x——3"

There is a hole in the graph of y = f(x) at
(=3, -8).
5
d.g(X) - x2 —x =20
5
8 = 5+ 2
To find vertical asymptotes, set the denominator
equal to O:
(x—=5x+4)=0
x=—4orx =35
Vertical asymptotes at x = —4 and x = 5
li > = ®
o (k= + 4
T 5 B
e (x = 5)(x +4)
i 5 B
oy (x—5)(x+4)
li > =
oy (x—5)(x+4)
6.y=x"+5
y' = 3x?
y" = 6bx
Lety” =0
6x =0
x=0
The point of inflection is (0, 5)
Since the derivative is 0 at x = 0, the tangent line is
parallel to the x-axis at that point. Because the
derivative is always positive, the function is always
increasing and therefore must cross the tangent line
instead of just touching it.

7. [T =200) 1Y

Calculas and Vectors Solutions Manual

8.a.i. Concaveup: —1 <x <3

Concave down: x < —1,3 < x

ii. Points of inflection at x = —1 and x = 3
iii. y
80

40-

—401

_80 -

b. i. Concave up: —45 <x <1,5<x
Concave down: x < —4.5,1 <x <5

ii. Points of inflectionatx = —4.5,x = 1,andx =5
iii. Y
10
5_
X
10| -5 \O 5 |10
_5_
_'lo_
ax + b
9. a. =
a8 = T =4
_ ax+b
x*—5x +4
) a(x* = 5x +4) — (ax + b)(2x — 5)
g'(x) = 2 _ 2
(x* = 5x +4)
Since the tangent at (2, —1) has slope 0, g'(2) = 0.
Hence, T2t 2arb Oand b = 0.
Since (2, —1) is on the graph of g(x):
1= 2a + b
-2
2a +0=2
a=1.

Therefore g(x) = m
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b. There are discontinuities at x = 1 and x = 4.

. . y
limg(x) = « and lim g(x) = —x 8 P
x—1" x—17
limg(x) = —o and lim g(x) = o°
x—4~ x—4" .
x = 1 and x = 4 are vertical asymptotes.
The y-intercept is 0. X
X)=—F""F""3
& (x> — 5x + 4)* 4
g'(x) = 0 when x = ®2.
Interval | x < —2 |x=—-2| —2< 1< |x=2| 2< x> 4 (_2 _9) -8 (2 _9)
x <1 x<2 x<4 ! !
9'(9) <0 0 >0 | >0 | o <0 <0
Graph | Decreas-| Local | Increas- |Increas- | Local |Decreas- | Decreas- _ 3x -1
of g(x] in Min in in Max in in b. f(x) -
909 9 9 g 9 g x+1
There is a local minimum at (—2, —%) and a local =13 _ 4
maximum at (2, —1). x+1 1
¥ : From experience, we know the graph of y = - is
394 i N
24| : / !
H [ Ny E L
€ : T T : T :
151310 i
2.1 12345 2
-2 | : !
1 1 : X
BeAE nans ey
10.a.y = x* — 8>+ 7 ©2
This is a fourth degree polynomial and is continuous :
for all x. The y-intercept is 7. i_ i
d i
Y- 4~ 16x

dx
=4dx(x —2)(x +2)
The critical values are x = 0, —2 and 2.

Interval | x< -2 |x=-2| —2< |x=0 0<x |x=2 | x>2
x<0 <2
% <0 =0 >0 | =0 <0 | =0 | >0
Graph | Decreas-| Local | Increas- | Local | Decreas- | Local |Increas-
ofy ing Min ing Max ing Min ing

There are local minima at (—2, —9) and at (2, —9),
and a local maximum at (0, 7).

4-46

The graph of the given function is just a

transformation of the graph of y = —%. The vertical

asymptote is x = —1 and the horizontal asymptote
is y = 3. The y-intercept is —1 and there is an
x-intercept at §.
X+ 1
¢ g(x) = w2 —9
B ¥ +1
C(2x = 3)(2x + 3)
The function is discontinuous at x = —3 and at
x=1
lim g(x) = =

X—>—3
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lim g(x) = —
limg(x) = —o°

lim g(x) = o

Hence, x = —3 and x = 3 are vertical asymptotes.
The y-intercept is —s.
, 2x(4x* — 9) — (x* + 1)(8x) —26x
g'(x) = 2 o\2 = 2 _ o\
(4x°—9) (4x—9)

g'(x) = 0 when x = 0.

X x <1 1 1<x<4 4 x> 4
ﬂ - 0 + 0 +
dx
Graph Dec Local Inc Inc
Min

Interval x<fi f§<x<0 x=0 0<x<E x>§

21 2 2
g'(x) >0 >0 =0 <0 <0
gz;;’h Increasing| Increasing |Local Max|Decreasing|Decreasing

There is a local maximum at (O, —%)

2 1
limg(x) = lim 5 = 7 and limg(x) = §
X2

Hence, y = 1 is a horizontal asymptote.

d)y=x(x—4)
This is a polynomial function, so there are no dis-
continuities and no asymptotes. The domain is
{xeR}.
x-intercepts at x = 0 and x = 4
y-intercepts at y = 0
y' = (x —4) + 3x(x — 4)°
y = (x —4)’(x — 4 + 3x)
y =4(x —4)?(x — 1)
Lety = 0:
4(x — 4P (x—-1)=0
x=4orx=1
The critical numbers are (1, —27) and (4, 0).

Calculas and Vectors Solutions Manual

Local minimum at (1, —27)
(4, 0) is not a local extremum
y' =4Q2(x —4)(x — 1) + (x — 4)?)

Y= 4(2(x - 4)<x —1+ 2 ; 4))

y"' =8(x — 4)(;x - 3>
Lety” = 0:
8(x — 4)<§x — 3) =0

x=4orx =2
The points of inflection are (2, —16) and (4, 0).

X x<2 2 2<x<4 4 x> 4
dy + 0 - 0 +
dx
point of point of
ST ©UP finflection| © down inflection . up

The graph has a local minimum at (1, —27) and
points of inflection at (2, —16) and (4, 0), with
x-intercepts of 0 and 4 and a y-intercept of 0.

y
4_
2_
X
Lyl P 2/ 46
_20_
_40_
X
. h ="
e hix) x*—4x + 4
X
== = —2)2
(x_2)2 X(X )

There is a discontinuity at x = 2
limh(x) = o = lim h(x)
x—2" x—2"
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Thus, x = 2 is a vertical asymptote. The y-intercept
is 0.

B (x) = (x —2)2+ x(—=2)(x — 2)73(1)
_x—2—-2
 (x-2)
=2 -x
(-2
h'(x) = 0 when x = —2.
Interval X< =2 xX=-2 |-2<x<2 X>2
h'(x) <0 =0 >0 <0
Graph of | Decreasing | Local Min | Increasing | Decreasing
h(x)

There is a local minimum at (—2, —%)

1
fimh(x) = lim =355 =0
Similarly, lim4(x) = 0

X—>©

The x-axis is a horizontal asymptote.
h'(x) = -2(x—-2)2—-2(x—-2)"

+ 6x(x —2)7*
=—4(x—-2)7 +6x(x —2)*
_ 2x+8

(x —2)

h"(x) = 0whenx = —4
The second derivative changes signs on opposite

sides x = —4, Hence (—4, —3) is a point of
inflection.
Yy
4 |
20 [
EEEE
—4 =2 0 2 4
—2 i
—4- i
£ —3t+2
L2
t—3

Thus, f(¢) = t is an oblique asymptote. There is a
discontinuity at ¢ = 3.

limf(r) = —c and lim f(z) = o
=3 =37
4-48

Therefore, x = 3 is a vertical asymptote.
The y-intercept is —3.
The x-intercepts are t = 1 and ¢t = 2.

2
=1-—3
f ( ) (l _ 3)2
f'(t) = 0 when 1 2 0
=vuwhenl — V-5 =
(t—3)
(t—3)Y =2
t—3=+\V2
t=3+V2.
t< t= _[3-1V2< [3<t< i= t>
ntenval| 3 V2 |3-v2| T <3 [3+V2[3+V2|3+V2
f'(t) >0 =0 <0 <0 =0 >0
Graph | Increas- | Local | Decreas- |Decreas-| Local [Increas-
of £(t) ing Max ing ing Min ing

(1.6, 0.2) is a local maximum and (4.4, 5.8) is a local
minimum.

y T
F :/\’/
4 (4.4,538)
(k6.103)
BERY (R /DRREY
// _4_
2x + 4
11. a. f(x) = RS
, 2(x* — k?) — (2x + 4)(2x)
f (x) = (xz _ k2)2
O 2x7 + 8x + 2k?
(X2 _ k2)2

For critical values, f'(x) = 0 and x # *k:
X>+4x+k2=0
4 x=V16 — 4k?
X = 2 .
For real roots, 16 — 4k> = 0

—2=k=2
The conditions for critical points to exist are
—2=k=2andx # *k.
b. There are three different graphs that results for
values of k chosen.
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a0 i )

For all other values of k, the graph will be similar to
that of 1(7) in Exercise 9.5.

y !
[ 44 :
RET R
e 3
s 4
ol )
BAREERaY
2x> —Tx + 5
12.a.f(x)—2x—_1
f)=x—3+
)= 2 — 1

The equation of the oblique asymptote is
y=x—3.
x—3
2x — 12 — Tx + 5
2x* — x
—6x +5
—6x +3
2

Calculas and Vectors Solutions Manual

fimty = f6) = tim [+ =3 = (x =3+ 52 )]

2
:l. — :0
Lni{ 2x—1]
4x3 — x> — 15x — 50

b. f(x) = w2 — 3x
18x — 50
f(x)—4x+11+m
4x + 11
X% — 3x)4x®> — x2 — 15x — 50
4x3 — 12x?
11x2 — 15x
11x* — 33x
18x — 50

lim[y — f(x)]

= lim [4x +11 — <4x +11 + M)]

Y00 x% — 3x
1850
. X x2
o
1_,
X

13. g(x) = (x* — 4)?
glx) = (¥ —4)(x* - 4)
g (x) =2x(x* — 4) + 2x(x* — 4)
g'(x) = 4x(x* — 4)
g'(x)=4x(x —2)(x +2)

Setg'(x) =0
0=4x(x—2)(x +2)
x=—-2o0orx=0o0rx =2
x< -2 -2<x<0 0<x<2 x>2
4x - - + +
x—2 - - - +
Xx+2 - + + +
Sign of | (=) (=) (=) [(=)()(H) | (F)(=)(F) | (F)(F)(+)
9'(x) - _ S - _ S
Behaviour d ) ) . d . . .
D ecreasing increasing ecreasing | increasing

3
14.f(x)=x3+5x2—7x+5,—4sxs3
fi(x)=3x>+3x—7

Set f'(x) = 0

0=3x>+3x—-7
3= V(32 - 4(3)(~7)

2(3)
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_ -3+1/93
B 6
x = —2.107 or x = 1.107
f(x)=3x>+3x—7
ff(x)y=6x+3
When x = —2.107,
f(—=2.107) = 6(—-2.107) + 3
f(—2.107) = —9.642
Since f”(—2.107) < 0, a local maximum occurs
when x = —2.107.
when x = 1.107,
f'(1.107) = 6(1.107) + 3
f(1.107) = 9.642

X

Since f”(1.107) > 0, a local minimum occurs when

x = (1.107).
when x = —4,

f(—4) = (~47 + S(-47 = 1(~4) + 5

f(=4)=—64+24+28+5

f(—4) = =7
when x = —2.107,

3
f(—2.107) = (—2.107)* + 5(—2.107)2
—7(—2107) + 5
f(—2.107) = —9.353919 + 6.659 173 5

+ 14.749 + 5
when x = 1.107,

£(1.107) = (1.107)% + %(1.107)2 ~7(1.107) + 5

f(1.107) = 1.356 572 + 1.838 1735 — 7.749 + 5
f(1.107) = 0.446
when x = 3,

f3) = (Y +3G7 = 7(3) +5

f(3)=27+135-21+5
f(3) =245
Local Maximum: (—2.107, 17.054)
Local Minimum: (1.107, 0.446)
Absolute Maximum: (3, 24.5)
Absolute Minimum: (—4, —7)
15.  f(x) = 4x> + 6x> — 24x — 2
Evaluate y = 4(0)* + 6(0)> — 24(0) — 2
y=-2
f(x) =4x® + 6x* — 24x — 2
f(x) =12x> + 12x — 24
Set f'(x) =0
0=12x> + 12x — 24
0=12(x*+x —2)
0=12(x — 1)(x + 2)
x=—-2orx=1
4-50

x<-2 -2<x<1 x>1
12(x — 1) - _ N
xX+2 - + i
Sign of
)=+ | ()=~ (P)(+H) =+
() (=)() (-)(+) (+)(+)
Behaviour ) . . . .
of f(x) Increasing decreasing increasing
maximum at x = —2 minimum at x = 1
when x = —2,

f(=2) =4(=2) + 6(—2)* —24(-2) — 2
f(=2)=—-32+24 +48 -2
f(=2) =138
when x = 1,
f(1)y =41 +6(1)> —24(1) — 2
fl)y=4+6-24-2
f(1) = —16
Maximum: (—2,38) Minimum: (1, —16)
f(x) =12x* + 12x — 24
f'(x) =24x + 12

Set f"(x) =0
0=24x + 12
x=-05
x < -0.5 x> —0.5
f"(x) = 24x + 12 - +
f(x) concave down concave up
point of inflection at x = —0.5

when x = —0.5,

f(—0.5) = 4(—=0.5)> + 6(—0.5)*> — 24(—0.5) — 2
f(=05)=-05+15+12-2

f(—=05) =11

Point of inflection: (—0.5,11)

y
200+

160+
0-
8o
40

T T T T T
~16-12-8 -4 OM'4 8 12 16

-804
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16. a. p(x): oblique asymptote, because the highest
degree of x in the numerator is exactly one degree
higher than the highest degree of x in the
denominator.

q(x): vertical asymptotes at x = —1 and x = 3;
horizontal asymptote at y = 0
r(x): vertical asymptotes at x = —1 and x = 1;

horizontal asymptote at y = 1
s(x): vertical asymptote at y = 2.

x> —2x—8

b. r(x) :ﬁ
_ (=4 +2)
(x—Dx+1)

The domain is {x|x # —1,1,xeR}.
x-intercepts: —2, 4; y-intercept: 8

r has vertical asymptotes at x = —1 and x = 1.
r(—1.001) = —2496.75,s0as x > — 17,
r(x)— —o

r(—0.999) = 2503.25,s0 as x - — 17, r(x) —
r(0.999) = 4502.25,s0asx — 17, r(x) >
r(1.001) = —4497.75,s0as x > 17, r(x) » —

x> 2x 8
1imxz_2x_8=lim?_y_;
xo—w x> —1 xo—w X2 1

x? x?

T

. X X
= Jim, 1
1=z
1-0-0
1-0
=1
So, y = 1 is a horizontal asymptote on the left

x> 2x 8
limx2—2x—8:1m?_?_?
xX—© x2—1 xX— X2 1

2

128

. X x
= lim

o1 g
~1-0-0
1-0
=1
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So, y = 1 is a horizontal asymptote on the right.
(x> = 1)(2x —2) — (x* — 2x — 8)(2x)

r'(x) = (x> — 1)
20 = 2x% = 2x + 2 — (2% — 4x? — 16x)
B (x* =1y
B 2x% 4+ 14x + 2
@y
2+ T7x+ 1)
= W

r’ is defined for all values of x in the domain of r.
r'(x) = 0forx = —0.15 and x = —6.85. r'(1) and
r'(—1) do not exist.

x < —6.85 x = —6.85 —-6.85< x < -1
x*+7x+1 + 0 -
r’'(x) + 0 -
x=-1 -1<x<-0.15 x = —0.15
X2+ 7x+ 1 - - 0
r'(x) undefined - 0
-015<x<1 x=1 x>1
X2+ 7x + 1 + + +
r'(x) + undefined +

ris increasing when x < —6.85, —0.15 <x <1,
and x > 1. r is decreasing when —6.85 <x < —1
and —1 < x < —0.15. r has a maximum turning

point at x = —6.85 and a minimum turning point at
x = —0.15.
" (x) = (x? — 1)*(4x + 14)
(x2 _ 1)4
— (2x% + 14x + 2)[2(x* — 1)(2x)]
(x* = 1)*

(7 = 1) (4x + 14) — 4x(2x% + 14x + 2)

- (x* = 1)°

_ 4x3 + 14x* — 4x — 14 — 8x® — 56x* — 8

- (x* = 1)°

. —4x3 — 42x* — 12x — 14

- (x* = 1)’

_=2(2x° 4+ 21x% + 6x + 7)

- (x> = 1)’

r” is defined for all values of x in the domain of r.
r"(x) = 0 for x = —10.24. This is a possible point
of inflection. r” (1) and r” (—1) do not exist.
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The graph is concave up for x < —10.24 and

—1 < x < 1. The graph is concave down for
—10.24 < x < —1 and x > 1. The graph changes
concavity at x = —10.24. This is a point of inflec-
tion with coordinates (—10.24, 1.13).

r(—6.85) = 1.15 and r(—0.15) = 7.85. The graph
has a local maximum point at (—6.85,1.15) and a
local minimum point at (—0.15) = 7.85.

]

O

N

Mo

4

I
I
[}
[}
I
1
}
}
I
!
]
I
L
[}
I
-
[}
I

17. The domain is {x|x # 0, x e R}: x-intercept: —2,

y-intercept: 8; f has a vertical asymptote at x = 0.
f(—0.001) = —7999.99, so f(x) > —»asx —0".
£(0.001) = 8000.00, so f(x) »> 2 asx—0".
There are no horizontal asymptotes.
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2) _ (43
x<-10.24 x=10.24 f(x) = x(3x7) — (x* +8)(1)
2
—2(2x3 + 21x% + 6x + 7) + 0 33— 3 — 8
02— 1) + + - x2
3 _
() R 0 _ 2x 8
e
T2 sxs = f'(x) is defined for all values of x in the domain of
~2(2)3 + 21x% + 6x + 7) - - f-f(x) = 0 when x = 1.59. f'(0) does not exist.
(x> =1y + 0 x<0 x=0 0< x < 1.59
r’(x) - undefined 2¢ -8 - - —
-1<x<1 x=1 x? + 0 +
—2(2x% + 21x* + 6x + 7) - - f'(x) - undefined -
(- 1) - 0 x = 159 x> 1.59
r’(x) + undefined 23 -8 0 +
x>1 X2 + +
—2(2x3 + 21x% + 6x + 7) - ' (x) 0 +
(= 1) + f1s increasing for x > 1.59 and decreasing for
0 B x < 0and 0 < x < 1.59. fhas a minimum turning
point at x = 1.59.

x2(6x?) — (2x° — 8)(2x)
o
x(6x?) — (2x° — 8)2
3
6x® — 4x* + 16
0
2% + 16
3
f" is defined for all values of x in the domain of f.
f"(x) = 0 when x = —2. This is a possible point of
inflection. f(0) does not exist.

11(x) =

x<-=-2 x=-2 -2<x<0
23 + 16 - 0 +
3 _ — _
f7(x) + 0 -
x=0 x>0
2 + 16 + +
x3 0 +
f"(x) undefined +

f1is concave up when x < —2 and x > 0. fis con-
cave down when —2 < x < 0. The graph changes
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concavity where x = —2. This is point of inflection
with coordinates (—2,0).

f(1.59) = 7.56. The graph has a local minimum at
(1.59, 7.56).

Y

18. If f(x) is increasing, then f'(x) > 0. From the
graph of f', f'(x) > 0 for x > 0. If f(x) is decreas-
ing, then f'(x) < 0. From the graph of f', f'(x) <0
for x < 0. At a stationary point, f’(x) = 0. From
the graph, the zero for f'(x) occurs at x = 0. At

x = 0. f’(x) changes from negative to positive, S0
fhas a local minimum point there.

If the graph of fis concave up, then f” is positive.
From the slope of f*, the graph of fis concave up
for —0.6 < x < 0.6. If the graph of fis concave
down, then f” is negative. From the slope of f', the
graph of fis concave down for x < —0.6 and

x > 0.6. Graphs will vary slightly.

y

(x = 1*(5) = 5x(2)(x = (1)

19. ' (x) = -1y
_5(x—1)—10x
(-1
_ —5x—5
T x- 1y
_ =5(x+1)

)
o (= 1P(=5)

f(x) = -1y

(=5 - 5)(3)(x — 1)’(1)
(x = 1)°

_ @ 1)(=5) ~3(=5x - 5)
(x = 1)*

Vectors and Calculus Solutions Manual

_ 10x — 20

S (x— 1)
~10(x — 2)
(-1

The domain is {x|x # 1, x e R}. The x- and
y-intercepts are both 0. f'has a vertical asymptote
atx = 1.

£(0.999) = 4995000 s0 asx —> 17, f(x) >
f(1.001) = 5005000 so as x — 17, f(x) — o

. Sx . 5x B
xin—looxz—2x+1 xin—lwxz—2x+1_
y = 0 is a horizontal y = 0 is a horizontal
asymptote on the right. asymptote on the left.

=0 0

f'(x) is defined for all values of x in the domain
of f. f'(x) = 0 when x = —1. f(1) does not exist.

x<-1

x=-1

-1<x<1

x=1

x>1

—5(x + 1)

+

0

(x— 1)

0

+

'(x)

0

+

undefined

fis decreasing when x < —1 and x > 1. fis
increasing when —1 < x < 1. fhas a minimum
turning point at x = — 1.
f" (x) is defined for all values of x in the domain of f.
f"(x) = 0 when x = —3. This is a possible point of

inflection.

f(1) does not exist.

x<-2| x=-2 | -2<x<1 x=1 x>1
X+ 2 - 0 + + +
”(x) - 0 + undefined +

The graph is concave down for x < —2 and con-
cave up when —2 < x < 1 and x > 1. It changes
concavity at x = —2. f has an inflection point at
x = —2 with coordinates (—2, —1.11).

f(=1) = —1.25. fhas a local minimum at

(—1, —1.25).
o]
4_
2
X
G TEEE
-2
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20. a. Graph A is f, graph C'is f', and graph B is f".
We know this because when you take the derivative,
the degree of the denominator increases by one.
Graph A has a squared term in the denominator,
graph C has a cubic term in the denominator, and
graph B has a term to the power of four in the
denominator.

b. Graph F'is f, graph E is ' and graph D is f". We
know this because the degree of the denominator
increases by one degree when the derivative is
taken.

Chapter 4 Test, p. 220

lLax<-9or—-6<x< -3or0<x<4orx>8
b. - 9<x<-6or-3<x<0or4<x<38
c. (—=9,1),(—=6,-2),(0,1), (8 —2)
d.x=-3x=4
e.f"(x) >0
f.-3<x<0ord<x<8
g. (—8,0), (10, —3)
2.a.g(x) =2x* — 8% — x* + 6x
g (x)=8x"—24x> —2x + 6
To find the critical points, we solve g'(x) = 0:
8x* —24x> —2x + 6 =0
4 —12x> —x+3=0
Since g'(3) = 0, (x — 3) is a factor.
(x —3)4x*—1)=0
x=3o0orx=—%orx =3
Note: We could also group to get
4*(x —3) — (x —3) =0.
b. g"(x) = 24x* — 48x — 2
Since g”(—%) =28 >0, (—%, —%) is a local
maximum.
Since g"(—3) = =20 < 0, (3, %) is a local
maximum.
Since g”(3) = 70 > 0, (3, —45) is a local minimum.
3.

7 a0
( )6
4 (1r4)
62 «
_| L _| O T T T
6f 200 2 4 6
_4_
_6_
4-54

2

4. g(x) = (x _—i— 7x + 10
x—=3)(x+2)

The function g(x) is not defined at x = —2 or

x = 3. At x = —2, the value of the numerator is 0.

Thus, there is a discontinuity at x = —2, but

x = —21is not a vertical asymptote.

At x = 3, the value of the numerator is 40. x = 3 is

a vertical asymptote.

(x+2)(x+5) x+5

(x=3)(x+2) x-3

X+ =2

g(x) =

. . x+5
Jtim gt0) = tim (1)
3
S5
. . x+5
Jim ) = tm (1)
3

5

There is a hole in the graph of g(x) at (—2, —%)
lim g(x) = lim(x h 5)
§x =3 \x — 3

x—3"
= —@
x+5
li = li
xirgl*g(X) )cigl+ (x - 3>
= 0

There is a vertical asymptote at x = 3.
Also, limg(x) = lim g(x) = 1.

Thus, y = 1 is a horizontal asymptote.

-100-
-1201
~140
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6. f(x) = 2x + 10

x> -9
B 2x + 10
(x =3)(x +3)
There are discontinuities at x = —3 and at x = 3.
li =
xggl’f(x) . }x = —3is a vertical asymptote.
i flw) = =
li = -
x;rgyf(x) Oo}x = 3 is a vertical asymptote.
lim f2) = =
The y-intercept is —% and x = —5 is an x-intercept.
, 2k =9) — (2x + 10)(2)
f (x) - (xz _ 9)2
_ —2x> —20x — 18
(x* = 97

For critical values, we solve f'(x) = 0:
¥+ 10x+9=0
x+DHx+9 =0
x=—lorx = —09.
(—9, —]g) is a local minimum and (—1, —1) is a
local maximum.

2 10
— + 7
limf(x) = lim*—5 = 0 and
X—® X—>® -
x2
2 10
— + —
limf(x) = lim| 5 | =0
X— X—00 1 -5
X

y = 0 is a horizontal asymptote.

o5 54
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7. f(x) = x>+ bx* + ¢
f'(x) = 3x* + 2bx
Since f'(—2) = 0,12 — 4b = 0

b = 3.
Also, f(—=2) = 6.
Thus, =8 + 12 + ¢ =6
c=2.
f(x) =3x> + 6x
=3x(x +2)

The critical points are (—2, 6) and (0, 2).

"(x) =6x +6
Since f"(—2) = =6 <0, (—2,6) is a local
maximum.
Since f'(0) = 6 > 0, (0, 2) is a local minimum.
y
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CHAPTER 4
Curve Sketching

Review of Prerequisite Skills, pp. 162—163

x values x< -4 —-4<x<1
lL.a.2y’+y—-3=0 (x +4) - +
2y + 3)(y3— =0 x—1) N N
yz—goryzl X+ 4)(x - 1) + -

b. x) - 5x+3=17

P —Sr—14=0 The solution is x < —4 or x > 1.

(x = T)(x +2)=0 3.a. 3
x=To0orx=—2
c. 4x> + 20x + 25 =0 ]
(2x +5)(2x +5)=0 H X
5 |
_ 2 123
x=-> /
dy’ +4°+y—-6=0
y = lis azero, soy — 1is a factor. After

synthetic division, the polynomial factors to

(y = 1)(y* + Sy + 6). b. y
So(y —1)(y +3)(y +2)=0. 8
y=lory=—-3o0ry= -2 6-
2.a.3x +9<2 4
3x < =7 i
7
x << —= T T T T
3 -8-6-4-20 2 4
b.53-x)=3x—-1 »
15-5%x=3x—-1
16 = 8x %
8x = 16 —8&
x=2 —101
c. ?—2t<3 =121
?—2t—3<0
(t—=3)t+1)<O0 c. y
Considert =3 andt = —1. 6
t values t< -1 -1<t<3 t>3 /\ 44
(t+1) - + + 4 __—
(t-3) - - + T ‘2_20/é 476
(t=3)(t+1) + - + 4
The solution is —1 < ¢t < 3.

d. x>?+3x—-4>0
x+4Hx-1)>0
Consider x = —4 and x = 1.

Calculus and Vectors Solutions Manual
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2 /(>

—6-4-20 2

4.a. lim (x> —4)=2>—4

x—2"

b. lim

x—2

X2

=0

+ 3x — 10

x—2

~ lim (x +5(x—-2)

x—2 x—2
= lim(x + 5)
x—2
=17
. x> =27
¢. lim
=3 X — 3

- 24+ 3x +
- lim (x =3)(x*+3x +9)

x—3

x—3

= lim (x*> + 3x + 9)
x—3

=32+3%X3+9
=27
d. Iim V2x + 1
x—4"
=V2X4+1
=3
1, 3
5a.f(x)=z + 2x
1
22x4+2x3—x1
fx)y=x>+6x>+x2
x +1
b. =
f()C) x2_3
oy (P =3)(1) - (x + 1)(2x)
f(x)_ (X2_3)2
_x2—3—2x2—2x
(" =3y
_—x2—2x—3
(7 =37
__x2+2x+3
(x> = 3)

c. f(x) = (3x* — 6x)?

f'(x) = 2(3x* — 6x)(6x — 6)

2t

W0 ==
S~ 2t
f,(t)zz Tt T ovi—4
t— 4
4(t — 4) 2t
, 2WNi—4 2Vi—4
@)= pa—
Lo At —4)— 2
f(f)—w
_2t—16
C2(t— 4y
-8
(t = 4)
x—38
6.a. x+3)x2—5x+4
x* + 3x
—8x + 4
—8x — 24
28 -
2 . —
(x—5x—4)f(x-i-3)—x—8-i—x_}_3
x+7
b.x — 1)+ 6x — 9
x> —x
Tx — 9
Tx — 7
-2
2 . —
(x—6x—9)v(x—1)—x+7—x_1
7. f(x) =x>+05x>—2x + 3
fl(x)y=3*+x-2
Let f'(x) = 0:

2 +x—-2=0
Bx—2)(x+1)=0

= — :—1
X 3OI')C

The points are (%, 2.19) and (—1,4.5).

8. a. If f(x) = x", where n is a real number,

then f'(x) = nx" 1.

b. If f(x) = k, where k is a constant, then f'(x) = 0.
c. If k(x) = f(x)g(x), then

k'(x) = f'(x)g(x) — f(x)g'(x)

d. If h(x) = %, then A’ (x)

_ ['(x)g(x) — f(x)g'(x)
[g(x)]

,8(x) # 0.
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e. If fand g are functions that have derivatives,
then the composite function 4 (x) = f(g(x)) has a
derivative given by 4'(x) = f'(g(x))g’(x).

f. If u is a function of x, and 7 is a positive integer,

then d%(u") = nu"*%
9. a. £i31w2x2 —3x+4=0o
liHmOOZx2 —3x+4 =0
b.ii;)l}OZf +4x — 1=
limm2x3 +4x—1= -
c.lig—Sx“ +2x3—6x?+Tx—1=—o
Xlimm—5x4 +2x—6x?+7x — 1= -
1 1
10. a. m =5
Let2x =0

x = 0, so the graph has a vertical asymptote at x = 0.

1 1
"f(x) —x+3

Let—x+3=0

x = 3, so the graph has a vertical asymptote at x = 3.
1 1

“Hr) T a1

Let (x +4)+1=0

There is no solution, so the graph has no vertical

asymptotes.
1 1

L0 " a3y
Let (x +3)>=0

x = —3, so the graph has a vertical asymptote at
x = -3.
. 5 .
11. a. lim = 0, so the horizontal asymptote
S i |
isy=0.
. 4 . .
b. lim ﬁ = 4, so the horizontal asymptote is y = 4.
X—>©
. 3x =5 1 . . 1
¢. lim ——— = 3, so the horizontal asymptote is y = 3.
X — 3
. 10x — 4 .
d. lim 5 = 2, so the horizontal asymptote
X—® X
isy = 2.
. 5
12.a.i.y = P
To find the x-intercept, let y = 0.
5
x+1

Calculus and Vectors Solutions Manual

There is no solution, so there is no x-intercept.

The y-intercept is y =
4x
x —2

ii. y=

= 5.

0+1

To find the x-intercept, let y = 0.

4x

0

The y-interceptis y = g—

3x —5
6x — 3

iii. y =

= 0.

To find the x-intercept, let y = 0:

3x — 5
6x — 3
Therefore, 3x — 5 =0

=0

LS
3

S

The y-intercept is y = §—3
10x — 4

S5x

w

iv. y =

S
3.

To find the x-intercept, let y = 0.

10x — 4
5000 0
Therefore, 10x — 4 =0
2
s
The y-intercept is y = 5+
there is no y-intercept.
. 5
b.i.y = T+ 1
Domain: {xeR|x # —1}
Range: {yeR|y # 0}
. _ 4x
i y=""7
Domain: {x e R|x # 2}
Range: {yeR|y # 4}
.  3x—35
il y =2 —
) 1
Domain: {xeR|x #* 2}

1
Range: {yeR|y # 2}

. _10x — 4
Iv. y = T
Domain: {x e R|x # 0}
Range: {yeR|y # 2}

, which is undefined, so
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b.i. -1 <x<1

4.1 Increasing and Decreasing D
i.x<-1,x>1

Functions, pp. 169-171 i, (—1.2). (2. 4)
La f(x)=x>+6x>+1 c.ix< -2
f(x) =3x* + 12x . —2<x<2,2<x
Letf'(x) =0:3x(x +4) =0 iii. none
x=0orx =—4 doi. —1<x<2,3<x
The points are (0, 1) and (—4, 33). iLx<-—-1,2<x<3
b. f(x) = Vx> + 4 iii. (2,3)
= (& + 4) 4. /
1 |
F1(0) = 5 + 4)H(2x) RS
s /
Vi + 4
Letf'(x) = 0: a. f(x)=x*+3%+1
X -0 f(x) = 3x* + 6x
Vx* + 4 Let f'(x) = 0
Sox = 0. 3x% + 6x = 0
The point is (0, 2). 3x(x +2)=0
c. flx) = 2x — 1)’(x* = 9) x=0orx= -2
f(x)=22x —1)(2)(x* = 9) + 2x(2x — 1)?
Let f'(x) = 0: x x<-2 |-2]|-2<x<0]0 x>0
2(2x — 1D)R*=9) +x(2x — 1)) =0
2(2x — 1)(4x* —x —18) =0 f'(x) + 0 - 0 n
22x - 1)(4x —9)(x+2)=0 A . .
1 9 Graph Increasing Decreasing Increasing
X=—orx=—orx = —2.
2 4 b.

This points are (3, 0), (2.25, —48.2) and /_ \l ]

(-2, —125).
5x
A { \j

5(x* + 1) — 5x(2x) _ 5(1 — x?)

[0 ==y o7+ 1y f(x) = x° = 5 + 100
Letfr(x) =0: f’(x) = 5x4 - 20)63
5(1 — x?) Let f'(x) = 0:
z+1)2=0 5xf —20x* =0
(x 563(x —4) =0

Therefore, 5(1 — x?) = 0 x=0orx = 4.

1-x)(1+x)=0
y= +1 X x<0 0 0o<x<4 |4 x> 4
. 5 5
The points are (1, g) and (—1, —5). 00 N 0 _ 0 N
2. A function is increasing when f'(x) > 0 and is
decreasing when f'(x) < 0. Graph | Increasing Decreasing Increasing

Joai.x < —1,x>2
. —-1<x<2
iii. (—=1,4), (2,-1)
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L

—

[0 =%+
fi) =1-

Letf'(x) =0
1
1-—=0
2
x>=1=0

x:

—_

Y

x2

—lorx=1

Also note that f(x) is undefined for x = 0.

X x< -1

-1 —1<x<0

0 0<x<1

1 x>1

f'(x) +

undefined

0 +

Graph

Increasing

Decreasing

Decreasing

Increasing

¥ +3-2x(x—1)

fx) =

(x> + 3)?

Let f'(x) = 0, therefore, —x* + 2x + 3 = 0.

Orx>—2x—3=0

x=3)(x+1)=0
x=3orx=—1

x< -1

=1

-1<x<3

f'(x)

- 0

+

Graph

Decreasing

Increasing

Decreasing

Calculus and Vectors Solutions Manual

y = 3x* + 403 — 1242
y =12x% + 12x* — 24x

Intervals of increasing:
12x° + 12x* — 24x > 0

x(x*+x—-2)>0
x(x —D(x+2)>0

Intervals of decreasing:
12x° + 12x* — 24x <0
x(x*+x—-2)<0

x(x —D(x+2)<0

x<-2 -2<x<0 0<x<1 x<1

X - - + +

x—1 + - - +
X+ 2 - + + +
y' + + - +

Intervals of increasing:
Intervals of decreasing: x < —2,0 <x <1

f.

-]

y=x*+x*-1
y' = dx® + 2x

Interval of increasing:

453 +2x >0

x(2x*+1)>0

But 2x? + 1 is always positive.
Interval of increasing: x > 0
Interval of decreasing: x < 0
5.f/(x) = (x —1)(x +2)(x +3)

—2<x<0,x>1

Interval of decreasing:

4¢3 +2x <0
x(2x*+1)<0

Let f'(x) = O:

Then (x — 1)(x +2)(x +3) =0

x=1lorx=—-2orx = —3.
-3<

x | x<-3|-3 o2l —2<x<1|1] x>1

< -3

f'(x) - 0 + 0 - 0 +

Graph |Decreasing Increasing Decreasing Increasing
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41 /(2.9

Lo O+
(-1,00~H
_2_

7.f(x) =x* 4+ ax* + bx + ¢

f(x)=3x>+2ax + b
Since f(x) increases to (—3, 18) and then
decreases, f'(3) = 0.
Therefore, 27 — 6a + b =0or6a — b =27. (1)
Since f(x) decreases to the point (1, —14) and then
increases ' (1) = 0.
Therefore, 3 + 2ab + b =0or2a + b = —=3. (2)
Add (1) to (2) 8a = 24 and a = 3.
Whena =3,b=6+b = —-3o0orb = —0.
Since (1, —14) is on the curve and a = 3, b = —9,
then —14=1+3 -9 +¢

c= -0

The function is f(x) = x> + 3x> — 9x — 9.
8- y

(=56 %

‘1, 2) .

—4 0 \,',\
_4_
9.a.i.x <4
ii.x >4
iii.x =4

b.ix<-1,x>1
. —-1<x<1
ili.x=—-1x=1

4-6

c.i. 2<x<3
fx<-2,x>3
fii.x=-2,x=3
y

X

QI35 43

10. f(x) = ax> + bx + ¢
f'(x) =2ax + b

Let f'(x) = 0, then x = ;7.
Ifx < ;—:, f'(x) < 0, therefore the function is
decreasing.

If x > ;—:, f'(x) > 0, therefore the function is
increasing.
11. f(x) =x*—32x + 4

f(x)=4x>—32

Let f'(x) = 0:
4 -32=0
4x =32
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x =2
X x<2 2 X>2
f(x) - 0 +
Graph Dec. |Local Min Inc

Therefore the function is decreasing for x < 2
and increasing for x > 2. The function has a local
minimum at the point (2, —44).

Hinimun
H=g

12. ¥

&
o
i\

13. Lety = f(x) and u = g(x).
Let x; and x, be any two values in the interval
a = x = b so that x; < x,.
Since x; < x,, both functions are increasing:
() > flx) (D
8(x) > g(x1) (2)
yu = f(x) - g(x).
(1) X (2) results in f(x;) - g(xz) > f(x1)g(x1).
The function yu or f(x) - g(x) is strictly increasing.
y

f(x)

8(x)

X

K‘,/
__i/

a x x1 b

14. Let x,, x, be in the interval a = x =< b, such that

x; < x,. Therefore, f(x,) > f(x;), and g(x,) > g(x;).

In this case, f(x;), f(x,), g(x;), and g(x,) < 0.
Multiplying an inequality by a negative will reverse
its sign.

Calculus and Vectors Solutions Manual

Therefore, f(x;) * g(x2) < f(x1) * g(x1).
But LS > 0 and RS > 0.
Therefore, the function fg is strictly decreasing.

4.2 Critical Points, Relative Maxima,
and Relative Minima, pp. 178-180

1. Finding the critical points means determining the
points on the graph of the function for which the
derivative of the function at the x-coordinate is 0.
2. a. Take the derivative of the function. Set the
derivative equal to 0. Solve for x. Evaluate the
original function for the values of x. The (x, y)
pairs are the critical points.

b.y = x* — 6x?
d
T -1
=3x(x —4)
dy
Let— = 0.
dx
3x(x—4)=0
x=0,4
The critical points are (0, 0) and (4, —32).
y
20
X
» N
— O_
O_

3.a. y =x* — 8&?

% = 4x° — 16x = 4x(x* — 4)
=4dx(x +2)(x — 2)
dy
Let — =
© dx
dx(x +2)(x—2)=0

x=0, =2.
The critical points are (0, 0), (=2, 16), and
(2, —16).

x |x<-2| -2 |-2<x<0| 0 [0<x<2| 2 |x<2
dy
— - 0 0 - 0
dx + +
Local Local Local
Graph | Dec. Min Inc. Max Dec. Min Inc.
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X x<2 2 X>2
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Graph Dec. |Local Min Inc
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and increasing for x > 2. The function has a local
minimum at the point (2, —44).
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&
o
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yu = f(x) - g(x).
(1) X (2) results in f(x;) - g(xz) > f(x1)g(x1).
The function yu or f(x) - g(x) is strictly increasing.
y

f(x)

8(x)

X

K‘,/
__i/

a x x1 b

14. Let x,, x, be in the interval a = x =< b, such that

x; < x,. Therefore, f(x,) > f(x;), and g(x,) > g(x;).

In this case, f(x;), f(x,), g(x;), and g(x,) < 0.
Multiplying an inequality by a negative will reverse
its sign.
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Therefore, f(x;) * g(x2) < f(x1) * g(x1).
But LS > 0 and RS > 0.
Therefore, the function fg is strictly decreasing.

4.2 Critical Points, Relative Maxima,
and Relative Minima, pp. 178-180

1. Finding the critical points means determining the
points on the graph of the function for which the
derivative of the function at the x-coordinate is 0.
2. a. Take the derivative of the function. Set the
derivative equal to 0. Solve for x. Evaluate the
original function for the values of x. The (x, y)
pairs are the critical points.

b.y = x* — 6x?
d
T -1
=3x(x —4)
dy
Let— = 0.
dx
3x(x—4)=0
x=0,4
The critical points are (0, 0) and (4, —32).
y
20
X
» N
— O_
O_

3.a. y =x* — 8&?

% = 4x° — 16x = 4x(x* — 4)
=4dx(x +2)(x — 2)
dy
Let — =
© dx
dx(x +2)(x—2)=0

x=0, =2.
The critical points are (0, 0), (=2, 16), and
(2, —16).

x |x<-2| -2 |-2<x<0| 0 [0<x<2| 2 |x<2
dy
— - 0 0 - 0
dx + +
Local Local Local
Graph | Dec. Min Inc. Max Dec. Min Inc.
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Local minima at (—2, —16) and (2, —16)
Local maximum at (0, 0)

2x
b. f(.X') - x2 +9
Lo 2(x*+9) — 2x(2x)
f (x) - (x2 4 9)2
18— 247
(x> + 9)?
Let f/(x) = 0
Therefore, 18 — 2x> = 0
x2=9
x = *3.
x x< -3 -3 —-3< 3 x>3
x <3
f'(x) - 0 + 0 -
Graph | Decreasing |Local Min| Increasing %\C/)I;il Decreasing

Local minimum at (—3, —0.3) and local maximum
at (3, 0.3).
c.y=x+3x>+1

dy
—— =3x> + 6x = 3x(x + 2
PR x = 3x(x )
dy
Let— =10
© dx
3x(x+2)=0
x=0,-2
The critical points are (0, 1) and (—=2,5).
X |x<-2| -2 |-2<x<0| 0 |x<0O
dy -
dx + 0 0 +
Graph Inc. L'a?sl Iﬁ;il Inc.

Local maximum at (—2,5)
Local minimum at (0, 1)
4.a.y = x* — 8&?
To find the x-intercepts, let y = 0.
xt=8?=0
(x> —8)=0
x=0, = \/é
To find the y-intercepts, let x = 0.
y=0

4-8

y
20+
101
X
L4-H{=2 >4
10
_20_
2x
To find the x-intercepts, let y = 0.
2x
2+9 0
Therefore, 2x = 0
x=0
To find the y-intercepts, let x = 0.
0
= —_— = 0
Y7o
y
0.5+
X
DR T
—0.51

cy=x"+3x*+1

To find the x-intercepts, let y = 0.
0=x>+3x2+1

The x-intercept cannot be easily obtained algebraically.
Since the function has a local maximum when

x = —2, it must have an x-intercept prior to this
x-value. Since f(=3) = 1 and f(—4) = —15, an
estimate for the x-intercept is about —3.1.

To find the y-intercepts, let x = 0.

y=1
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5.a.h(x) = —6x° + 18x* + 3
h'(x) = —18x* + 36x

Leth'(x) = O:
—18x% + 36x =0
18x(2 —x) =0

x=0orx =2
The critical points are (0, 3) and (2, 27).
Local minimum at (0, 3)
Local maximum at (2, 27)
Since the derivative is 0 at both points, the tangent
is parallel to the horizontal axis for both.
b.g(t) =1 + ¢
g'(t) = 5t* + 3¢

Letg'(¢) = 0:
5t4+ 32 =0
252 +3)=0
t=20
X x<0 0 0<x<?2 0 Xx>2
dy _
dx + 0 0 +
Local Local
Graph| Inc. Min Dec. Max Inc.

The critical point is (0, 0).

t t<0 0 t>0
9'(x) + 0 +
Graph Inc. Local Min Inc.

(0, 0) is neither a maximum nor a minimum
Since the derivative at (0, 0) is 0, the tangent is
parallel to the horizontal axis there.

c.y=(x—5)
dy L _ 52
dx 3% )
B 1
© 3(x — 5)
dy
< £0
dx

Calculus and Vectors Solutions Manual

The critical point is at (5, 0), but is neither a
maximum or minimum. The tangent is not parallel
to the x-axis.

d. f(x) = (x> = 1)}
1 2
r() =56 - D7)

Let f'(x) = O«
1 2
g(x2 -1)753(2x) =0

x=0
There is a critical point at (0, —1). Since the

derivative is undefined for x = =1, (1, 0) and
(—1,0) are also critical points.

X x<-—-1-1]-1<x<0| 0 [0<x<1| O |x<1

Y IpNe - 0 +  |bNe| +
dx

Local
Graph| Dec. Dec. Min Inc. Inc.

Local minimum at (0, —1)

The tangent is parallel to the horizontal axis at (0, —1)
because the derivative is O there. Since the derivative is
undefined at (—1, 0) and (1, 0), the tangent is not
parallel to the horizontal axis at either point.

6. a.

Hiniraurm
h:ﬂ Y=z

Haximun
4=1ooodogg |v=zr |

— |

w

Hinimun
H=0 =1

7. a. f(x) = —2x* + 8x + 13
fl(x)=—4x +38

Let f'(x) = 0«
—4x+8=0
x=2

4-9



The critical point is (2, 21).
Local maximum at (2, 21)

e f(x) = 2x% + 9x* + 12x
f'(x) =6x> + 18x + 12

x x<?2 2 X>2 Let f'(x) = 0:
00 + 0 - 6x> + 18x + 12 =10
Graph Inc. Local Max. Dec. 6(x + 2)(x 4 1) =0
v x=-2orx=—1
20 The critical points are (—2, —4) and (—1, —5).
X X< =2 -2 —2<x<-1| =1 |[x>—1
10 % + 0 - 0 +
X Graph Inc. Iﬁ;il Dec. L,\%il Inc.
-8 -4 [0 4 8 Local maximum at (—2, —4)
Local minimum at (—1, —5)
O_
8_
20
4_
L s
b.f(x)=§x—9x+2 x
f'(x) = x2 -9 -4 =2 2 4
Let f'(x) = 0: 4
x>—=9=0
x*=9 —8-
x= =3
The critical points are (—3,20) and (3, —16) d. f(x) = —3x° — 5x
Local maximum at (-3, 20) 'f’(x) 9?5
Local minimum at (3, —16) Let f(x) = 0:
X | x<-3| -3 |-3<x<3 3 X >3 —9x2 —5=0
dy _
ax + 0 0 + 2 _é
Graph Inc. L,\j;il Dec. L'\c;lcisl Inc. 9
This equation has no solution, so there are no
y critical points.
20' y
8_
14+ "
X X
R3S DESEC \EEpY Ry = YRR~ ERE:\NEREEEE:
_4_
_'|O_
_8_
_20_
ef(x)=Vx>—2x+2
2x — 2 x—1
4 x = =
f) 2V —2x+2 Vi —2x+2
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Let f'(x) = 0:
Therefore,x — 1 =10
x=1
The critical point is (1, 1).
\/x? — 2x + 2 is never undefined or equal to zero,
so (1, 1) is the only critical point.

X x <1 1 x> 1
f'(x) - 0 +
Graph Dec. Local Min Inc.
Local minimum at (1, 1)
y
8_
\\/
X
4 2 0 2 4
f. f(x) = 3x* — 4x3
f(x) = 12x° — 12x?
Let f'(x) = O«
12x3 = 1222 =0
12x*(x —1) =0
x=0o0rx=1
X x<0 0 0<x<1 1 x> 1
dy _ _
dx 0 0 +
Graph | Dec. Dec. Local Min | Inc.

There are critical points at (0, 0) and (1, —1).
Neither local minimum nor local maximum at (0, 0)
Local minimum at (1, —1)

y

X

4 2 M o4

8.f(x)=(x+1)(x —2)(x +6)

Let f'(x) = O:
x+DHx—-2)(x+6)=0
x=—6orx=—-lorx=2

The critical numbers are —6, —1, and 2.

Calculus and Vectors Solutions Manual

X |x<—-6| =6 |-6<x<—-1| -1 |-1<x<2| 2 [x<2

dy _ _

e 0 + 0 o | +
Graph | Dec. L'a?sl Inc. l;\agil Dec. L'\c;Era]I Inc.
Local minima atx = —6 and x = 2
Local maximum at x = —1
9. T o

(-1.6), ] (x)
3 Nx
EYBSESRY GEEESREE
10. y = ax* + bx + ¢

d

d71 =2ax + b
Since a relative maximum occurs at x = 3, then
2ax + b =0atx = 3. Or, 6a + b = 0. Also, at
(0,1),1 =0+ 0 + corc = 1. Therefore,

y = ax* + bx + 1. Since (3, 12) lies on the curve,
12=9a+3b + 1
9a + 3b = 11
6a + b = 0.
Since b = —6a,
Then 9a — 18a = 11
or 1
a=——
9
22
b=—.
3
The equation is y = —%xz + 23—2x + 1.
1. f(x) =x* + px + q
f(x)=2x+p
In order for 1 to be an extremum, f'(1) must equal O.
2()+p=0
p=-2

To find g, substitute the known values for p and x
into the original equation and set it equal to 5.

X x <1 1 x> 1
f'(x) - 0 +
Graph Dec. Local Min Inc.

4-1




(1 + (W)(=2)+q=>5
qg==6
This extremum is a minimum value.
12. a. f(x) = x* — kx
f(x)=3x*—k

In order for fto have no critical numbers, f'(x) = 0
must have no solutions. Therefore, 3x> = k must
have no solutions, so k < 0.
b. f(x) = x* — kx

fi(x)=3x>—k
In order for f to have one critical numbers,
f'(x) = 0 must have exactly one solution.
Therefore, 3x* = k must have one solution, which
occurs when k = 0.
c. f(x) =x° — kx

fi(x)=3%—k
In order for f to have two critical numbers,
f'(x) = 0 must have two solutions. Therefore,
3x? = k must have two solutions, which occurs
when k& > 0.
13.g(x) =ax* + bx* + cx + d

g (x) = 3ax* + 2bx + ¢

Since there are local extrema at x = 0 and x = 2,
Oa +0b+c=0and12a +4b +c =0
Therefore, ¢ = 0 and 12a + 4b = 0
Going back to the original equation, we have the
points (2, 4) and (0, 0). Substitute these values of x
in the original function to get two more equations:
8a +4b + 2¢ + d = 4 and d = 0. We now know
that ¢ = 0 and d = 0. We are left with two equa-
tions to find a and b:
12a + 4b =0

8a +4b = 4
Subtract the second equation from the first to get
4a = —4. Therefore a = —1, and b = 3.
14. a. f'(X)

4-12

d. )

15. f(x) =3x*+ax* + bx* + ex + d
a. f'(x) = 12x + 3ax® + 2bx + ¢
Atx =0, (0) =0,thenf'(0)=0+0+0+ ¢

orc = 0.
Atx = =2, (-2) =0,
—96 + 12a — 4b = 0.

(D

Since (0, —9) lies on the curve,

-9=0+0+0+0+dord= —9.

Since (—2, —73) lies on the curve,
—73=48 —-8a +4b +0—-9

—8a +4b = —112
or2a — b =28

)

Also, from (1): 3a — b = 24
2a — b = —-28

a =
b:

—4
—-36.
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The function is f(x) = 3x* — 4x* — 36x% — 9.
b. f'(x) = 12x* — 12x* — 72x
Let f'(x) = 0:

- xP-6x=0
x(x —=3)(x+2)=0.
Third point occurs at x = 3,

£(3) = —198.

C.

Local minimum is at (=2, —73) and (3, —198).

—2<

0<

x <=2 -2 0 3 >3
X x<0 x<3 x
f'(x) - 0 + 0 - 0 +
Graph Decreas-| Local | Increas- | Local [Decreas-| Local | Increas-
- ing Min ing Max ing Min ing
Local maximum is at (0, —9).
16.a.y = 4 — 3x*> — x*
d
@ —6x — 4x3
dx
dy
Let— = 0:
dx
—6x —4x° =0
—2x(2x*+3) =0
2 3. ..
x=0o0rx" = —5 inadmissible
X x<0 0 x>0
dy _
dx + 0
Graph Increasing Local Max Decreasing

Local maximum is at (0, 4).

Yy

b.y = 3x° — 5x° — 30x

d
D {54 — 15x2 — 30
dx
dy
Let— = 0:
¢ dx
15x* — 15x2 - 30=0

x*=x2-2=0

Calculas and Vectors Solutions Manual

(> =2)(x*+1)=0
x>=2orx*= -1

x = £V2; inadmissible

d
Atx = 100, %

dx
Therefore, function is increasing into quadrant one,

local minimum is at (1.41, —39.6) and local
maximum is at (—1.41, 39.6).

1

60+

0 4 6
Do\ [
_40_
60-

_fx)

g(x)
Since f(x) has local maximum at x = c, then
f'(x) >0forx <candf'(x) <0forx > c.
Since g(x) has a local minimum at x = ¢, then

g'(x) <Oforx <candg'(x)>0forx > c.

ey = 10

17. h(x)

g(x)
: f(x)gx) — g (x)f(x)
h'(x) = 2
[8(x)]
Ifx <c, f'(x) >0and g'(x) <0, then &' (x) > 0.
Ifx>c, f'(x) <O0andg'(x) > 0, then &' (x) <O.
Since for x < ¢, h’(x) > 0 and for x > ¢,
h'(x) <0.
Therefore, 4 (x) has a local maximum at x = c.

4.3 Vertical and Horizontal
Asymptotes, pp. 193-195

1. a. vertical asymptotes at x = —2 and x = 2;
horizontal asymptote at y = 1

b. vertical asymptote at x = 0; horizontal asymptote
aty =0

2' f(x) h (x)

Conditions for a vertical asymptote: 4 (x) = 0 must
have at least one solution s, and lim f(x) = .
Conditions for a horizontal o

asymptote: lim f(x) = k, where k e R,

or lim f(x) = k where keR.

X—>—®

g(x)
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(> =2)(x*+1)=0
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x = £V2; inadmissible

d
Atx = 100, %
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Therefore, function is increasing into quadrant one,

local minimum is at (1.41, —39.6) and local
maximum is at (—1.41, 39.6).

1

60+

0 4 6
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_40_
60-
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Since f(x) has local maximum at x = c, then
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Since g(x) has a local minimum at x = ¢, then

g'(x) <Oforx <candg'(x)>0forx > c.

ey = 10
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: f(x)gx) — g (x)f(x)
h'(x) = 2
[8(x)]
Ifx <c, f'(x) >0and g'(x) <0, then &' (x) > 0.
Ifx>c, f'(x) <O0andg'(x) > 0, then &' (x) <O.
Since for x < ¢, h’(x) > 0 and for x > ¢,
h'(x) <0.
Therefore, 4 (x) has a local maximum at x = c.

4.3 Vertical and Horizontal
Asymptotes, pp. 193-195

1. a. vertical asymptotes at x = —2 and x = 2;
horizontal asymptote at y = 1

b. vertical asymptote at x = 0; horizontal asymptote
aty =0

2' f(x) h (x)

Conditions for a vertical asymptote: 4 (x) = 0 must
have at least one solution s, and lim f(x) = .
Conditions for a horizontal o

asymptote: lim f(x) = k, where k e R,

or lim f(x) = k where keR.

X—>—®

g(x)
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Condition for an oblique asymptote is that the
highest power of g(x) must be one more than

the highest power of 4 (x).

3
2x + 3 . x(2+

3.a.lim 1 = lim

x—o X — xX—®©
X

Similarly, lim 2

x——nX T 1

b. lim f = lim

x—o X 2 )
X

5x2 -3 x(S—

Similarly, lim

X——®

x2+2

—5x2 + 3y ) xz(—S + 3

_ 3
2
. . . _sz + 3)6' _ _§
Similarly, xlin_lwizxz -5 = i
3 5
o2 —=3x*2+5 . x5(2—;+;)
d. lim ——; = lim
xox x4+ 5x — 4 X% 4 5 4
xN3+ 5 —
X X
x(2 - % + 25)
= lim %
X—>x 3 + -
x3 x4
5
lim (x(Z -5+ ;))

lim (x) X lim (2 -3+ 35)

X% x—o® X

. 5 4
111’1’1(34‘;—7)

X—% X
2—-0+0
=lim (x) X ———
x_m( ) 340—-0
= 0
.. . 2x5 —=3x2+5 .
Slmllarly, xlin_lwm = £1an (x) = —00,
4. a. This function is discontinuous at x = —5. The

numerator is non-zero at this point, so the function
has a vertical asymptote there. The behaviour of the
function near the asymptote is:

x-values X xX+5 y !,'E:y
X— =57 <0 <0 >0 +oo
xX— —5* <0 >0 <0 —®

c. EEL " —5 = lim

4-14

b. This function is discontinuous at x = 2. The
numerator is non-zero at this point, so the function
has a vertical asymptote there. The behaviour of the
function near the asymptote is:

x-values X+2 Xx—2 f(x) !('E: f(x)
X—2" <0 <0 <0 —®
x—2* >0 >0 >0 +o0

c¢. This function is discontinuous at ¢t = 3. The
numerator is non-zero at this point, so the function
has a vertical asymptote there. The behaviour of the
function near the asymptote is:

m
t-values 1 (t—3) s LS
xX—3" >0 >0 >0 +o0
x—3* >0 >0 >0 +o0

Chapter 4: Curve Sketching



d. This function is discontinuous at x = 3.
However, the numerator also has value O there,
since 32 — 3 — 6 = 0, so this function has no
vertical asymptotes.

e. The denominator of the function has value 0
when

x+3)x—-1)=0

x = —3 or x = 1. The numerator is non-zero at these
points, so the function has vertical asymptotes there.
The behaviour of the function near the asymptotes is:

x-values 6 x+3 x—1 f(x) L'E" f(x)
xX— -3 >0 <0 <0 >0 + 0
x— —3* >0 >0 <0 <0 —®
x—1" >0 >0 <0 <0 —®
x—17" >0 >0 >0 >0 +o0

f. This function is discontinuous when

x>—=1=0
x+DHx-1)=0
x = —1 or x = 1. The numerator is non-zero at these

points, so the function has vertical asymptotes there.
The behaviour of the function near the asymptotes is:

x-values x? x+1 x—1 y !('L"cy
x— -1 >0 <0 <0 >0 + o
x— -1 >0 >0 <0 <0 -
xX—>1" >0 >0 <0 <0 —®
x—17" >0 >0 >0 >0 +00
5.a.lim = lim
xoeX + 4 X—® ( 4)
x\1 + -
X
. 1
= lim 7
X—)f’ol + —
X
lim (1)
— X—>®
. 4
lim (1 + f)
xX—® X
1
1+0
=1
. . . X . .
Similarly, lim Py 1,so y = 1is a horizontal

X——0©

asymptote of the function.

Calculas and Vectors Solutions Manual

At a point x, the difference between the function

X . '
y = 4 and its asymptote y = 1 is
EEIINEPEE Sl Cl))
x+4 x+4
_ 4
x+ 4

When x is large and positive, this difference is
negative, which means that the curve approaches the
asymptote from below. When x is large and negative,
this difference is positive, which means that the
curve approaches the asymptote from above.

. 2x
1 = lim .

lim

X—® 1
X(l - *)
lim (2)

X—>x

2
b. lim ——

x—>oX" —

. 1
EELX(l - *)
lim (2)

X—0©

mumxnm@—%)
11
= 1um —
1-0

x—nX

=0

Similarly, lim zzf = 0, so y = 0 is a horizontal

X—>—®

1
asymptote of the function.

At a point x, the difference between the function

2 . 5 2
flx) = e f 1 and its asymptote y = 0 is 5 f T
When x is large and positive, this difference is
positive, which means that the curve approaches the
asymptote from above. When x is large and nega-
tive, this difference is negative, which means that
the curve approaches the asymptote from below.

32 + 4 43+9
¢. lim — = lim
X—® t - 1 X—>® 1

t2(1 - f)
t2

4

3+ z

= lim T

x—>0°1 _

2
hm@+9

. 1
im 1 - £)

X—®

4-15



340
1-0
=3

. . 2+ 4 . .
Similarly, lim 3; S g 3,50 y = 3 is a horizontal

5 =
X——® -1

asymptote of the function.

At a point x, the difference between the function
32+ 4 . .

g(t) = ey and its asymptote y = 3 is

3t2+4_3_3t2+4—3(t2—1)
F-1 -1

7

=3z
When x is large and positive, this difference is
positive, which means that the curve approaches
the asymptote from above. When x is large and
negative, this difference is positive, which means
that the curve approaches the asymptote from

above.
8 7
. 3x*—8x—7 x2(3_;_P)
d. lim = lim
x—® — 4 X—0 4
f1-7
X
8 7
. X(3 i *)
= lim 7
X—® 1 —
X
lim (x(3 _8 lz))
_ x—>® X X
nm@—ﬁ
xX—®© X
. . 8 7
- EEL(X) X £1L110(3 —;—P)
hm@—g
X—>© X
3-0-0
=i X — =
lim (¥) X =
3 8= z 7
P —
Similarly, lim ="~ = lim (x) = -, so this
function has no horizontal asymptotes.
6. a. This function is discontinuous at x = —5.

Since the numerator is not equal to O there, the
function has a vertical asymptote at this point. The
behaviour of the function near the asymptote is:

x-values x—3 xX+5 y L'_'Ey
X— =5~ <0 <0 >0 + o
x— —5% <0 >0 <0 — o

4-16

To check for a horizontal asymptote:
)
-3 x|1 — =

lim = lim A
xoxX + 5 X—%® (1 §)
x\1 + X
_3
= lim 1
X—® 5
1+ s
nm@—%
lim (1 + 7)
X—>® X
~1-0
1+0
=1
Similarly, lim ¥o3_ 1, so y = 1 is a horizontal

x+5
asymptote of the function.
At a point x, the difference between the function

X——0

x—3 . .
y=x+sand its asymptote y = 1 is
x—-3 _x-3-(x+5)_ 8
x+5 x+5 x+5

When x is large and positive, this difference is
negative, which means that the curve approaches
the asymptote from below. When x is large and
negative, this difference is positive, which means
that the curve approaches the asymptote from
above.

H y
1
!
i
1
1]
------------- =T -
H )
-10-8 -6 +
E
:
1
1
!
b. This function is discontinuous at x = —2. Since

the numerator is non-zero there, the function has a
vertical asymptote at this point. The behaviour of
the function near the asymptote is:

x-values 5 (x + 2)? f(x) I):Tc f(x)
x—>2" >0 >0 >0 + o
x—2* >0 >0 >0 +0

To check for a horizontal asymptote:

Chapter 4: Curve Sketching



I 5 i 5
pes (x +2)° Tt 4x + 4
x_)mxz(l + 4 + iz)
X X
lim (5)

x—0

mﬂﬁﬁ+ﬂ+%»
X X

lim (5)

X—>00

o 4 i)
£1Ec(x)><£1iri(1+x+x2
S R
T 11010

x—0oX
=0
.. . 5
Similarly, xlin}wm
asymptote of the function.
At a point x, the difference between the function

= 0, so y = 0 is a horizontal

flx) = ﬁ and its asymptote y = 0 is

ﬁ. When x is large and positive, this
difference is positive, which means that the curve
approaches the asymptote from above. When x is
large and negative, this difference is positive, which
means that the curve approaches the asymptote
from above.

===

2
X
TR0 3

--ﬁd-------

c. This function is discontinuous at t = 5. However,
the numerator is equal to zero there, since
52 — 2(5) — 15 = 0, so this function has no vertical
asymptote.
To check for an oblique asymptote:
t—3

t =57 215

£ — 5t

0+3—-15

0+3t—-15

0+0+0

Calculas and Vectors Solutions Manual

So g(t) can be written in the form
glty=1-3

d. This function is discontinuous when

x> =3x=0
x(x—=3)=0
x=0orx =3
The numerator is non-zero at these points, so the
function has vertical asymptotes at both of them. The
behaviour of the function near these asymptotes is:

xvalues | 2 +x [3-2x| x |x-3| y | limy
x>0 | >0 | >0 | <0 | <0 | >0 | +=
x—>0*| >0 | >0 | >0 | <0 | <0 | —
x—3" | >0 <0 >0 <0 >0 +o
x—>3*| >0 | <0 | >0 | >0 | <0 | —
To check for horizontal asymptotes:
. 2+x)(3 —2x . —2x*—-x+6
hm( 2)( ): lim —————
X0 x- — 3x oo X° — 3x
1 6
xz(—2—7+7)
= lim Lo
pouct x2(1—f)
X
1 6
T2 te
= lim 3
X—®© 1 J—
X
. 1 6
hm(—2—7+—2)
R X X
. 3
hm(l—f)
xX—® X
~_—2-0+0
1-0
= -2
.. . 2+ 3-2 .
Similarly, lim W =-2,s0y=—21s
Ys— x*— 3x

a horizontal asymptote of the function.



At a point x, the difference between the function

—2x2—x+6 . _
y =" 32_5, andits asymptote y = —2is
—2x' —x +6 —2x% — x + 6 + 2(x* — 3x)
3 . 2= 5
X% = 3x x°— 3x
_/x+6
x?—=3x’

When x is large and positive, this difference is
negative, which means that the curve approaches the
asymptote from below. When x is large and negative,
this difference is positive, which means that the curve
approaches the asymptote from above.

7. a. 3x — 17
x =332 —2x — 17
3x% — 9x
Tx — 17
Tx — 21
4

So f(x) can be written in the form
f(x) =3x =7+ %. Since 1im%3 =0 and

X—>x

lxiir{ﬁ% = 0, the line y = 3x — 7 is an asymptote
to the function f(x).
b. x+3
2x + 32 + 9x + 2
2x> + 3x

6x + 2
6x + 9
-7

So f(x) can be written in the form

. . 7
fx)y=x+3— 3 Slnceil_rgzx + 3 = Oand
. 7 . .
lim i3 0, the line y = x + 3 is an asymptote

X——o

to the function f(x).

4-18

fx)y=x—-2+

C. x—2
X2+ 20 + 0>+ 0x — 1
x>+ 2x2
—2x*+0x — 1
— 2x* — 4x
4x — 1
So f(x) can be written in the form

4dx — 1 Si
2 1 oy Since

i)
= lim >

N 2
* x2(1 + 7)
X

1

X

lim 4 — 1
xoeX” + 2x

= lim 5
)wa(l + 7)

X
lim (4 _ l)
X—® X

i+

lim (4 _ l)
X

X—®

lim (x) X lim (1 + %)

X—>% X—0

_ g <1>><4_0
e B I,

=0,
and similarly lim —=—- = 0, the line y = x — 2 is
Xt T 2x
an asymptote to the function f(x).
d. x+3

—dx+3)x— ¥ — 9x+15
x> —4x* + 3x

3x* — 12x + 15
3x* - 12x + 9
6
So f(x) can be written in the form
6 . .
fx)=x+3+ 2 a1+ 3 Since il{gom
. 6 . .
and xlir{lwm = (, the line y = x + 3 is an

asymptote to the function f(x).
8. a. At a point x, the difference between the

function f(x) = f(x) =3x — 7 +
oblique asymptote y = 3x — 7 is

4 4 .
3x —7 +m - (Bx—17) —m.Whenxls

4 .
T—3 and its
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large and positive, this difference is positive, which
means that the curve approaches the asymptote
from above. When x is large and negative, this
difference is negative, which means that the curve
approaches the asymptote from below.

b. At a point x, the difference between the function

flx)=x+3 -

13 and its oblique asymptote
7

y=x+3isx+3—2x+3— (x+3)=—2x+3.
When x is large and positive, this difference is
negative, which means that the curve approaches the
asymptote from below. When x is large and

negative, this difference is positive, which means
that the curve approaches the asymptote from above.
9. a. This function is discontinuous at x = —5. The
numerator is non-zero at this point, so the function
has a vertical asymptote there. The behaviour of the
function near the asymptote is:

x-values | 3x —1 | x+5 | f(x) L'L“‘ f(x)
x—-5"| <0 <0 >0 + o0
x— -5 <0 >0 <0 —

To check for a horizontal asymptote:
1
3 —1 x(3—;)
lim——— =lim———
xowe X + 5 X—® 5
X(1 + )76)

3x —

Similarly, lim P 51 = 3,0y = 3 is a horizontal

asymptote of the function.

b. This function is discontinuous at x = 1. The
numerator is non-zero at this point, so the function
has a vertical asymptote there. The behaviour of the

function near the asymptote is:
To check for a horizontal asymptote:

x-values | x? + 3x — 2 (x— 1) 9(x) ETEQ )
x—>1" >0 >0 >0 T
x—1* >0 >0 >0 +°

Calculas and Vectors Solutions Manual

i x2+3x—2_limx2+3x—2
xX—>© (x—1)2 xawx2—2X+1
x21+§—£)
= lim x_x’
gt
:hn}o 2 1
el — 2 g 2
X X
lim(1+§—%)
x> X X
hmﬁ—3+%)
X—® X X
140-0
1-0+0
=1
x2+3x -2

Similarly, 1{12}0 -1y

horizontal asymptote of the function.
c¢. This function is discontinuous when
x> —4=0
x? =
x==*2.
At x = 2 the numerator is 0, since
22 + 2 — 6 = 0, so the function has no vertical
asymptote there. At x = —2, however, the
numerator is non-zero, so the function has a vertical
asymptote there. The behaviour of the function
near the asymptote is:

=1,soy=1isa

x-values | x2+x—6 X2 —4 h(x) | limh(x)
X—> =27 <0 >0 <0 — %
x— —2% <0 <0 >0 + oo

To check for a horizontal asymptote:

1
x2(1 + — — %)
IR

X2+ x—-6 x
lim ——5——— =lim
x—o X _4 x—®© 2( 4)
A\L— 3
X
1 6
It~
= lim
X—% _i
2
1 6
im0 0)
_ X0 X
. 4
hrn(l—ﬁ)
X—® X
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1400

1-0
—1
Similarly, lim * 5% ~° = 1,50y = lisa

horizontal asymptote of the function.

d. This function is discontinuous at x = 2. The
numerator is non-zero at this point, so the function
has a vertical asymptote there. The behaviour of the
function near the asymptote is:

x-values | 5x2 — 3x + 2 x—2 m(x) | limm(x)

X—2 >0 <0 <0 —®

x—2* >0 >0 >0 +oo

To check for a horizontal asymptote:
i x?+3x -2
= lim
roex? — 2x + 1

_ . x2+3x—2
Similarly, {Clil‘i e

horizontal asymptote of the function.

=1,soy=1lisa

3—x

10. a. f(x) = t s
Discontinuity is at x = —2.5.

i 3—x "
x—>15r215’2x +5 B

I 3—x _ .
;Hl—n215*2x +5 -
Vertical asymptote is at x = —2.5.
Horizontal asymptote:
I 3—-x 1
e +s 2

i 3—x 1
x5 2

4-20

Horizontal asymptote is at y = —3.

, —(2x +5) —2(3 —x) -11
f(x) = 2 = 2

(2x +5) (2x +5)

Since f'(x) # 0, there are no maximum or
minimum points. 3
y-intercept, letx = 0,y = 5

. 3 -
x-intercept, let y = 0, " +x5 =0,x=3
f(x)

= 0.6

|
#
1
1
____________II'_______________
o
i
|
I
N,_
]
[
|
{
T
1

b. This function is a polynomial, so it is continuous
for every real number. It has no horizontal, vertical,
or oblique asymptotes.

The y-intercept can be found by letting ¢ = 0, which
gives y = —10.

h'(t) = 61> — 30t + 36

Set 4’ (t) = 0 and solve for ¢ to determine the critical

points.
6> — 30t + 36 =0

?=5t+6=0
(t—2)(t-3)=0

t=2ort=23

t t<2 t=2 2<t<3 t=3 t>3
h'(t) + 0 - 0 +
Graph| Inc. | Local Max Dec. Local Min Inc.

The x-intercept cannot be easily obtained
algebraically. Since the polynomial function has a
local maximum when x = 2, it must have an
x-intercept prior to this x-value. Since f(0) = —10
and f(1) = 13, an estimate for the x-intercept is
about 0.3.
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c¢. This function is discontinuous when
X+4=0

x>=—4
This equation has no real solutions, however,
so the function is continuous everywhere.
To check for a horizontal asymptote:

lim ——— = lim
x—>ocx2 + 4

el 2

lim (20)

X—®©

lim (x%) X lim (1 + %)

X—® X—

i 1 % 20
= 1m —
x—>00x2 1+0

=0

Similarly, lim

asymptote of the function.
The y-intercept of this function can be found by

e 0, so y = 0 is a horizontal

0223 1= 5. Since the
numerator of this function is never 0, it has no
x-intercept. The derivative can be found by rewriting
the function as y = 20(x* + 4)~ !, then
y' = =20(x* + 4)"1(2x)

B 40x

(2 + 4y
Letting y* = 0 shows that x = 0 is a critical point of
the function.

letting x = 0, which gives y =

X x<0 x=0 x>0
y' + 0 -
Graph Inc Local Dec
P ’ Max ’

Calculas and Vectors Solutions Manual

1
d. s(7) =t+?

Discontinuity is at t = 0.

. 1
lim|t+— )=+
t—0" t
. 1
Iim(¢t+—)=—
—0~ t

Oblique asymptote is at s(t) = t.

1
S’(I) =1- 72
Lets'(t) =0, =1
t= =*1.

Local maximum is at (—1, —2) and local minimum
is at (1,2).

-1< 0<
t — = - =
t< 1]t 1 <0 fe t=1 t>1
s'(t) + 0 - - 0 +
Increas- | Local |Decreas-|{Decreas-| Local |Increas-
Graph . . . . .
ing Max ing ing Min ing
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e. g(x) 22+ 5x + 2

gx)=——7—

& x+3

Discontinuity is at x = —3.

2x2 + 5x +2 5

—_—=2x -1+
x+3 x+3

Oblique asymptote is at y = 2x — 1.

lim g(x) = +oo,

x—-3"

lim g(x) = —o°
x——3"

(4x + 5)(x +3) — (2x* + 5x + 2)

8'x) = (x +3)

2x% + 12x + 13
(x + 3)2

Let g'(x) = 0, therefore, 2x* + 12x + 13 = 0:

There is no vertical asymptote. The function is the
straight lines = ¢t + 7,t = —7.

104s(t)

-8-6-4-20 2 4 6

11. a. The horizontal asymptote occurs at y = g.

b. The vertical asymptote occurs when cx + d = 0

d
122 V144 — 104 orx = —_.
4
x=—14orx = —4.6.
—-46 < -3 <

t _ _ _ - _
x< —-46 4.6 Y < 3 3 <14 x=14|x>-14

s'(t) + 0 - Undefined - 0 +
Graph | Increasin Local Decreasin Vertical Decreasin Local Increasin
o 91 Max 9 Asymptote 91 Min 9

Local maximum is at (—4.6, —10.9) and local
minimum is at (—1.4, —0.7).

=16
2+ 4t —21
f. S(Z) = f’ t= -7
_(t+T7)(t—3)
(t—3)
Discontinuity is at t = 3.

+ —
limw = lim (¢ +
x—37 (t — 3) x—37

=10
lim (¢t +7) =10
x—3"
4-22
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12. a. Since f'is defined for all values of x, f’ and f"
are also defined for all values of x. f has a horizontal
asymptote at y = 0. So f" and f" will have horizontal
asymptotes there. f has a local maximum at (0, 1) so
f' will be O when x = 0. fhas a point of inflection at
(—0.7,0.6) and (0.7, 0.6), so f” will be 0 at

x = =% 0.7. At x = 0.7, f changes from concave up
to concave down, so the sign of f” changes from
positive to negative. At x = 0.7, f changes from
concave down to concave up, so the sign of f”
changes from negative to positive there. fis
increasing for x < 0, so f’ will be positive. fis
decreasing for x > 0, so f” will be negative. The
graph of fis concave up for x < —0.7 and x > 0.7,
so f" is positive for x < —0.7 and x > 0.7. The
graph of fis concave down for —0.7 < x < 0.7, so
f" is negative for —0.7 < x < 0.7.

Also, since f” is 0 at x = = (.7, the graph of f’ will
have a local minimum or local maximum at these
points. Since the sign of f” changes from negative

to positive at x = (.7, it must be a local minimum
point. Since the sign of f” changes from positive to
negative at x = —0.7, it must be a local maximum
point.
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b. Since fis defined for all values of x, f" and f” are
also defined for all values of x. f has a horizontal
asymptote at y = 0 so ' and f” will have a horizon-
tal asymptote there. f has a local maximum at

(1, 3.5) so f" will be 0 when x = 1. f has a local min-
imum at (—1, —3.5) so f’ will be 0 when x = —1.
fhas a point of inflection at (—1.7, —3), (1.7, 3) and
(90,0)so f" willbe O at x = = 1.7 and x = 0. At

x = 0, f changes from concave up to concave down,
so the sign of f” changes from positive to negative.

At x = —1.7, f changes from concave down to con-
cave up, so the sign of f” changes from negative to
positive. At x = 1.7, f changes from concave down
to concave up, so the sign of f” changes from nega-
tive to positive. fis decreasing for x < —1 and

x > 1, so f" will be negative. The graph of fis
concave up for —1.7 < x < 0Oand x > 1.7,s0 f" is
positive for —1.7 < x < 0 and x > 1.7. The graph
of fis concave down for x < —1.7and 0 < x < 1.7,
so f" is negative for x < —1.7and 0 < x < 1.7.

Also, since f” is 0 when x = 0 and x = = 1.7, the
graph of f’ will have a local maximum or minimum
at these points. Since the sign of f” changes from
negative to positive at x = — 1.7, f’ has a local mini-
mum at x = —1.7. Since the sign of f” changes
from positive to negative at x = 0, it must be a local
maximum point. Since the sign of f” changes from
negative to positive at x = 1.7, it must be a local
minimum point.

Calculus and Vectors Solutions Manual

13. a. If f(x) is increasing, then f'(x) > 0. From the
graph of f', f'(x) > 0 for x < 0. If f(x) is decreas-
ing, then f'(x) < 0. From the graph of ', f'(x) <0
for x > 0. At a stationary point, f'(x) = 0. From the
graph, the zero of f'(x) occurs at (0, 0). At x = 0,
The graph changes from positive to negative, so f
has a local maximum there. If the graph of fis con-
cave up, " (x) is positive. From the slope of f’, the
graph of fis concave up for x < —0.6 and x > 0.6.
If the graph of f'is concave down, f”(x) is negative
and concave down for —0.6 < x < 0.6. Graphs will
vary slightly.

An example showing the shape of the curve is
illustrated.

y

b. If f(x) is increasing, then f'(x) > 0. From the
graph of f', f"(x) > 0 for x < 1 and x > 5. If f(x)
is decreasing, then f'(x) < 0. From the graph of f,
f(x) <0Oforl<x<3and3 <x <5.Ata sta-
tionary point, f'(x) = 0. From the graph, the zeros
of f'(x)occuratx = 1 and x = 5. Atx = 1, the
graph changes from positive to negative, so f has a
local maximum there. At x = 5, the graph changes
from negative to positive, so f has a local minimum
there. If the graph of fis concave up, f (x) is posi-
tive. From the slope of f', the graph is concave up
for x > 3. If the graph of fis concave down, f”(x)
is negative. From the slope of f', the graph of fis
concave down for x < 3. There is a vertical asymp-
tote at x = 3 since f’ is not defined there. Graphs
will vary slightly. An example showing the shape of
the curve is illustrated.
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14. a. f(x) and r(x): lim f(x) and lim r(x) exist.

b. i (x): the highest degree of x in the numerator is
exactly one degree higher than the highest degree of
x in the denominator.

c. h(x): the denominator is defined for all x e R.
—-x—3

&= e+ 2)

x=T7andx = —2. f(—2.001) = —110.99 so as

x——27,f(x)> —»

f(—=1.999) = 111.23 s0oas x - =27, f(x) »> ©

f(6.999) = 111.12s0as x > 7, f(x) > »

f(7.001) = —111.10soas x > 77, f(x) — — 0

f(x) has a horizontal asymptote at y = 0.

g(x) has a vertical asymptote at x = 3.

g(2.999) = 23974.009 so as x — 37, g(x) — oo

£(3.001) = —24 026.009 so as x - 3", g(x) — —°

—4x — 1
a1 )Y

has vertical asymptotes at

By long division, A(x) = x + <

is an oblique asymptote.
rx) = (x +3)(x —2)
(x —4)(x +4)
x=—4andx = 4.
r(—4.001) = 750.78 soas x — —47, r(x) > =
r(—3.999) = —749.22s0oas x - —4", r(x) > —
r(3.999) = —1749.09 soasx >4, r(x) > —»
r(4.001) = 175091 so as x > 4™, r(x) — o
r(x) has a horizontal asymptote at y = 1.

has vertical asymptotes at

ax + 5
15. =
(%) 3 — bx
Vertical asymptote is at x = —4.

Therefore, 3 — bx = 0 atx = —5.
Thatis,3 — b(—=5) =0

3
b=-—.
5
Horizontal asymptote is at y = —3.
ax + 5
li =-3
xlfi<3 - bx)
5
. (ax-i—S) . a+ a
im = lim =—
x%oc:i_bx xX—© 3_b b
But —% = —3ora = 3b.
But b = %, then a = %
1
2 +1 X + -
16. a. lim> = lim—=

x—)ocx+1 X—oel 4 =

4-24

(x + 1)(x + 1)

X—>00 x+1 X—0 ()C+1)
= lim(x + 1)
—
X+l P+ 2x+1
b. lim —
xX—>0 x+1 x+1
X+ 1 -xr=-2x—1
= lim
Yo x+1
lim — 2
=1
x—)wx+1
-2
= lim 1——2
xaool_,_,
X
2x? — 2x
17. = —
f(x) x2_9

Discontinuity is at x> — 9 = 0 orx = *+3.

lim f(x) = +o°
Yim ) = -
lxi;n)if(x) = —w
x_l)i;liif(x) = 4o
{fzr_sical asymptotes are at x = 3 and x = —3.

Horizontal asymptote:
lim f(x) = 2 (from below)

limf(x) = 2 (from above)

Horizontal asymptote is at y = 2.
, (4x — 2)(x* = 9) — 2x(2x* — 2x)
fx) =

(xz _ 9)2
4 — 2x7 — 36x + 18 — 4x® + 4x?
(" — 9y
_ 2x* —36x + 18
(x* = 9)?
Let f"(x) = 0,
2x> — 36x + 18 = 0or x> — 18x + 9 = 0.
18 + V18> — 36
x =

2
x=051lorx =175
y =0.057ory = 1.83.
Local maximum is at (0.51, 0.057) and local
minimum is at (17.5, 1.83).

t | 3= los |01 3< 175 |x>175
x < 0.51 XxX<3 | x<17.5
s'(t) + 0 - - 0 +
Graph Increas- | Local | Decreas-| Decreas- | o1 iy Increasing
ing Max ing ing
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Mid-Chapter Review, pp. 196-197

1. a.

L/

The function appears to be decreasing on (—, 2)

and increasing on (2, ).

b.

|

1Y

The function appears to be

increasing on (—, 0)

and (2, ) and decreasing on (0, 2).

'

The function is increasing on (— o, —3) and

(_3a OO)'
d.

The function appears to be decreasing on (— o, 0)

and increasing on (0, o).

Calculus and Vectors Solutions Manual

2. The slope of a general tangent to the graph
g(x) = 2x* — 3x* — 12x + 15 is given by

dg
dx

x for which ds _ 0.
dx

= 6x% — 6x — 12. We first determine values of

So6x? —6x —12=0
6(x>?—x—-2)=0
6(x+1)(x—-2)=0

x=—-1,x=2
. dg . .
Since cTi is defined for all values of x, and since
d . .
df = O only atx = —1 and x = 2, it must be either

positive or negative for all other values of x. Consider
the intervals between x < —1, —1 < x < 2, and
x> 2.

Value of x x< -1 —-1<x<?2 X>2
Value of
dg dg dg
Y _ex—x—-12 | g0 | =0 o0
dx
Slope of Tangents positive negative positive
y-values Increasing or increasin decreasin increasin
Decreasing 9 9 9
3. ¥
8_
1/ 65
4_
(=2,0) X
Saag 148
_4_
_6_
_8_
.. dy
4. The critical numbers can be found when i 0.
d d
a. 2 = —4x + 16. When 2 = 0,
dx dx
dy
= =—4(x+4)=0
Ir ( )
x=—4
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x<1 1<x<2 xX>2

x—1 - + +
x-2 - - +
(x = 1(x - 2) (D) =+ ()= | (D) =+

dy
dx >0 <0 >0

g(x) = 2x* — 9x? + 12x

increasing decreasing increasing

b. —Zy — x3 — 27x. When @ =0,
X dx
d
Tii =x(x>—27)=0

x=0,x=i3\/§

d d
c. 2 = 4x3 — 8x. When 2 =0,
dx dx

d—;vc=4x(x2—2)=0
x=0,x=i\6

d. % — 15x* — 75x% + 60. When 2 = 0,
X dx

d
LIS -S4 4) =0
dl = 15()(2 — 1)()62 -4)=0
dx
x=*x1,x==%2
dy 2x(x2+ 1) — (x2 = 1)(2x) dy
e = (17 . When I 0,

the numerator equals 0. So % =2x(x*+1) —
(x? = 1)(2x) = 0. After simplifying, 2 = dx = 0.

x=0
dy _ (2 +2) - x(2)

dy _
f. Ir o2 + 2y . When ol 0, the
numerator equals 0. So after simplifying,
dy 5
—=-x"+2=0.
dx *

xZi\/Z

d
5.0.%8 — 62— 18x + 12
dx
dg

To find the critical numbers, set i 0. So
6x> —18x +12=0
6(x—1)(x—-2)=0
x=1,x=2

4-26

From the table above, x = 1 is the local maximum
and x = 2 is the local minimum.

d
b.d—g=3x2—4x—4

X
.. dg
To find the critical numbers, set di = 0.
X
32 —4x —4=0
Bx+2)(x—2)=0
2
XxX=——orx=2
3
2 2
x< — 3 3 <x<2 xX>2
3x + 2 - + +
x-2 - - +
dg _
dx + +
g(x) increasing decreasing increasing
. . 2
The function has a local maximum at x = 3 and a

local minimum at x = 2

af
6. —=2x+k
dx o
.. df .
To have a local minimum value, o 0. This occurs

k k
when x = 5 So f(—g) =1.

2 2
2
Era-
k2
k=
k= %2
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7. (x) = 4x° — 32
To find the critical numbers, set f'(x) = 0.
4x* —32=0

4(x* - 8)=0
x=2
x<2 x>2
f'(x) = 4x3 — 32 - +
f(x) decreasing increasing

The function has a local minimum at x = 2.
8.a.Sincex +2=0forx=—-2,x=—2isa
vertical asymptote. Large and positive to left of

asymptote, large and negative to right of asymptote.

b. Since 9 — x> =0 forx = +3,x = —3 and

x = 3 are vertical asymptotes. For x = —3: large
and negative to left of asymptote, large and positive
to right of asymptote.

c. Since3x + 9 =0forx=—-3,x=—3isa
vertical asymptote. Large and negative to left of
asymptote, large and positive to right of asymptote.
d. Since 3x> — 13x — 10 = 0 when x = —% and

x =5,x = —%and x = 5 are vertical asymptotes.
For x = —3 large and positive to left of asymptote,
large and negative to right of asymptote. For x = 3:
large and positive to left of asymptote, large and
negative to right of asymptote.

1
3x_1_3x(1—3x)
¥+ x<1~|—5>

X

1
(1-4)

5
1+2
X

3| im (1-3)

hm(1+%
X——® X

_3(1-0)
(1+0)

9.a.f(x) =

lim f(x) =

x—+ow

So the horizontal asymptote is y = 3. Similarly, we
can prove lim f(x) = 3. If x is large and positive,

for example, if x = 1000, f(x) = 1352, which is

smaller than 3. If x is large and negative, for exam-
ple, if x = —1000, f(x) = =52, which is larger

Calculus and Vectors Solutions Manual

than 3. So f(x) approaches y = 3 from below when
x is large and positive and approached y = 3 from
above when x is large and negative.

1_ +P
3 2
JUsE
N 2 1
(1-3+3)

@+§—3)

hm X x2 _ (1 + 0 - 0)

X—+ow _
@_%+%) (1-0+0)

X

~1

So the horizontal asymptote is 1. Similarly, we
can prove lim f(x) = 1. If x is large and positive,

X—>—®

for example, x = 1000, f(x) = % =

1909062909(%, which is greater than 1. If x is large
and negative, for example, x = —1000,
- ? - — . .
flox) = P CI00) =2 _ 9969 hich is less

(-1000 — 1)
than 1. So f(x) approaches y = 1 from above when x
is large and positive and approaches y = 1 from
below when x is large and negative.
10. a. Since (x — 5> =0whenx =5, x =5isa
vertical asymptote.

X X
flx) = o2

(¥ =3) x2(1 _ 10 + 2—2)

X X
B 1
x(l _ 10 + 2—2)
X X
lim (1)
. _ x—+5 —
}ﬂﬂ”‘.(@_m+x»'m
)}1—>H+15 g x ¥

This limit gets larger as it approaches 5 from the
right. Similarly, we can prove that the limit goes to
+0o0 as it approaches 5 from the left. For example,
. 1

if x = 1000 f(x) 1000( T 15302>
gets larger as x gets larger. Thus, f(x) approaches
+0o0 on both sides of x = 5.

b. There are no discontinuities because x* + 9
never equals zero.

, Which
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c. Using the quadratic formula, we find that
x> — 12x + 12 = O when x = 6 = 2\/6. So
x = 6 + 2\/6 are vertical asymptotes.

-3

x—2
f(x) = 3 — =
x*—12x + 12 xz(l—%—l—%)
2
lim \[x(l - ;)
. _ x—>+6+2V6
m e T = . xz(l IEN g)'
x—>+6+2V6 x X

This limit gets smaller as it approaches 6 + 2V6
from the right and get larger as it approaches

6 + 2\/6 from the left. Similarly, we can show that
the limit gets smaller as it approaches 6 — 2V/6 from

the left and gets larger as it approaches from the right.

11. a. f'(x) > 0 implies that f(x) is increasing.
b. f'(x) < 0 implies that f(x) is decreasing.
12. a. h(t) = —4.92 + 9.5t + 2.2
Note that #(0) = 2.2 < 3 because when the diver
dives, the board is curved down.

h'(t) = —9.8t+ 9.5

t<2.5198 t> 2.5198
1
——4 —3 — +
ik
Sign of C'(t) - +
Behaviour of C(t) decreasing increasing

Seth'(t) = 0
0=—-98+95
t=0.97
0<t<0.97 t>0.97
-9.8t + 9.5 + -
Sign of h'(t) + -
Behaviour of h(t) increasing decreasing

b. h'(¢) = v(t)
v(t) = —98t+ 95
V'i(t) = —-98<0
The velocity is decreasing all the time.
t
13. C(1) = i 2t

1

0=y~ 47
Set C'(¢) =0
1
0=—— 4"
4
1
— =4
4
£ =16
t = 25198

4-28

14. For f(x) the derivative function f'(0) = 0 and
f(@2)=0.

Therefore, f'(x) passes through (0, 0) and (2, 0).
When x < 0, f(x) is decreasing, therefore,

f'(x) <O.

When 0 < x < 2, f(x) is increasing, therefore,
f'(x)>0.

When x > 2, f(x) is decreasing, therefore,

£/(x) < 0.

Yy
24
X
4 2 A 4
-4
—6-
15. a. f(x) = x> — 7Tx — 18
iLf'(x)=2x—7
Set f'(x) = 0
0=2x—-7
7
X ==
2
ii. . .
x< i x> E
2% -7 - +
Sign of ' (x) - +
Behaviour of f(x) decreasing increasing

iii. From ii., there is a minimum at x = .

Q-G
Q)22

-
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0= 8- 8

0=8x(x*—1)
0=8x(x—1)(x+1)
x=—-lorx=0o0rx=1
ii.
x< -1 -1<x<0 0<x<1 x>1
8x - - + +
x—1 - - - +
x+1 - + + +
Signof | (—)(—)(—)|(=)(=)(H) [ ()| (F)(H)(+)
' (x) = - =+ = - =+
Behaviour d . . ) d . . .
of f(x) ecreasing Increasing ecreasing Increasing

iv. %
10+
54
X
b. f(x) = —=2x° + 9x* + 3
i f'(x) = —6x* + 18x
Set f'(x) = 0
0= —6x%+ 18x
0= —6x(x—3)
x=0orx =3
ii.
x<0 0<x<3 x>3
—6x + - _
x-3 - — i
Signof F/(x)| (+) (=)=~ | (=)(=) =+ | (=)(+)=—
Behaviour d . ) ) g .
of f(x) ecreasing Increasing ecreasing

iii. From ii., there is a minimum at x = 0 and a
maximum at x = 3.

f(0) = —=2(0)° + 9(0)* + 3

f(0)=3

f(3) = —2(3)°+9(3)*+ 3

f(3) = =54 + 81 + 3

f(3) = 30

1v.

_I |0 T T T
2 92 4& 6

e f(x) =2x*—4x*+ 2
i. f(x) = 8x° — 8
fi(x)=0

Calculas and Vectors Solutions Manual

iii. From ii., there is a maximum at x = 0 and
minimaatx = —landx =1
f(=1)=2(-1)" —4(-1)* +2
f(=1)=2—-4+2

f(=1)=0
£(0) = 2(0)* — 4(0)* + 2
f0) =2

f(1) = 2(1) = 4(1)" +2
f(1y=2-4+2
f1)=0

1v.

d. f(x) = x° — 5x
if(x)=5x*"-5

Set f'(x) =0
0=>5x*-5
0=5x*—-1)

0=5(x>-1)(x*+1)
0=5x—-1D(x+1)(x*+1)
x=—-lorx=1

4-29



ii. x< -1 -1<x<1 x>1
5 + + +
x—=1 - - +
x+1 - + +
X+ 1 + + +
Sign of | (+)(—) (=) (H)|(F) () (F)(D)[(H)(F)(H)(+)
' (x) =+ = - =+
Behaviour . ) ) ) )
of £(x) increasing decreasing increasing
iii. From ii., there is a maximum at x = —1 and a
minimum at x = 1
f(=1) = (=1) = 5(-1)
f(=1)=-1+5
f-1) =4
f(1) = (1) = 5(1)
f(1) = 4
y
8_
6_
4_
| X
_l _l O T T
2 /-1 0 1/ 2
_4_
_6_
_8_
16. a. vertical asymptote: x = —3, horizontal

asymptote y = 1; as x approaches 3 from the left,
graph approaches infinity; as x approaches 3 from
the right, graph approaches negative infinity.

b. vertical asymptote: x = —2, horizontal asymp-
tote: y = 1; as x approaches —2 from the left, graph
approaches infinity; as x approaches —2 from the
right, graph decreases to (—0.25, —1.28) and then
approaches to infinity.

c. vertical asymptote: x = — 3, horizontal asymp-
tote: y = —1; as x approaches —3 from the left,
graph approaches infinity; as x approaches —3 from
the right, graph approaches infinity

d. vertical asymptote: x = —4, no horizontal
asymptote; as x approaches —4 from the left, graph
increases to (—7.81, —30.23) and then decreases to
—4; as x approaches —4 from the right, graph
decreases to (—0.19, 0.23) then approaches infinity.

4-30

17. a. lim
x—o 33X
3 X
= lim S5
X
L 0-2
3
2
3
.o x2—=2x+5
b. £1L11c6x2 +2x — 1
2 2 2
=l o0 1
x? x> X
1040
6+0—-0
1
6
I 7 + 2x% — 3x3
O — 4+ 3x
7, 3
3 3 3
- &120);3 sz Z)‘acx
Pl ]
0403
S 1-0+0
=3
o5+ 23
d. {clgicx“ — 4x
520
. .X4 x4
S
x*t xt
L 0-0
S 1-0
=0
' 51 ' 2 §x3 + gx -1
CMa -2 | T o2
o2 oxt X x*
TP ae e 2
xt Xt X
= 0
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£ 1i x>+ 3x — 18
.x~>9° ()C_3)2
hmx2+3x—18
x—>°0X_6X+9
X2 3x 18
_ 2 X2 X2
_E{E@xz 6x 9
2 22 x2
_1+0-0
1-0+0
=1
hmw
gx—wo )C_l
X2 _4x S
. 2 2 2
_ELI}OX xzx 1X
2 x?
im0 0
x—e 1 —0
=1
7
h11m<5x+4— )
Yo x+3
7
= lim 5x + lim4 — lim —=*
xX—>w X—%0 x—)wf_i_%
X X

= 0

4.4 Concavity and Points
of Inflection, pp. 205-206
1. a. A: negative; B: negative; C: positive; D: positive

b. A: negative; B: negative; C: positive; D: negative
2.a.y =x’ — 6x* — 15x + 10

d%:=3x2—12x—15
For critical values, we solve % = 0:
2 —12x—15=0
xX>—4x-5=0
x=5x+1)=0
x=5o0rx=—1
The critical points are (5, —105) and (—1, 20).
Now ,Z 5 = 6x — 12.
= 5, i 2 = 18 > 0. There is a local minimum
at thls point.
2
Atx = — ,% = —18 < 0. There is a local

maximum at this point.
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The local minimum is (5, —105) and the local
maximum is (—1,20)
25
by= o s
ay _ __ 0
dx (x* + 48)*

.. d d .
For critical values, solve d% =0or d% does not exist.

Since x* + 48 > 0 for all x, the only critical point is
(0.5)
d’y 2 -2 2 -3
i —50(x* + 48)7° 4+ 100x(x* + 48)°(2x)
o 50 N 200x?
(x> + 48)  (x* + 48)°
2
Atx =0, TY2 = jgz < 0. The point (0, 48) isa
local maximum.
c.s=t+1t!
ds 1
—=1—-—5,t#0
dt ¥
For critical values, we solve% 0:
1
1 - z= =0
=1
t= *1.

The critical points are (—1, —2) and (1, 2)
d’s 2

ac P
d’s . .
Atr=—1,-=-2<0. The point (=1, —2)isa
2
local maximum. At ¢ =1, W = 2 > 0. The point

(1, 2) is a local minimum.
dy=(x—-3)7%+8
dy
=3(x — 3)
oS =3)
x = 3is a critical value.
The critical point is (3, 8)

d’y

52 0 =3
2

Atx—3,ﬁ—0

The point (3, 8) is neither a relative (local)
maximum or minimum.
3. a. For possible point(s) of inflection, solve

2
L§=0:
dx

6x —8=0

4
x—3.
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Int | x < 4 X 4 X > 4
nterv — = — —
eva 3 3 3
f"(x) <0 =0 >0
Concave Point of Concave
Graph of f(x) Down Inflection Up

The point (%, - 14%)is point of inflection.
b. For possible point(s) of inflection, solve

d?y _ 0o

dx>

200x% — 50x% — 2400 = 0

150x2 = 2400.

Since x* + 48 > 0:

x = *+4,
Interval | x< —4 | x=—-4 |[-4<x<4| x=4 x> 4
f"(x) >0 =0 <0 =0 >0
Graph of | Concave | Point of | Concave | Point of |Concave
f(x) Up Inflection Down Inflection Up

(—4, %) and (4, %) are points of inflection.

d’s 3
C. — = —
drr
Interval t<O0 t=20 t>0
f"(t) <0 Undefined >0
Concave ' Concave
Graph of f(t) Down Undefined Up

The graph does not have any points of inflection.
d. For possible points of inflection, solve

ry
dx? '
6(x—3)=0
x =3
Interval x <3 x=3 x> 3
f”(x) <0 =0 >0
e e

(3, 8) is a point of inflection.
4.a.f(x) =2x>—10x + 3atx =2
f(x) =6x*—10
f"(x) = 12x
f"(2)=24>0
The curve lies above the tangent at (2, —1).

1
b. g(x) =x2—;atx= -1

1
! =2x + —
g (x) X 2

4-32

2
" — 2 _
g"(x) s

g'(-1)=2+2=4>0
The curve lies above the tangent line at (—1,2).
c.p(w) = atw=3
Viw? + 1
p(w) = w(w? + 1)
dp 2 ! 1 2 3
aw (w+ 13 +w —3 (w” + 1)2(2w)
(W2 + 1) — w(w? + 1)
dzp 1 b 3 5 3
W = —E(W + 1)7(2W) - ZW(W + 1)2
3 s
+ w2<2)(w2 + 1) (2w)

Aw—3 4 ___ 3 6 . 8l
" dw? 10vV10 10vV10 © 100V10
B 9
= "1oovio ~ %

The curve is below the tangent line at (3, %)

d. The first derivative is

o @ =4H(2) - (2n(1)
S (t) - (I _ 4)2
-8

(r — 4y
The second derivative is

ey = (= PO0) = (=82~ 4)

(t—4)*
16
T4y
Sos"(=2) =(_21§4)3
16 2
T o216 27

Since the second derivative is negative at this point,
the function lies below the tangent there.

5. For the graph on the left: i. f"(x) > 0 forx <1
Thus, the graph of f(x) is concave up on x < 1.
f"(x) = 0 for x > 1. The graph of f(x) is concave
down on x > 1.

ii. There is a point of inflection at x = 1.
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For the graph on the right: i. f”(x) > 0 forx < 0 or
x>2

The graph of f(x) is concave up on x < 0 or x > 2.
The graph of f(x) is concave down on 0 < x < 2.

ii. There are points of inflection at x = 0 and x = 2.
iii. y

y=F

6. For any function y = f(x), find the critical points,
i.e., the values of x such that f'(x) = 0 or f'(x) does
not exist. Evaluate f” (x) for each critical value.
If the value of the second derivative at a critical
point is positive, the point is a local minimum. If
the value of the second derivative at a critical point
is negative, the point is a local maximum.
7. Step 4: Use the first derivative test or the second
derivative test to determine the type of critical
points that may be present.
8.a. f(x) = x* + 4x°
i f(x) = 4x° + 12x2

7 (x) = 12x* + 24x

Calculas and Vectors Solutions Manual

For possible points of inflection, solve f”(x) = 0O:
12x% +24x =0

12x(x +2)=0
x=0orx = —-2.
Interval | X< —2 | x=-2 [-2<x<0| x=0 x>0
f”(x) >0 =0 <0 =0 >0
Graph Concave | Point of | Concave | Point of [Concave
of f(x) Up Inflection Down Inflection Up

The points of inflection are (=2, —16) and (0, 0).
ii.Ifx =0,y = 0.
For critical points, we solve f'(x) = 0:

4+ 12x2 =0
4x*(x+3)=0
x=0andx = —3.
Interval XxX<-3 |x=-3|-3<x<0|x=0 x>0
f'(x) <0 =0 >0 =0 >0
Graph Decreasing | Local Increasing Increasing
of f(x) Min
Ify=0x*+4x>=0
Px+4)=0
x=0orx =—4
The x-intercepts are 0 and —4.
y
204
154
10
5_
X
L _I 0 T
Z 2 (5] 2
_'|0_
_'|5_
_20_
—254
4w? — 3
b. d. g(w) = 3
4
= g - 3> w# 0
, 4 9
Lgw)=—"5+3
9 — 4w?
w
8 36
n w) = Bt
g"(w) W oW
B 8w? — 36
WS
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For possible points of inflection, we solve

g'"(w)=0:
8w? — 36 = 0, since w’> # 0

9
w? ==
2
N 3
w = IT—F.
V2
3 <w<
3 3 -——=< 3 3
Interval|\ < ———=|w = ——=| /2 0<i W= —w>—
V2 V2 W0 V2 V2 V2
g'(w) <0 =0 >0 <0 0 >0
Graph | Concave | Point of |Concave|Concave | Point of | Concave
ofg(w)| Down Inflection Up Down |[Inflection| Up
The points of inflection are (—\%, —8%,/5) and
(L _M)
V2> 9 )
ii. There is no y-intercept.
. . 3
The x-intercept is 5
For critical values, we solve g'(w) = 0:
9 — 4w? = 0 since w* # 0
+3
w = *x—
2
3 <0<
3 3| =< 3 3
Interval| w < —— |Ww= —— 2 3 w==| w>=
<2
2 2 w<0 w 5 2 2
g'(w) <0 =0 >0 >0 0 <0
Graph | Decreasing | - Local Increasing | Increasin Local Decreasin
ofg(w)| Down Min 9 9 Max 9
. 4w? -3 . 4wt -3
lim 5— = %, lim = —®
w—0" w w—0" w
. 4 3 . (4 3
lim (—3 =0, lim{——-—|=
w——o\ W w w—o\ W w

Thus, y = 0 is a horizontal asymptote and x = 0 is
a vertical asymptote.

y
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9. The graph is increasing when x < 2 and when
2 <x<5.

The graph is decreasing when x > 5.

The graph has a local maximum at x = 5.

The graph has a horizontal tangent line at x = 2.
The graph is concave down when x < 2 and when
4 <x<T.

The graph is concave up when 2 < x < 4 and when
x>17.

The graph has points of inflection at x = 2, x = 4,
and x = 7.

The y-intercept of the graph is —4.

y
/-\g1
DR O(i 4 6 8
_2_
4
]

10. f(x) = ax® + bx* + ¢
f'(x) = 3ax* + 2bx
f"(x) = 6ax + 2b
Since (2, 11) is a relative extremum,
f(2) = 12a + 4b = 0.
Since (1, 5) is an inflection point,
f"(1) = 6a + 2b = 0.
Since the points are on the graph, a + b + ¢ = 5 and
8a + 4b + ¢ =11

4
24

7a +3b =06
9a + 3b =0
2a = —6
a= -3
b=9
c=—1.
Thus, f(x) = —3x> 4+ 9x? — 1.

Y a2,m)

3

2

= (x+ 1)+ bx!

11. f(x)
f(x)= %(x + 1)% — bx?

1 5
f"(x) = —Z(x + 1) + 2bx 73
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Since the graph of y = f(x) has a point of inflection

atx = 3:
1 5 2b
_f4f+7:
4() 27 0
1w
32 27
_27
64

12. f(x) = ax* + bx®
f'(x) = dax® + 3bx?
f"(x) = 12ax* + 6bx
For possible points of inflection, we solve
f"(x) =0:
12ax* + 6bx = 0
6x(2ax + b) =0
x=0orx = o
The graph of y = f”(x) is a parabola with

. b
x-intercepts 0 and 5y

We know the values of f” (x) have opposite signs
when passing through a root. Thus at x = 0 and at

X = the concavity changes as the graph goes

o
through these points. Thus, f(x) has points of

inflection at x = 0 and x = —2%. To find the
x-intercepts, we solve f(x) = 0
x*(ax + b) =0
x=0orx = 7
The point midway between the x-intercepts has

x-coordinate —=—.
2a

The points of inflection are (0, 0) and

(_2 _L)
200 16a°)
x3 — 2x2 + 4x 8x — 8

x2 — 4 _x_2+x2—4(by
division of polynomials). The graph has discontinu-
ities at x = *2.

13.a.y =

Jim (x -2+ B2 = -
Jim <x 2+i§:j>:—m
xlim(x 2+i§:j)=—oo
Jim (x 2+i§:j>——w

Calculas and Vectors Solutions Manual

When x =0,y = 0.
x(x> —2x +4)  x[(x — 1)* + 3]

x2 -4 -4 )
Since (x — 1)? + 3 > 0, the only x-intercept
isx = 0.

Also, y =

. . 8x —8
Since lim > 1= 0, the curve approaches the
value x — 2 as x — . This suggests that the line
y = x — 2 is an oblique asymptote. It is verified by

the limit lim[x — 2 — f(x)] = 0. Similarly, the

curve approaches y = x — 2 as x — — .

dy _ 1+ 8(x* —4) — 8(x — 1)(2x)
dx (x> — 4)?
=1_8(x2—2x+4)

(* — 4y

We solve % = 0 to find critical values:
8x? — 16x + 32 =x*— 8%+ 16
x*—16x*—-16=0

X =8+4V5(8-4V5is

inadmissible)
x = *=4.12.
limy = «and lim y = —o
X—® X—>—®
x < X = 412 | —2<x| 2<x |x= X >

Interval

=412 |-412|<x<2| <2 | =412 |4.12| 4.12

dy

>0 =0 <0 <0 <0 0 >0
dx

Graph |Increas-| Local |Decreas-|Decreas-|Decreas-|Local | Increas-
of y ing Max ing ing ing Min | ing

AY
A\
A

\
\

AN
o
>

AY

== - NP

b. Answers may vary. For example, there is a sec-
tion of the graph that lies between the two sections
of the graph that approach the asymptote.

14. For the various values of n, f(x) = (x — ¢)"
has the following properties:

4-35




n n=1 n=2 n=3 n=4
f(x) 1 2x—=0) | 3(x—0)? | 4(x—c¢)®
' (x) 0 2 6(x—0) [12(x — )

Infl. Pt. None None X=cC X=cC

It appears that the graph of f'has an inflection point
atx = ¢ whenn = 3.

4.5 An Algorithm for Curve
Sketching, pp. 212-213
1. A cubic polynomial that has a local minimum

must also have a local maximum. If the local mini-
mum is to the left of the local maximum, then

f(x) = +oas x — —o0 and f(x) — — % as x — +oo.

If the local minimum is to the right of the local
maximum, then f(x) — —o as x — —o0 and
f(x) > +oas x — +oo,
2. Since each local maximum and minimum of a
function corresponds to a zero of its derivative, the
number of zeroes of the derivative is the maximum
number of local extreme values that the function
can have. For a polynomial of degree n, the deriva-
tive has degree n — 1, so it has at most n — 1
zeroes, and thus at most n — 1 local extremes. A
polynomial of degree three has at most 2 local
extremes. A polynomial of degree four has at most
3 local extremes.
3. a. This function is discontinuous when

X +4x+3=0
x+3)(x+1)=0
x = —3 orx = —1. Since the numerator is non-zero
at both of these points, they are both equations of
vertical asymptotes.
b. This function is discontinuous when

x> —6x + 12
6=V (=6) —4(1)(12)
t 2(1)
6+ V-12
2

This equation has no real solutions, so the function
has no vertical asymptotes.
¢. This function is discontinuous when
x> —6x+9=0
(x —3P%=0
x = 3. Since the numerator is non-zero at
this point, it is the equation of a vertical asymptote.

4-36

4.a.y = x> — 9x? + 15x + 30

We know the general shape of a cubic
polynomial with leading coefficient positive. The
local extrema will help refine the graph.

Q=3x2—18x+15
dx

Set % = 0 to find the critical values:
32— 18 +15=0
xX>—6x+5=0
x—1Dx-5=0
x=1lorx =>5.

The local extrema are (1, 37) and (5, 5).

b. f(x) = 4x> + 18x* + 3

The graph is that of a cubic polynomial with

leading coefficient negative. The local extrema

will help refine the graph.

d

“— 120 + 36x

dx J

To find the critical values, we solve d%: =0:

—12x(x —=3)=0
x=0orx =3.

The local extrema are (0, 3) and (3, 57).

dy

dx?

The point of inflection is (%, 30).

= —24x + 36

Chapter 4: Curve Sketching



n n=1 n=2 n=3 n=4
f(x) 1 2x—=0) | 3(x—0)? | 4(x—c¢)®
' (x) 0 2 6(x—0) [12(x — )

Infl. Pt. None None X=cC X=cC

It appears that the graph of f'has an inflection point
atx = ¢ whenn = 3.

4.5 An Algorithm for Curve
Sketching, pp. 212-213
1. A cubic polynomial that has a local minimum

must also have a local maximum. If the local mini-
mum is to the left of the local maximum, then

f(x) = +oas x — —o0 and f(x) — — % as x — +oo.

If the local minimum is to the right of the local
maximum, then f(x) — —o as x — —o0 and
f(x) > +oas x — +oo,
2. Since each local maximum and minimum of a
function corresponds to a zero of its derivative, the
number of zeroes of the derivative is the maximum
number of local extreme values that the function
can have. For a polynomial of degree n, the deriva-
tive has degree n — 1, so it has at most n — 1
zeroes, and thus at most n — 1 local extremes. A
polynomial of degree three has at most 2 local
extremes. A polynomial of degree four has at most
3 local extremes.
3. a. This function is discontinuous when

X +4x+3=0
x+3)(x+1)=0
x = —3 orx = —1. Since the numerator is non-zero
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vertical asymptotes.
b. This function is discontinuous when
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This equation has no real solutions, so the function
has no vertical asymptotes.
¢. This function is discontinuous when
x> —6x+9=0
(x —3P%=0
x = 3. Since the numerator is non-zero at
this point, it is the equation of a vertical asymptote.

4-36

4.a.y = x> — 9x? + 15x + 30
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The local extrema are (1, 37) and (5, 5).

b. f(x) = 4x> + 18x* + 3
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will help refine the graph.
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“— 120 + 36x
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To find the critical values, we solve d%: =0:
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1 ..
We observe that y = 3 + w2y is just a

translation of y = %
The graph of y = xl is

The reference point (0, 0) for y = é becomes the

point (—2,3) fory =3 + ﬁ The vertical

asymptote is x = —2, and the horizontal asymptote
isy = 3.

d .. .
d%; TS hence there are no critical points.
dzy 6 .
T @+ ) > 0, hence the graph is always
concave up.

i y

8

I

1

[}

I

LN

—7__ LSS
I
i X
309 3 i

[}

iees

}

|

=8+

1

[}

d. f(x) = x* — 4x® — 8x* + 48«

We know the general shape of a fourth degree poly-
nomial with leading coefficient positive. The local
extrema will help refine the graph.

f'(x) = 4x° — 12x* — 16x + 48

For critical values, we solve f'(x) = 0

x? = 3x* —4x + 12 = 0.

Since f'(2) = 0, x — 2 is a factor of f'(x).

The equation factors are

(x—=2)(x =3)(x+2)=0.

Calculas and Vectors Solutions Manual

The critical values are x = —2, 2, 3.

f"(x) = 12x* — 24x — 16

Since f"(—=2) = 80 > 0, (=2, —80) is a local
minimum.

Since " (2) = —16 < 0, (2, 48) is a local maximum.
Since f”(3) = 20 > 0, (3, 45) is a local minimum.
The graph has x-intercepts 0 and —3.2

The points of inflection can be found by solving
f"(x)=0:

3> —6x—4=0

R /84

6
1 5
X = ——or—.
2 2
Y(2,48)
40+ (3, 45)
20
X
L pERRYy RERESRED
_2 ]
60
_80_
(—2,-80)
ey — 2x
YT s
There are discontinuities at x = —5 and x = 5.

2x
l.m = —
XLS’ <X2 - 25) * and

)
im =
Sos\x? =25

1'm< 2 )——oo and 1'm( e )-oo
xLS’ x> =25 —>1—5+ x> =25

x = —5 and x = 5 are vertical asymptotes.

dy _ 2(x2—-25) —2x(2x) _ 2x2+ 50

i~ (o257 (@ -oasp = 0for

all x in the domain. The graph is decreasing
throughout the domain.

. 2x . X
tm(5255) = im| s | |y =0
=0 X > horizontal
2 asymptote.
lim | — 55 | =0
T\ e J
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diy _ 4x(x* —25) — (2x* + 50)(2)(x* — 25)(2x)

dx* (x* — 25)*
_ 4 +300x  4x(x? + 75)
(x* —25)° (x* — 25)°
There is a possible point of inflection at x = 0.
Interval [ x < —5[-5<x<0| x=0 |0<x<5| x>5

dy _

e <0 >0 =0 <0 >0

Graph |[Concave| Pointof | Concave | Point of | Concave

of y Down Up Inflection | Down Up

Y 1

1
1
1
1
1
1
1
i
I; T T
8 12
1

f. This function is discontinuous when

x> —4x =0
x(x—4)=0
x = 0 or x = 4. The numerator is non-zero at these
points, so the function has vertical asymptotes at
both of them. The behaviour of the function near
these asymptotes is:

x-values 1 X X —4 f(x) I)!r_nm f(x)
x—0" >0 <0 <0 >0 +
x—07 >0 >0 <0 <0 — o0
X—4" >0 >0 <0 <0 — @
x—4% >0 >0 >0 >0 + oo

To check for a horizontal asymptote:

i 2 : o m 21 -4
}Cig;(l)x

“im ({1 - 4)

lim (1)

. 2 . _ 4
im (27 ¢l (1 =5)
~ lim 5 x —

2140

x—o X

=0
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Similarly, lim - = 0,50 y = 0 is a horizontal

X—>© 4
asymptote of the function.
Since y = 0 and x = 0 are both asymptotes of the
function, it has no x- or y- intercepts.

The derivative is

F(x) = (x> —4x) — (1)(2x — 4)

(x* — 4x)?

4 -2
= (274)32, and the second derivative is

x- — 4x

Lo (P = 4x0)P(—2) — (4 - 20)(2(x* — 4x)(2x — 4))
fr(x) = e
=27+ 8+ 8x? — 32x + 32
(x* — 4x)*

_6x7 — 24x + 32

(x* — 4x)?

Letting f'(x) = 0 shows that x = 2 is a critical
point of the function. The inflection points can be
found by letting f” (x) = 0, so
2(3x* = 12x +16) =0
12 +V(—12)% - 4(3)(16)
x =
2(3)
122V 48
- 6

This equation has no real solutions, so the graph of
f has no inflection points.

X x<0 0<x<2 x=0 2<x<4 x>4
' (x) + + 0 - -
Graph Inc. Inc. Local Max| Dec. Dec.
" (x) + - - - +
Concavity Up Down Down Down Up
Yy
8
6
4 I
I
B inas
P | X
~4-202°% 6 810 12
1
I
_4_ :
—6 i
s |
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T x
There is a discontinuity at x = 0.
6x? — 2 . 6x?—2
3 = and lim 3

X x—=0" X
The y-axis is a vertical asymptote. There is no

y-intercept. The x-intercept is a vertical asymptote.

= — 00

lim

x—0

There is no y-intercept. The x-intercept is t%.

dy 6 6 —6x'+6
dx x> x* x*
d
o =0 when6x’ = 6
x
x==1
Interval [ x < —1 |[x=—1|-1<x<0l0o<x<1|x=1| x> 1
dy <0 =0 >0 >0 =0 <0
dx
Graph of | Decreas- | Local Increasing | Increasin Local | Decreas-
y = f(x) ing Min 9 9| Max ing

There is a local minimum at (—1, —4) and a local
maximum at (1, 4).

d’y 12 24 126> - 24

i e ;

For possible points of inflection, we solve chyZ =0
(x* # 0):

The x-axis is a horizontal asymptote.

Yy
8
4 M
=l 2 ¢
_8_
_]2_
x+3
h.y=——
y x> —4
There are discontinuities at x = —2 and at x = 2.
lim <x+3> —« and lim<x+ 3) S
x—>—2" X2 — 4 x—2" X2 -4
. x+3 . x +3
(2) - e m(52)--
There are vertical asymptotes at x = —2 and x = 2.

When x = 0, y = —3. The x-intercept is — 3.
dy _ (1)(x* —4) = (x +3)(2x)

12x? = 24

X = i\/Z.

x < x < V2 < 0<

Interval s A o0 | x<v3 x=V2 | x>V2

d?y _ _

] <0 =0 >0 <0 =0 >0
Graph of [Concave| Point of [Concave| Concave | Point of [Convave
y = f(x) | Down [Inflection| Up Down |[Inflection| Up

There are points of inflection at (—\6, —%)

and (\/2, %)

6 2

2 T3
lim——— = lim*~—~ =0
X—>0 X X—>0 1

6 2

- 3
lim *—%* =0
x=—x X
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dx (xz _ 4)2
B —x>—6x — 4
(7 — 4)?
.. dy
For critical values, we solve ol 0:
x*+6x+4=0
6+ V36— 16
X=—-——7>7""""—
2
=-3+V5
= —520r —0.8.
intervall X < x= |=-52<]| -2< |x= |-08< x> 2
=52 | =52 (x<-2|x<-0.8[-08| x<2
Y o] =0| 0| =0 |=0| <0 <o
dx
Graph |Decreas-| Local | Increas- | Increas- | Local | Decreas- | Decreas-
ofy ing Min ing ing Max ing ing
1 3
limy = lim| = | =0
X—® xX—>®© 1 _
2
X
1 3
lim| = [ =0
X—% 1 _
2
X
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The x-axis is a horizontal asymptote.
Y,

D 4 6 8
_x2—3x+6
i y= 1
4
=x—2+x_1
x—2
x—1)x>-3x+6
X —x
—2x + 6
—2x + 2
4

There is a discontinuity at x = 1.
, <x2 — 3x + 6>
Iim|———— | = —»

x—1 )C_l

) <x2—3x+6>

lim (22X 0 — o
x—1" x—1

Thus, x = 1 is a vertical asymptote.

The y-intercept is — 6.

There are no x-intercepts (x> — 3x + 6 > 0 for all
x in the domain).

dy 4
dx (x — 1)
.. dy
For critical values, we solve i 0:
4
1—-——5=0
(x — 1)
(x—1)Y%=4
x—1==x2
x=—1lorx = 3.
interval | x < —1|x= 1| < | T= |x=3]x>3
x <1 x<3
Yl o] =0 | <0 | <0 |=0] >0
dx
Graph |Increas- | Local [Decreas-|Decreas-| Local [Increas-|
of y ing Max ing ing Min ing
d?y B 8
d’x  (x —1)°
4-40

d’y
dx?
d’y
dx?

The line y = x — 2 is an oblique asymptote.

For x <1, < 0 and y is always concave down.

For, x > 1, > 0 and y is always concave up.

j- This function is continuous everywhere, so it has
no vertical asymptotes. It also has no horizontal
asymptote, because

lim (x — 4)' = w and lim (x — 4)' = o,

The x-intercept of the function is found by letting
f(x) = 0, which gives
(x—4y7=0

x =4
The y-intercept is fougld by letting x = 0, which
gives f(0) = (0 — 4) = 2.5.
The derivative of the function is
f'(x) = (%) (x — 4)’% and the second derivative is
f"(x) = (—%) (x — 4)_%. Neither of these derivatives

has a zero, but each is undefined for x = 4, soitis a
critical value and a possible point of inflection.

X x <4 X =4 X >4
f'(x) - Undefined +
Graph Dec. Local Min Inc.
' (x) - Undefined -

Concavity Down Undefined Down
y
5_
4_
24
'|_
X

0 2 46 810

—1
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6.y =ax’+bx*+cx +d
Since (0, 0) is on the curve d = O:

ﬂ=3ax2+2bx+c
dx

dy
Atx =2,— = 0.
. " dx

Thus, 12a + 4b + ¢ = 0.
Since (2, 4) is on the curve, 8a + 4b + 2¢c = 4

orda +2b +c = 2.
d?y
ﬁ = 6ax + 2b
. . . . . d?y
Since (0, 0) is a point of inflection,

EZOWhen
x = 0.

Thus, 2b =0
b=0.
Solving for a and c:
12a + ¢ =0
4a+c=2
8a = -2
1
77y
c=3.

1
The cubic polynomial is y = _ZX3 + 3x.

The y-intercept is 0. The x-intercepts are found by
setting y = 0:

1
—Zx(x2 -12)=0

x=0, or x= i2\/3.
Let y = f(x). Since f(—x) = x> — 3x = —f(x),
f(x) is an odd function. The graph of y = f(x) is
symmetric when reflected in the origin.

y
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7. a. Answers may vary. For example: P kK1
. -x\ .2 %)
5 y 111‘1;10<k2_’_xz> = lim 2 =0
X—> X—® — + 1
6 X
k 1
4- LA
5] lim| 55—+ =0
X Ao 3 +1
T T T T 0 T T T T X
8-6-4-2,1\2 4 6 8 Hence, the x-axis is a horizontal asymptote.
4 y
3_
_6_
2_
_8_
g—/p \ X
vary. For example: —4 _ﬁ_10_ 2 4 6 8
y ]
_3_
9. g(x) = x*(x + 3)
X There are no discontinuities.
2 4 6 8 1 2
g(x)= gx%(x +3) + x§<3)(x +3)(1)
_x+3+2x  3(x+1)
3¢ (x +3)  3xi(x +3)
o ox+1
3x (x + 3)
8. f(x) = k—x g (x) =0whenx = —1.
k> +x* g’ (x) doesn’t exist when x = 0 or x = —3.
There are no discontinuities.
The y-intercept is % and the x-intercept is k. Interval| x < —3 x = —3 7<3 :X x=—1 _1<<0X x=0|x<0
o (DR +2?) = (k- x)(2x) Does Does
f(x) = (K? + x2)? g2(x) >0 | not <0 | =0 >0 | not | >0
Exist Exist
x? — 2kx — k*
=5 Graph In;reas- Local De;reas- Lo;al Ingreas- In;reas-
(k” + x°) ofg(x) | ing Max ing Min ing ing
For critical points, we solve f'(x) = 0: ] ]
w2 —2kx — k2 =0 There is a local maximum at (—3, 0) and a local
¥2 — 2kx — k2 = 2k2 minimum at (—1, —1.6). The second derivative is
(x — k)? = 2k? algebraically complicated to find.
x—k==V2k Interval | x < —3|x=-3| >~ | x=0 | x>0
x=01+V2)korx=(1-V2)k x<0
9"(x) -0 Does Not -0 Does Not -0
eral| X< | x= [04lk<]x= | x> Exist Exist
v —041k | 041k | x<2.41k | 2.41k 241k Graph [Concave Cus Concave| Point of | Concave
£(x) -0 -0 -0 -0 -0 g"(x) | Down usp Up [Inflection| Down
Graph | . Local D ) Local | .
of £(x) ncreasing Max ecreasing Min ncreasing
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1
\x\ 1+;

limf(x) = lim

X—>% X—>0

X .
R since x > 0

X/ 1+ —
2

lim
T+ %
X
=1
y = 11is a horizontal asymptote to the right-hand

branch of the graph.
lim f(x) = lim

X .
Jim lim ——==, since |x|
. - [
—x,/1+ >
X

forx <0

= —X

lim %
X—)*OC_ 1 + L

\/ )C2
-1

y = —1 is a horizontal asymptote to the left-hand

branch of the graph.
y
2
'|_ _____________
X
EyEER: TEEE:
___________ 1
_2_
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b.g(t) =V + 4t — Vi + ¢
(VP u NP (VP 4+ V)

P+4t+VE+t
3t

N4+ VAR

3t

4 1
[t 1+ — 4 |ty /1 +—
t t

limg(t) =2 = 3, since |¢| = tfort >0
X—>©

lim g(¢) = == = —3, since |t| = —tfort <0
X—>— %
y =3and y = —3 are horizontal asymptotes.

1.y =ax*+bx*+cx+d

d
Y _ 3¢ + 2bx + ¢
dx
d’y b
dxz=6ax+2b=6a<x+3a)
2
For possible points of inflection, we solve % =0:
b
x=—3-

. dz
The sign of chyz changes as x goes from values less

b b .
than — to values greater than ——. Thus, there is a

3a 3a’
point of inflection at x = —%.
b dy b\ < b )
Atx = —=3al —— ) +2b| — | +
3a’ dx 3 < 3a> 2b a ¢
b2
= C — 5

Review Exercise, pp. 216-219

l.a.i. x <1

ii.x>1

iii. (1, 20)

b.iix< -3 -3<x<1,x>65

.1 <x<33<x<65

iii. (1, —1), (6.5, —1)

2. No. A counter example is sufficient to justify the
conclusion. The function f(x) = x* is always
increasing yet the graph is concave down for x < 0
and concave up for x > 0.
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3.a.f(x) = —2x3 4+ 9x* + 20
f'(x) = —6x* + 18x
For critical values, we solve:
f(x)=0
—6x(x —3)=0
x=0orx =3.
f"(x) = —12x + 18
Since f”(0) = 18 > 0, (0, 20) is a local minimum
point. The tangent to the graph of f(x) is horizontal
at (0, 20). Since " (3) = —18 <0, (3, 47) is a local
maximum point. The tangent to the graph of f(x) is
horizontal at (3, 47).
b. f(x) = x* — 8 + 18> + 6

f(x) = 4x> — 24x? + 36x

f(x) = 4x(x* — 6x + 9)

f(x) = 4x(x — 3)*

Let f(x) = 0O:
dx(x —3)*=0

x=0o0rx=3

The critical points are (0, 6) and (3, 33).

X x<0 0 0<x<3 3 x> 3
& - 0 + 0 +
dx
Graph Dec Lo;al Inc Inc
Min

Local minimum at (0, 6)

(3, 33) is neither a local maximum nor a local
minimum.

The tangent is parallel to the x-axis at both points
because the derivative is defined at both points.

c. h(x) = %
h(x) = (1) (? +(7x)21 (7);2— 3)(2x)
7+ 6x — x?
(T
4-44

(7T =-x)(1+x)

(x24T
Since x> + 7 > 0 for all x, the only critical values
occur when 4’ (x) = 0. The critical values are x = 7
and x = —1.

Interval | x< —1 | x=—-1 [-1<x<T7| x=7 x>7
h’(x) <0 =0 >0 =0 <0
Graph Decreas- | Local Increas- Local Decreas-
of h(t) ing Min ing Max ing

There is a local minimum at (—1, —3) and a local
maximum at (7, ). At both points, the tangents are
parallel to the x-axils.

d)g(x) = (x — 1y

g0 = 30— 17
Letg'(x) = 0:

1 L

g(x - 1) =

There are no solutions, but g’ (x) is undefined for
x = 1, so the point (1, 0) is a critical point.

X x <1 1 x> 1
f'(x) + Undefined +
Graph Inc. Inc.

(1, 0) is neither a local maximum nor a local
minimum.

The tangent is not parallel to the x-axis because it is
not defined for x = 1.

da.a<x<bx>e

b.b<x<c

cx<a,d<x<e

d.c<x<d

There is a discontinuity at x = 3.

lim < 2 ) o and lim ( 2 ) o0
1 = — an 1 =
=3 \x — 3 =3 \X — 3

Therefore, x = 3 is a vertical asymptote.

x—5
b.g(x)=x+5

There is a discontinuity at x = —35.

. x—=35 . x—5

lim = o and lim = —®
x>-5\X + 5 x—>=5"\X + 5
Therefore, x = —5 is a vertical asymptote.

x> —2x — 15
“f =T

Chapter 4: Curve Sketching




_ (@ +3)(x—5)

x+3
=x—5x# -3
There is a discontinuity at x = —3.
lirr%j(x) = —8and lirr;if(x) = -8

There is a hole in the graph of y = f(x) at
(=3, -8).
5
d.g(X) - x2 —x =20
5
8 = 5+ 2
To find vertical asymptotes, set the denominator
equal to O:
(x—=5x+4)=0
x=—4orx =35
Vertical asymptotes at x = —4 and x = 5
li > = ®
ok (x-S (x +4)
T 5 B
o =5 (x+ 4)
i 5 B
oy (x—5)(x+4)
li > =
oy (x—5)(x+4)
6.y=x"+5
y' = 3x?
y" = 6bx
Lety” =0
6x =0
x=0
The point of inflection is (0, 5)
Since the derivative is 0 at x = 0, the tangent line is
parallel to the x-axis at that point. Because the
derivative is always positive, the function is always
increasing and therefore must cross the tangent line
instead of just touching it.

7. [T =200) 1Y

Calculas and Vectors Solutions Manual

8.a.i. Concaveup: —1 <x <3

Concave down: x < —1,3 < «x

ii. Points of inflection at x = —1 and x = 3
iii. y
80

40-

—401

_80 -

b. i. Concave up: —45 <x <1,5<x

Concave down: x < —4.5,1 <x <5

ii. Points of inflectionatx = —4.5,x = 1,andx =5
iii. v
10

54

10| -5 \O 5 [0
_5_

—10

ax + b
(x—1(x—4)
_ ax+b
X —5x+4
g(x) = a(x* — 5x -(I— ;1)_— (ax +2b)(2x -5)
x"—5x +4)
Since the tangent at (2, —1) has slope 0, g'(2) = 0.
Hence, “2ax2ath Oand b = 0.
Since (2, —1) is on the graph of g(x):
_2a+Db
)
2a +0=2
a=1.

9.a.g(x) =

-1

Therefore g(x) = m

4-45



b. There are discontinuities at x = 1 and x = 4.

. . y
limg(x) = « and lim g(x) = —x 8 P
x—1" x—17
limg(x) = —o and lim g(x) = o°
x—4~ x—4" .
x = 1 and x = 4 are vertical asymptotes.
The y-intercept is 0. X
X)=—F""F""3
& (x> — 5x + 4)* 4
g'(x) = 0 when x = ®2.
Interval | x < —2 |x=—-2| —2< 1< |x=2| 2< x> 4 (_2 _9) -8 (2 _9)
x <1 x<2 x<4 ! !
9'(9) <0 0 >0 | >0 | o <0 <0
Graph | Decreas-| Local | Increas- |Increas- | Local |Decreas- | Decreas- _ 3x -1
of g(x] in Min in in Max in in b. f(x) -
909 9 9 g 9 g x+1
There is a local minimum at (—2, —%) and a local =13 _ 4
maximum at (2, —1). x+1 1
¥ : From experience, we know the graph of y = - is
394 i N
24| : / !
H [ Ny E L
€ : T T : T :
151310 i
2.1 12345 2
-2 | : !
1 1 : X
BeAE nans ey
10.a.y = x* — 8>+ 7 ©2
This is a fourth degree polynomial and is continuous :
for all x. The y-intercept is 7. i_ i
dy i
— = 4x3 — 16x
dx

=4dx(x —2)(x +2)
The critical values are x = 0, —2 and 2.

Interval | x< -2 |x=-2| —2< |x=0 0<x |x=2 | x>2
x<0 <2
% <0 =0 >0 | =0 <0 | =0 | >0
Graph | Decreas-| Local | Increas- | Local | Decreas- | Local |Increas-
ofy ing Min ing Max ing Min ing

There are local minima at (—2, —9) and at (2, —9),
and a local maximum at (0, 7).

4-46

The graph of the given function is just a

transformation of the graph of y = —%. The vertical
asymptote is x = —1 and the horizontal asymptote
is y = 3. The y-intercept is —1 and there is an
x-intercept at §.

X+ 1
C. g(X) - 4x2 -9
B ¥ +1
C(2x = 3)(2x + 3)
The function is discontinuous at x = —3 and at

x=3

lim g(x) = =
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lim g(x) = —°

limg(x) = —

X—>35

lim g(x) = o

Hence, x = —3 and x = 3 are vertical asymptotes.
The y-intercept is —s.

X x <1 1 1<x<4 4 x> 4
ﬂ - 0 + 0 +
dx
Graph Dec Local Inc Inc
Min

() 2x(4x* — 9) — (x* + 1)(8x) —26x
x = =
& (4x> — 9)? (4x> — 9)
g'(x) = 0 when x = 0.
Interval x<fi f§<x<0 x=0 0<x<E x>E
21 2 2
g'(x) >0 >0 =0 <0 <0
gz;;’h Increasing| Increasing |Local Max|Decreasing|Decreasing

There is a local maximum at (O, —%)

. L )
limg (x) = lim——

i & T,

d)y=x(x—4)
This is a polynomial function, so there are no dis-
continuities and no asymptotes. The domain is
{xeR}.
x-intercepts at x = 0 and x = 4
y-intercepts at y = 0
y' = (x —4) + 3x(x — 4)°
y = (x —4)’(x — 4 + 3x)
y =4(x —4)?(x — 1)
Lety = 0:
4(x — 4P (x—-1)=0
x=4orx=1
The critical numbers are (1, —27) and (4, 0).

Calculas and Vectors Solutions Manual

Local minimum at (1, —27)
(4, 0) is not a local extremum
y'=4Qx —-4)(x—-1)+ (x — 4)2)

Yy = 4(2(x - 4)<x —1+ 4))

y"' =8(x — 4)(;x - 3>
Lety” = 0:
8(x — 4)<§x - 3) =0

x=4orx =2
The points of inflection are (2, —16) and (4, 0).

X x<2 2 2<x<4 4 x> 4
dy + 0 - 0 +
dx
point of point of
ST ©UP finflection| © down inflection . up

The graph has a local minimum at (1, —27) and
points of inflection at (2, —16) and (4, 0), with
x-intercepts of 0 and 4 and a y-intercept of 0.

y
4 .
2_
X
Lyl P 2/ 46
_20_
_40_
X
. h ="
e hix) x*—4x + 4
X
== = —2)2
(x_2)2 X(X )

There is a discontinuity at x = 2
limh(x) = o = lim h(x)
x—2"

x—2"
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Thus, x = 2 is a vertical asymptote. The y-intercept
is 0.
h(x) = (x =2)7 +x(=2)(x = 2)7°(1)

_x—2—-2
(x =2y
=2 -x
(x —2)
h'(x) = 0 when x = —2.

Interval X< =2 xX=-2 |-2<x<2 X>2
h'(x) <0 =0 >0 <0
Graph of | Decreasing | Local Min | Increasing | Decreasing
h(x)

There is a local minimum at (—2, —%)

Il
o

limh(x) = lim =

X—® X—>®

—_
|

= ==
+

LRES

Similarly, lim4(x) = 0
The x-axis is a horizontal asymptote.
h'(x) = -2(x—-2)2—-2(x—-2)"

+ 6x(x —2)7*
=—4(x—-2)7 +6x(x —2)*
_ 2x+8
S (x-2)f

h"(x) = 0whenx = —4
The second derivative changes signs on opposite

sides x = —4, Hence (—4, —3) is a point of
inflection.
Yy
4 |
{ |
EEEE
—4 =2 0 2 4
2 i
—4- i
¢ f(t)_z2—3t+2
) t—3
L2
t—3

Thus, f(¢) = t is an oblique asymptote. There is a
discontinuity at ¢ = 3.

limf(r) = —c and lim f(z) = o
=3 =37
4-48

Therefore, x = 3 is a vertical asymptote.
The y-intercept is —3.
The x-intercepts are t = 1 and ¢t = 2.

o a2

f(t)_l (t_3)2

! — —_ 2 —

f'(t) = O when 1 (=32
(t—3)y =2

(—3=+\V2
t=3i\/2.

t< t= _[3-1V2< [3<t< i= t>
ntervall 3 _ V2 [3-v2|” r<3 [3+V2 [3+V2[34V2
(1) >0 =0 <0 <0 =0 >0
Graph | Increas- | Local | Decreas- |Decreas-| Local [Increas-
of £(t) ing Max ing ing Min ing

(1.6, 0.2) is a local maximum and (4.4, 5.8) is a local
minimum.

4 T
8' : ,/,

(4.4,58)

‘
(6,103) X
T ,A :

4 8

2x + 4
x> — k?
2(x* — k*) — (2x + 4)(2x)
(x2 _ k2)2
2x% + 8x + 2k?
(X2 _ k2)2
For critical values, f'(x) = 0 and x # *k:
X>+4x+k2=0
4 x=V16 — 4k?
= 5 )
For real roots, 16 — 4k> = 0
—2=k=2
The conditions for critical points to exist are
—2=k=2andx # *k.
b. There are three different graphs that results for
values of k chosen.

11. a. f(x) =

fx) =

X

Chapter 4: Curve Sketching



a0 1:1"‘

For all other values of k, the graph will be similar to
that of 1(7) in Exercise 9.5.

y

Y

2x> —Tx + 5
2x — 1

fx)=x-3+

12. a. f(x) =

2
2x — 1
The equation of the oblique asymptote is
y=x—3.

x—3

2x — 122 —Tx + 5
2x% — x

—6x +5

—6x +3

2

Calculas and Vectors Solutions Manual

it -t 3~ (3]

X—0 2x - 1

2
:l. _— :0
Lni{ 2x—1]
4x3 — x> — 15x — 50

b. f(x) =

x2 — 3x
18x — 50
f(x)—4x+11+m
4x + 11
X% — 3x)4x®> — x2 — 15x — 50
4x3 — 12x?
11x2 — 15x
11x* — 33x
18x — 50

lim[y — f(x)]

1 —
= lim {4x + 11 — <4x + 11 + 821650>]

Y00 x° — 3x
1850
T X x2
s
1_,
X

13. g(x) = (x* — 4)?
glx) = (¥ —4)(x* - 4)
g (x) =2x(x* — 4) + 2x(x* — 4)
g'(x) = 4x(x* — 4)
g'(x)=4x(x —2)(x +2)

Setg'(x) =0
0=4x(x—2)(x +2)
x=—-2o0orx=0o0rx =2
x< -2 -2<x<0 0<x<2 x>2
4x - - + +
x—2 - - - +
Xx+2 - + + +
Sign of | (=) (=) (=) [(=)()(H) | (F)(=)(F) | (F)(F)(+)
9'(x) - _ S - _ S
Behaviour d ) ) . d . . .
D ecreasing increasing ecreasing | increasing

3
14.f(x)=x3+5x2—7x+5,—45xs3

fi(x)=3x>+3x—7
Set f/(x) = 0
0=3x>+3x—-7
3= V(3 - 4(3)(~7)

2(3)
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~3+V93
6
x = —2107 or x = 1.107

f(x)=3x>+3x—7

f(x)y=6x+3
When x = —2.107,
f(—=2.107) = 6(—-2.107) + 3
f(—2.107) = —9.642
Since f”(—2.107) < 0, a local maximum occurs
when x = —2.107.
when x = 1.107,
f'(1.107) = 6(1.107) + 3
f(1.107) = 9.642
Since f”(1.107) > 0, a local minimum occurs when
x = (1.107).
when x = —4,

f(—4) = (~47 + S(-47 = 1(~4) + 5

f(=4)=—64+24+28+5

f(—4) = =7
when x = —2.107,

3
f(—2.107) = (—2.107)* + 5(—2.107)2
—7(—2107) + 5
f(—2.107) = —9.353919 + 6.659 173 5

+ 14.749 + 5
when x = 1.107,

£(1.107) = (1.107)% + %(1.107)2 ~7(1.107) + 5

f(1.107) = 1.356 572 + 1.838 1735 — 7.749 + 5
f(1.107) = 0.446
when x = 3,

f3) = (Y +3G7 = 7(3) +5

f(3)=27+135-21+5
f(3) =245
Local Maximum: (—2.107, 17.054)
Local Minimum: (1.107, 0.446)
Absolute Maximum: (3, 24.5)
Absolute Minimum: (—4, —7)
15.  f(x) = 4x* + 6x> — 24x — 2
Evaluate y = 4(0)* + 6(0)> — 24(0) — 2
y=-2
f(x) =4x® + 6x* — 24x — 2
f(x) =12x> + 12x — 24
Set f'(x) =0
0=12x> + 12x — 24
0=12(x*+x —2)
0=12(x — 1)(x + 2)
x=—-2orx=1
4-50

x<-2 -2<x<1 x>1
12(x — 1) - _ N
X+ 2 — + i
Sign of
—)(=)=+ | (=)+)=~- +)(+) = +
£ (=)=) (=)(+) (+)(+)
Behaviour ) . . . .
of f(x) Increasing decreasing increasing
maximum at x = —2 minimum at x = 1
when x = —2,

f(=2) =4(=2) + 6(—2)> —24(-2) -2
f(=2)=—-32+24 +48 -2
f(—=2) =138
when x = 1,
f(1)y =41 +6(1)> —24(1) — 2
fl)y=4+6-24-2
f(1) = —16
Maximum: (—2,38) Minimum: (1, —16)
f(x) =12x* + 12x — 24
f'(x) =24x + 12

Set f"(x) =0
0=24x + 12
x=-05
x < -0.5 x> —0.5
f"(x) = 24x + 12 - +
f(x) concave down concave up
point of inflection at x = —0.5
when x = —0.5,

f(—=05) = 4(=0.5)° + 6(—0.5)* — 24(—-0.5) — 2
f(=05)=-05+15+12-2

f(=05) =11

Point of inflection: (—0.5,11)

y
200+

160+
0-
8o
40

_I_I I_IO T T T T
16-12-48 =4 ONM4 8

-804
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16. a. p(x): oblique asymptote, because the highest
degree of x in the numerator is exactly one degree
higher than the highest degree of x in the
denominator.

q(x): vertical asymptotes at x = —1 and x = 3;
horizontal asymptote at y = 0
r(x): vertical asymptotes at x = —1 and x = 1;

horizontal asymptote at y = 1
s(x): vertical asymptote at y = 2.

x> —2x -8

b. r(x) = -1
_ (=4 +2)
(x—=1Dx+1)

The domain is {x|x # —1,1,xeR}.
x-intercepts: —2, 4; y-intercept: 8

r has vertical asymptotes at x = —1 and x = 1.
r(—1.001) = —2496.75,s0as x »> — 17,
r(x)— —o

r(—0.999) = 2503.25,s0 as x - — 17, r(x) —

r(0.999) = 4502.25,s0asx —> 17, r(x) >

r(1.001) = —4497.75,s0as x > 17, r(x) »> —
2

o> 8
I x> —2x — 8 I x> x> X
im ———— = lim
X—>—® X2—1 X—>—® Lz_i
x? x?
2 8
I=2=3
. X X
= lim 1
1=z
~1-0-0
1-0
=1
So, y = 1 is a horizontal asymptote on the left
_2x_ 8
limx2—2x—8_hmx2 x? x?
xX—0w x2—1 X—® X2 1
e
2 8
I---7
. X x
= lim
X 1_i
e
~1-0-0
1-0
=1
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So, y = 1 is a horizontal asymptote on the right.
2-1)(2x —2) — (x> — 2x — 8)(2
piy = D=2 = (7 = 20 - 8)(20)

(x* = 1)°
20 = 2x% = 2x + 2 — (2% — 4x? — 16x)
- (x* = 1)?
B 2x% 4+ 14x + 2
@y
2+ T7x+ 1)
-y

r' is defined for all values of x in the domain of r.
r'(x) = 0forx = —0.15 and x = —6.85. r'(1) and
r'(—1) do not exist.

x < —6.85 x = —6.85 —-6.85< x < -1
x*+7x+1 + 0 -
r’'(x) + 0 -
x=-1 -1<x<-0.15 x = —0.15
X2+ 7x+ 1 - - 0
r'(x) undefined - 0
-015<x<1 x=1 x>1
X2+ 7x + 1 + + +
r'(x) + undefined +

ris increasing when x < —6.85, —0.15 <x <1,
and x > 1. r is decreasing when —6.85 <x < —1
and —1 < x < —0.15. r has a maximum turning

point at x = —6.85 and a minimum turning point at
x = —0.15.
" (x) = (x? — 1)*(4x + 14)
(x2 _ 1)4
— (2x% + 14x + 2)[2(x* — 1)(2x)]
(x* = 1)*

(7 = 1) (4x + 14) — 4x(2x% + 14x + 2)

- (x* = 1)°

_ 4x3 + 14x* — 4x — 14 — 8x® — 56x* — 8

- (x* = 1)°

. —4x° — 42x* — 12x — 14

- (x* = 1)’

. =2(2x° 4 21x% + 6x + 7)

- (x> = 1)’

r” is defined for all values of x in the domain of r.
r"(x) = 0 for x = —10.24. This is a possible point
of inflection. r” (1) and r” (—1) do not exist.
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_x(3x%) - (¥ +8)(1)

The graph is concave up for x < —10.24 and

—1 < x < 1. The graph is concave down for
—10.24 < x < —1 and x > 1. The graph changes
concavity at x = —10.24. This is a point of inflec-
tion with coordinates (—10.24, 1.13).

r(—6.85) = 1.15 and r(—0.15) = 7.85. The graph
has a local maximum point at (—6.85,1.15) and a
local minimum point at (—0.15) = 7.85.

i
o
bk
124
T i i T A
-4 =2 5_20_ 274
L

17. The domain is {x|x # 0, x € R}: x-intercept: —2,
y-intercept: 8; f has a vertical asymptote at x = 0.
f(—0.001) = —7999.99, so f(x) > —»asx —0".
£(0.001) = 8000.00, so f(x) —»> 2 asx—0".

There are no horizontal asymptotes.

4-52

x < -10.24 x =10.24 '
X
f) o
—-2(2% + 21x% + 6x + 7) + 0 33— 3 — 8
02— 1) + + - x2
3 _
() R 0 X 8
e
T2 sxs = f'(x) is defined for all values of x in the domain of
—2(23 + 21x% + 6x + 7) - - f-f(x) = 0 when x = 1.59. f'(0) does not exist.
(x> =1y + 0 x<0 x=0 0< x < 1.59
r’(x) - undefined 2¢ -8 - - —
-1<x<1 x=1 x? + 0 +
—2(2x3 + 21x% + 6x + 7) - - f'(x) - undefined -
(x* - 1) - 0 x = 1.59 x> 1.59
r’(x) + undefined 23 -8 0 +
x>1 X2 + +
—2(2x3 + 21x% + 6x + 7) - ' (x) 0 +
(= 1) + f1s increasing for x > 1.59 and decreasing for
0 B x < 0and 0 < x < 1.59. fhas a minimum turning
point at x = 1.59.

, _ x?(6x?) — (2x° — 8)(2x)
fr(x) = 4
_ x(6x2) — (2x3 - 8)2
3

X
_ 6x® — 4x* + 16
0
2 + 16
3
f" is defined for all values of x in the domain of f.
f"(x) = 0 when x = —2. This is a possible point of

inflection. f(0) does not exist.

x<-=-2 x=-2 -2<x<0
23 + 16 - 0 +
3 _ — _
f7(x) + 0 -
x=0 x>0
2 + 16 + +
x3 0 +
f"(x) undefined +

f1is concave up when x < —2 and x > 0. fis con-
cave down when —2 < x < 0. The graph changes
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concavity where x = —2. This is point of inflection
with coordinates (—2,0).

f(1.59) = 7.56. The graph has a local minimum at
(1.59, 7.56).

Y

18. If f(x) is increasing, then f'(x) > 0. From the
graph of f', f'(x) > 0 for x > 0. If f(x) is decreas-
ing, then f'(x) < 0. From the graph of f', f'(x) <0
for x < 0. At a stationary point, f’(x) = 0. From
the graph, the zero for f'(x) occurs at x = 0. At

x = 0. f’(x) changes from negative to positive, S0
fhas a local minimum point there.

If the graph of fis concave up, then f” is positive.
From the slope of f*, the graph of fis concave up
for —0.6 < x < 0.6. If the graph of fis concave
down, then f” is negative. From the slope of f', the
graph of fis concave down for x < —0.6 and

x > 0.6. Graphs will vary slightly.

y

(x = 1*(5) = 5x(2)(x = (1)

19. ' (x) =

(x—1)*
S5(x—1) — 10x
(-1
_ —5x—5
_ =5(x+1)
)
o (= 1P(=5)
f(x) = -1y
(=5 - 5)(3)(x — 1)’(1)
(x = 1)°
_ @ 1)(=5) ~3(=5x - 5)
(x = 1)*
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_ 10x — 20

S (x-1)
~10(x — 2)
(-1

The domain is {x|x # 1, x e R}. The x- and
y-intercepts are both 0. f'has a vertical asymptote
atx = 1.

£(0.999) = 4995000 s0 asx —> 17, f(x) —>
f(1.001) = 5005000 so as x — 17, f(x) — o

S5x

lim

X——® x2 —2x+1
y = 0 is a horizontal
asymptote on the right.

=0

lim

x—)—wxz - 2x+1 B

Sx

0

y = 01is a horizontal
asymptote on the left.

f'(x) is defined for all values of x in the domain
of f. f'(x) = 0 when x = —1. f(1) does not exist.

x<-1

x=-1

-1<x<1

x=1

x>1

—5(x + 1)

+

0

(x— 1)

0

+

'(x)

0

+

undefined

fis decreasing when x < —1 and x > 1. fis
increasing when —1 < x < 1. fhas a minimum
turning point at x = — 1.
f" (x) is defined for all values of x in the domain of f.
f"(x) = 0 when x = —3. This is a possible point of

inflection.
f(1) does not exist.
X<-2| x=-2 | —-2<x<1 x=1 x>1
X+ 2 - 0 + + +
7 (x) - 0 + undefined +

The graph is concave down for x < —2 and con-
cave up when —2 < x < 1 and x > 1. It changes
concavity at x = —2. f has an inflection point at
x = —2 with coordinates (—2, —1.11).
f(=1) = —1.25. fhas a local minimum at

(—1, —1.25).
o]
4_
2
X
G TEEE
-2
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20. a. Graph A is f, graph C'is f', and graph B is f”.
We know this because when you take the derivative,
the degree of the denominator increases by one.
Graph A has a squared term in the denominator,
graph C has a cubic term in the denominator, and
graph B has a term to the power of four in the
denominator.

b. Graph F'is f, graph E is ' and graph D is f". We
know this because the degree of the denominator
increases by one degree when the derivative is
taken.

Chapter 4 Test, p. 220

lLaax<-9or-6<x<-3or0<x<4orx>8§
b. -9<x<—-6or-3<x<0ord<x<3§g
c. (=9,1),(—=6,-2),(0, 1), (8 —2)
d.x=-3x=4
e.f"(x) >0
f.-3<x<0ord<x<8
g. (—8,0), (10, -3)
2.a.g(x) =2x* — 8% — x* + 6x
g (x)=8x"—24x> —2x + 6
To find the critical points, we solve g'(x) = 0:
8x* —24x> —2x + 6 =0
4 —12x> —x+3=0
Since g'(3) = 0, (x — 3) is a factor.
(x —3)4x*—1)=0
x=3o0orx=—%orx =3
Note: We could also group to get
4*(x —3) — (x —3) =0.
b. g"(x) = 24x* — 48x — 2
Since g”(—%) =28 >0, (—%, —%) is a local
maximum.
Since g"(—3) = =20 < 0, (3, %) is a local
maximum.
Since g”(3) = 70 > 0, (3, —45) is a local minimum.

3 ——
(-1,7) 3 y
41\, 4)

(3.2) x
= EY IR
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2

4. g(x) = (x _—i— 7x + 10
x—=3)(x+2)

The function g(x) is not defined at x = —2 or

x = 3. At x = —2, the value of the numerator is 0.

Thus, there is a discontinuity at x = —2, but

x = —21is not a vertical asymptote.

At x = 3, the value of the numerator is 40. x = 3 is

a vertical asymptote.

(x+2)(x+5) x+5

(x=3)(x+2) x-3

x+5
li = i
Jim g(x) = lim <x - 3)

g(x) = x# =2

x+5
li = i
x—>11—2+g(X) x—»ll;r;+ <x - 3)

There is a hole in the graph of g(x) at (—2, —%)

x+5
li = li
in?’g(X) xl)rﬁlil(x - 3)

= — @
x+5
li = li
xirgl*g(X) )cigl+ (x - 3>
=

There is a vertical asymptote at x = 3.
Also, limg(x) = lim g(x) = 1.

Thus, y = 1 is a horizontal asymptote.
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20. a. Graph A is f, graph C'is f', and graph B is f”.
We know this because when you take the derivative,
the degree of the denominator increases by one.
Graph A has a squared term in the denominator,
graph C has a cubic term in the denominator, and
graph B has a term to the power of four in the
denominator.

b. Graph F'is f, graph E is ' and graph D is f". We
know this because the degree of the denominator
increases by one degree when the derivative is
taken.

Chapter 4 Test, p. 220

lLaax<-9or-6<x<-3or0<x<4orx>8§
b. -9<x<—-6or-3<x<0ord<x<3§g
c. (=9,1),(—=6,-2),(0, 1), (8 —2)
d.x=-3x=4
e.f"(x) >0
f.-3<x<0ord<x<8
g. (—8,0), (10, -3)
2.a.g(x) =2x* — 8% — x* + 6x
g (x)=8x"—24x> —2x + 6
To find the critical points, we solve g'(x) = 0:
8x* —24x> —2x + 6 =0
4 —12x> —x+3=0
Since g'(3) = 0, (x — 3) is a factor.
(x —3)4x*—1)=0
x=3o0orx=—%orx =3
Note: We could also group to get
4*(x —3) — (x —3) =0.
b. g"(x) = 24x* — 48x — 2
Since g”(—%) =28 >0, (—%, —%) is a local
maximum.
Since g"(—3) = =20 < 0, (3, %) is a local
maximum.
Since g”(3) = 70 > 0, (3, —45) is a local minimum.

3 ——
(-1,7) 3 y
41\, 4)

(3.2) x
= EY IR
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2

4. g(x) = (x _—i— 7x + 10
x—=3)(x+2)

The function g(x) is not defined at x = —2 or

x = 3. At x = —2, the value of the numerator is 0.

Thus, there is a discontinuity at x = —2, but

x = —21is not a vertical asymptote.

At x = 3, the value of the numerator is 40. x = 3 is

a vertical asymptote.

(x+2)(x+5) x+5

(x=3)(x+2) x-3

x+5
li = i
Jim g(x) = lim <x - 3)

g(x) = x# =2

x+5
li = i
x—>11—2+g(X) x—»ll;r;+ <x - 3)

There is a hole in the graph of g(x) at (—2, —%)

x+5
li = li
in?’g(X) xl)rﬁlil(x - 3)

= — @
x+5
li = li
xirgl*g(X) )cigl+ (x - 3>
=

There is a vertical asymptote at x = 3.
Also, limg(x) = lim g(x) = 1.

Thus, y = 1 is a horizontal asymptote.
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2x + 10
6. =—
f(X) x2 -9
B 2x + 10
(x =3)(x +3)
There are discontinuities at x = —3 and at x = 3.
li =
xggl’f(x) . }x = —3is a vertical asymptote.
i flw) = =
li = -
x;rgyf(x) Oo}x = 3 is a vertical asymptote.
lim f2) = =
The y-intercept is —% and x = —5 is an x-intercept.
, 2k =9) — (2x + 10)(2)
f (x) - (xz _ 9)2
_ —2x> —20x — 18
(x* = 97

For critical values, we solve f'(x) = 0:
¥+ 10x+9=0
x+DHx+9 =0
x=—lorx = —09.
(—9, —]g) is a local minimum and (—1, —1) is a
local maximum.

2 10
— + 7
limf(x) = lim*—5 = 0 and
X—>® X—® 1 -5
X
2 10
o 2
limf(x) = lim| 5 | =0
X— X—00 1 -5
X

y = 0 is a horizontal asymptote.

.l

-
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7. f(x) = x>+ bx* + ¢
f'(x) = 3x* + 2bx
Since f'(—2) = 0,12 — 4b = 0

b =3.

Also, f(—=2) = 6.

Thus, =8 + 12 + ¢ =6
c=2.
f(x) =3x> + 6x
=3x(x +2)

The critical points are (—2, 6) and (0, 2).
f"(x) =6x + 6

Since f"(—2) = =6 <0, (—2,6) is a local
maximum.

Since f/(0) = 6 > 0, (0, 2) is a local minimum.

y
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