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CHAPTER 1
Functions: Characteristics and Properties

Getting Started, p. 2
L f(x) =x*+3x -4
a) f(2) = (2)" + 3(2) - 4
=4+6—-4
=
b) f(=1) = (=1 + 3(~1) ~ 4
=1-3-4

dflat+1)=(a+172+3a+1)~4
(a+Da+1)+3a+3-4
=a+2a+1+3a-1
=a’+ 5a
2.a) x* + 2xy + vi=(x + V){x +y)
b) 5x* — 16x + 3 = 5¢x2 — 15x — 1¢ + 3
=5x(x = 3) + (—1)(x ~ 3)
= (5x = 1)(x = 3)
¢ (x +y)’ — 64 = (x + y)? ~ (8)
z(x+y+8)(x+y~8)
d)ax + bx —ay - by = x(a+b)y+ (—y)(a+ b)
=(a+b)(x~y)
3. a) horizontal translation 3 units to the right,
vertical translation 2 units up;

Y

i

10+
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b) horizontal translation 1 unit to the right, vertical
translation 2 units up;

1047Y

¢) horizontal stretch by a factor of 2, vertical stretch
by a factor of 2, reflection across the X-axis;

d) horizontal compression by a factor of 4, vertical
stretch by a factor of 2, reflection across the X-axis;

64\

4.a)D = (xeR|-2=y = 2},
R={yeRi0=y=2}

b)D = {xeR},R = {yeRly = -19}
¢)D = {xeRjx #0},R = {veR|y # 0}
d)D = {xeR},R = {yeR|-3 =y =3}
e)D = {xeR}R = {yeR|y > 0}



5. a) This is not a function; 1t does not pass the
vertical line test.
b) This is a function: for each x-value, there 1s
exactly one corresponding y-value.
¢) This is not a function: for each x-value greater
than 0, there are two corresponding y-values.
d) This is a function; for each x-value, there 1s
exactly one corresponding y-value.
¢) This is a function; for each x-value. there 18
exactly one corresponding y-value.
6.a) y =X
p =2
y =3
by y = x°
20 = x°
V20 = x
271 =x
7. 1f a relation is represented by a set of ordered
pairs, a table, or an arrow diagram, one ¢an
determine if the relation is a function by checking
that each value of the independent variable is paired
with no more than one value of the dependent
variable. If a relation is represented using a graph or
scatter plot, the vertical line test can be used to
determine if the relation is a function. A relation
may also be represented by a description/ruie or by
using function notation or an equation. In these
cases. One can use reasoning to determine if there
is more than one value of the dependent variable
paired with any value of the independent variable.

1.1 Functions, pp. 11-13

LayD = [xeR}:R ={yveRl-4=y= —2}: This
< a function because it passes the vertical line test.
D= {xeR -1 =x=Th

R = {yeR|-3=v=1}Thsisa function
because it passes the vertical line test.

D ={1.234:R= {—5,4,7,9, 11} This is
not a function because 1 is sent to more than one
element in the range.

d)D = {reR:R = {yeRpThisisa function
because every element in the domain produces
exactly one element in the range.

D ={-4 -3 L2ER=4{0.12 3}, This s a
function because every element of the domain is
sent to exactly one element in the range.

f)D = {xeR;:R = {yeRly = 0}: Thisis a
function because every element in the domain
produces exactly one element in the range.

2.a)D = {xeRE R = {yeRly = —3}; This 1s a
function because every element in the domain
produces exactly one element in the range.

b D = {xreRjx# —3L R = {yeRly # 0} This is
4 function because every element in the domain
produces exactly one element in the range.

b =lxeRER = {yeRly > 0}: Thisis a
function because every element in the domain
produces exactly one element in the range.

D= {xeRER = {yveR0=y= 2}, Thisis a
function because every element in the domain
produces exactly one element in the range.

e)D = {xeR|-3 =1y =3}

R = {veR|-3=y =23} Thisisnota function
because (0. 3) and (0, — 3) are both in the relation.
f)D = {xeR: R = (veRl-2=y= 2}; Thisis a
function because every element in the domain
produces exactly one element in the range.

3.a)D = {1.3,57h R = {24 6} Thisisa
function because each element of the domain has
exactly one corresponding element in the range.
D =10.125:R={-13 6}; This is a
function because each element of the domain has
exactly one corresponding element in the range.
D =1{01,2.3:R={2,4hThisisa function
because each element of the domain has exactly one
corresponding element in the range.

d)D = {2.6.8: R = {1, 3.5 7} This is not a
function because 2 is sent to both 5 and 7 in the
range.

e) D = {1.10, 100}: R = {0, 1. 2. 3} This is not a
function because 1 is sent to both 0 and 1 i the range.
f)D = {1.2,3,4h R = {L.Z. 3,4}, Thisisa
function because each element of the domain has
exactly one corresponding element in the range.

4. a) This is a function because it passes the vertical
line test; D = {xeRE R = {yeRly = 2}

b) This is not a function because it fails the vertical
line test; D = {xeRix = 21 R = {yeR}

¢) This is a function because every element of the
domain produces exactly one element in the range;
D={xeR:R={veRly= ~0.5}

d) This is not a function because (I, hand (1. -1)
are both in the relation; D = {xe Rjx = 0}

R = {veR]

Chapter 1: Functions: Characteristics and Properties




e) This is a function because every element of the
domain produces exactly one element in the range;
D= {xeRlx # 0}:R = {veR|y # 0}

f) This is a function because every element of the
domain produces exactly one element in the range;
D ={xeR})R = {yeR}

S.a)y=x+3
b)y =2x -5
)y =3(x —2)
d)y=—-x+5

6. a) The length is twice the width.

1
b) Since / = 2w, w = 5

i

f(l):l+w:l+§1
3
f(l):~2~1

\Olllll
] 246810

d) Since / = 2w, the length must be 8 m and the
width 4 m in order to use all 12 m of material.

7. a) A
104 e * Y
—— 8’
E
£ 6]
00 $ & o ¢ o o o
Q 4_
I
2~
0 50 100 150 200 250

Time (s)

b) D = {0, 20, 40, 60, 80, 100, 120, 140, 160, 180,
200, 220, 240}

¢) R = {0,5, 10}

d) It is a function because it passes the vertical
line test.

Advanced Functions Solutions Manual

e) 4

250 + .
L ]
200 + .
.
£ .
o 1503
E .
~ 100 A N
.
L J
50 A .
_ X

[ ]
O 2 4 6 8 10
Height {m)

f) It is not a function because (5.0) and (5. 40) are
both in the relation.

8.a) {(1.2), (3,4). (5,6)}

b) {(1.2), (3.2), (5.6)}

¢) {(2.1).(2,3). (5.6)}

9. If a vertical line passes through a function and

hits two points, those two points have identical
+-coordinates and different y-coordinates. This means
that one x-coordinate is sent to two different elements
in the range, violating the definition of Junction.

10.2)d = VT 07 ¥ (309
= VETE
- VT3
=5

Yes, because the distance from (4.3)t0 (0.0} is 5.

=V 12+ 52
= V26
5# V26
No, because the distance from (1.5)to (0,0) is not 3.
¢) No, because (4, 3) and (4.~ 3) are both in the
relation.
.a)g(x) = x> +3
b)g(3) —g(2)=12~7
=5
g3 =2) =g(1)
=4
50,8(3) = g(2) # g(3 - 2)



12.2)f(6) = L +2+3+6

= 12
f(Hy=1+7
=8
f8)=1+2+4+8
= 15
by f(15)=1+3+5+15
= 24
f(3)><f(5)=(1+3)><(1+5)
=4 X 6
= 24
f(15) = f(3) X f(5)
c) f(12):1+2+3+4+6+12
= 28
FB) X fA) = (1 +3) X (1 +2+4)
=4 %7
= 28

£(12) = f(3) X f(4)
d) Yes, there are others that will work.
fla) < f(b) = fla X b) whenever a and b have no
common factors other than 1.
13. Answers may vary. For example:

variable
mapping model
algebraic model
range FUNCTION
graphical model
dependent function vertical line
variable notation test
14. K
4
2
X
G219 2 4
-2
._4<
y
6

1-4

The first is not a function because it fails the
vertical line test: D = {xeR|~5 = x = 5}

R = {yeR|-5 =y =5} The second is a function
because it passes the vertical line test:

D= {xeR|-5=sx=5hR= {yeR|0 sy =5}
15. x is a function of y if the graph passes the
horizontal line test. This occurs when any horizontal
line hits the graph at most once.

1.2 Exploring Absolute Value, p. 16

1.|-5| = 5,120] = 20, |— 15} = 15, [12] = 12,
-25] =25

From least to greatest, 5, 12, 15, 20, 25, or | —5|,
|121, | =151, 1201, | — 25|

2.a) |-22] =22
b) —|—35] = ~35
) |5 — 13| = |~ 18]
=18
dy[4 -7 +]|-10+2| =3 +[-8]|
=3+8
=11
-8l . 8
Oy T 4
= -2
f)_“__zz_‘+:_l-_6_:'2_2.+-_}é
|—11]  |-4] 1L 4
=2-4
= =2
3.a) x| >3
b) |x| =8
olx|=1
d) |x| # 5
4. ) g
S10-8-6-4-2 0 2 4 6 810
b) et——t—t— >
—20-16-12 -8 -4 0 4 8 12 16 20

¢) The absolute value of a number is always greater

than or equal to 0. There are no solutions to this

inequality.

d) e—tot—t—t—1+—
-10-8-6-4-2 0 2

S.a){x|=3

b) x| > 2

¢)jx] =2

d) x| <4

i

s e e
4 6 810

Chapter 1: Functions: Characteristics and Properties




.4
6 810 12 14 16

B

a) The graphs are the same.

b) Answers may vary. For example,

X = 8= —{~x + 8),s0 they are negatives of
each other and have the same absolute value.

7.a) = -
“~ ‘/’/
\.\k /,'
b) = —
-
\-.‘ ?,x"
oI 3 pra
. /_,.u-"
“
.,
.
d) - ~
- -
ey 7

8. When the number you are adding or subtracting

is inside the absolute value signs, it moves the
function to the left (when adding) or to the right
(when subtracting) of the origin. When the number
you are adding or subtracting is outside the absolute
value signs, it moves the function down (when
subtracting) or up (when adding) from the origin.
The graph of the function will be the absolute value

Advanced Functions Solutions Manual

function moved to the left 3 units and down 4 units
from the origin.

9. This is the graph of g(x) = x| horizontally
compressed by a factor of } and translated J unit to
the left.

10. This is the graph of g(x) = |x| horizontally
compressed by a factor of §, reflected over the X-axis,
translated 2 units to the right, and translated

3 units up.

1.3 Properties of Graphs
of Functions, pp. 23-25

1. Answers may vary. For example, domain because
most of the parent functions have all real numbers
as a domain.

2. Answers may vary. For example, the end behaviour
because the only two that match are x? and [x].

3. Given the horizontal asymptote, the function
must be derived from 2*. But the asymptote is at

Y = 2, so it must have been translated up two.
Therefore, the function Is flx) = 2% + 2.

4. a) Both functions are odd, but their domains are
different.

b) Both functions have a domain of all real numbers,
but sin (x) has more zeros.

¢) Both functions have a domain of all real numbers,
but different end behaviour.

d) Both functions have a domain of all real numbers,
but different end behaviour.

1-5



S.a) flx) = -4
Jfx) = (o A= 4
—f(~x) = —xt 4
Since f(x) = f(—x). the function is even.
by f(x) =sin(x) +x

f(—x) = gin{(—x) + (—x) = —sin ¥ — X
= —(sin x + ¥) = —flx)
~J(~x) = sinx + ¥
Since f(—x) = —f(x). the function is odd.

, 1
¢ fley =7

) {
Sf(mx) =

X
Since f(—x) = —f(x), the function is odd.
d) flx) = 2+ x

f(—x) = 2(~x) + (~x) = —2x = x

= (20" + x) = —flx)

—f(—x) =2+ x
Since f(—x) = —f(x), the function is odd.
e) flx) =2 —x

fl—x) = 2(—x)y — (—x) = 2x° + x
—f{—x) =~ 2% — X
Since f(—x) # f(x) and f(—x) # —f(x). the
function is neither even nor odd.
£y f(x) = 12x + 3|

F(-x) = |2(—x) + 3 = |—2x + 3|
~f(=x) = |72+ 34
Since f(—x) # f(x) and f(—x) # —f(x), the
function is neither even nor odd.
6. a) | ¢, because it is a measure of distance from a
number
b) sin (x), because the heights are periodic
¢) 2F. because population tends to increase
exponentially
d) v. because there is $1 on the first day, $2 on the
second, $3 on the third, etc.

7.a) f(x) = V x, because the domain of x must be
greater than 0 for the function to be defined and

0y = VO0=0

b) f(x) = sinx, because the function is periodic and
ts at O at 0°. 180°, 360°, 540°, 720°, etc.

¢) f(x) = x* It is even because

F-x) = (—x) =" = flx). The graph of the
function is a smooth curve without any sharp corners.
d) f(x) = x.because y = x in this function and,
therefore, v and x have the same behaviour.

1-6

8.a)f(x) =2 =3

Yy
8.4
6..
4_
2_
X
ELVRRE
__4._
b) g(x) = sin x + 3
y
4«
AN AV,
“_
. X
10 1 4 6
16 — 3x
N hix)=————3=
VA x—35 x =5
Y )
4 |
S
i X
_ O i I’l T
2,0 2 4:1‘@ 8
—4 w;
9, 5 v
) i x
AI-Y—$ 0 T t
12-8-4 9 4 8
,._8.
124y

10. a) The quadratic is a parabola opening upward
with its vertex at (2, 0). Using the vertex form,
the function would be f(x) = (x = 2)%

b) There is not only one function.

3 ,
flx) = l(x — 2y + 1 works as well.

¢) There is more than one function that satisties the
property. f(x) = {x = 2[ + 2 and f(x) = 2}x = 2|
both work.

1L ¥?is a smooth curve, while |x| has a sharp,
pointed corner at (0. 0).

Chapter 1: Functions: Characteristics and Properties




Buneyisp w b= A e x SINOIARYRG pu3
PPO I3lionN AnsunuAg
0o 00 sydansuy- 4
23X
1081 SUON {00} s0137
sajoydwAsy pue
=X S3NURUOISIG
JUON =4 JUON SUON =/ SUON J0 uontero
23y
{1+ ¥p)06
(£ + a%)06) SUON SUON (0 e~ (= '0)(0 "= =) (0 '« —) BUON | aseanaq jo sfersmuy
23y
(g + ¥9)06
L+ p)os) {x =—) (=< '0) (= '0) AUON (= D) {x "~ ) | 3seanu| Jo sjeasmy)
{t= == fo < (0y {o=(xy fo = (x)y {0+ (xy
=00z} A2 ()} R =i = (x =00y} sBuey
{ysx} {0=x gy} urewogq
—
“ 04z ) 06
|
il A A4 yaays
X Us = (x)s
uoRUNy Juasey

1-7

Advanced Functions Solutions Manual



13. 1t is important to name parent functions in order
to classify a wide range of functions according to
similar behaviour and characteristics.

14. %

D = {xeR},R = {f(x)e R}; interval of
increase = (— %, ), no interval of decrease, no
discontinuities, x- and y-intercept at (0, 0), odd,
x =, y— o, and x — =%, y > 7% It is very
similar to f(x) = x. It does not, however, have a
constant slope.

15. No, cos x is a horizontal translation of sin x.
16. The graph can have 0, 1, or 2 zeros.

0 zeros:
N

NY

!
.

H
N,
N

1-8

Mid-Chapter Review, p. 28

1. a) This is a function because every value in the
domain goes to only one value in the range;

D = {0,3,1527} R = {2, 3,4}

b) This is a function because every value in the
domain goes to only one value in the range:

D= {xeR},R = {yeR}

¢) This 1s not a function. It fails the vertical line test:
D={xeR-5=x=5LR= (veR|-5=y=5}
d) This is not a function because 2. in the domain,
goes to both 6 and 7 in the range; D = {1,2, 10},

R ={-1,3.67}

2. a) Yes. Every element in the domain gets sent to
exactly one element in the range.

b)D = {0,1,2,3,4,5,6,7.8.9, 10}

¢) R = {10, 20,25, 30, 35, 40. 45, 504

3.a)D = {xeR}, R = {f(x) =R} function

b)D = {xeR|-3 = x =3},

R = {yeR|-3 =y =3}nota function

D= {xeRx =5 R= {yeRly = 0}: function
d)D = {xeRL,R={yeRly= —2}: function
4.|-3] =3 3] = -3, 5] =504 =4.0] = 0
—13l < 0] < =3 < 4 = 15
5. a) 3%

b) 5%

f
[s+3
|
o
i
P
f
|N
M
N
A—-.
o
m_

) y

!
oo

}
o

1

{
~

[e]
A
F
o
00
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d) y

4

6. a) The graph of f(x) = 2* is not symmetric about
the y-axis nor the origin, and, therefore, is neither
even nor odd. Looking at the graph we notice that
X =% and y — w,

y

4
>

]
o«

I
o~

{
-

i
N

o
[
F-N
o

Y

b) (—=,0) and (0, =) are both intervals of decrease

for the function f(x) = %

34

¢) The function f(x) = /'x must have a domain
greater than or equal to 0 because the square root of
a negative number is undefined.
7. a) f(x) = |2x]
f=x) = 12(=x)| = |2x] = f(x)
Since f(x) = f(—x), the function is even.
b) f(x) = (—x)?
A=) = (= (=2 = &% = (—x)? = f(x)
Since f(x) = f(—x), the function is even.
o)flx) =x +4
f(mx)=(-x)+4 =~y + 4
Since f(x) # f(~x) and f(x) # —f(x), the function
is neither odd nor even.

Advanced Functions Solutions Manual

d) flx) = dx + 3¢ ~ |
fl=x) =4(~x) + 3(~x)* - 1
= —dx’ - 33—
Since f(x) # f(~x) and f(x) # ~f(x), the function
is neither odd nor even.

8.2) This is f(x) = " translated right | and up 3,
discontinuous '

124
8

'
1
(--—._\4“ :
+
]
i
¥
1

T T

-12-8-4 0

1]+ 82
-8
~12

b) This is f(x) = sin x translated down 2; continuous

44y
2
{
MW
—~4 L

¢) This is f(x) = 2 translated down 10; continuous

1y ES 4

8_

4_ .

_hl.‘—l‘_l O H

12-8 4_4_/4
=T

9. Ay

X
8 12

1-9



1.4 Sketching Graphs of Functions,
pp. 35-37

1. a) translation 1 unit down

b) horizontal compression by a factor of L
translation 1 unit right

¢) reflection over the x-axis, translation 2 units up,
translation 3 units nght

d) reflection over the -axis. vertical stretch by a
tactor of 2, horizontal compression by a factor of H
¢) reflection over the x-axis. translation 3 units down,
retlection over the v-axis, ranslation 2 units left

f) vertical compression by a factor of 4, translation
6 units up, horizontal stretch by a factor of 4,
transtation 5 units right

2. a) Representing the reflection in the x-axis:

a = — 1, representing the horizontal stretch by a
factor of 2: k = %, representing the horizontal
translation: o = 0. representing the vertical
transiation 3 units up: ¢ = 3. The function is

y = —sin (k) + 3.

b) Representing the amplitude: a = 3. representing
the horizontal stretch by a factor of 2: k =1
representing the horizontal translation: d = 0,
representing the vertical transiation 3 units down:
¢ = —2.The function is y = 3 sin (3x) ~ 2.

3. Consider the transformations of f(x): horizontal
compression by a tactor of L. vertical stretch by a
factor of 2. reflection across the x-axis, horizontal
translation 5 units left, and vertical translation 4 units
down. These wransformations take (2, 3yt (L 3).

(1,6), (1, —6). (—4. —6),and finally to (—4, — 10).

4. a) Each y-coordinate gets multiplied by 2. (2,6),
(4. 14). (—2,10), (-4, 12)

b) Each r-coordinate gets increased by 3.(5.3),
(7.7). (1.3), (—1.6)

¢) Each y-coordinate gets increased by 2. (2.5),
(4.9), (=2.7). (—4.8)

d) Each x-coordinate gets decreased by 1. and each
y-coordinate gets decreased by 3. (1,0), (3, 4).
(—3.2),(—=5.3)

e) The points are reflected across the y-axis, o

for x-coordinates that differ in sign switch the
y-coordinates. (2.5), (4.6). (—2,3), (4 7)

f) The x-coordinates are reduced by a factor of L
and the v-coordinates are decreased by 1. (1. 2),
(2,6). (—1,4). (=2.5)

1-10

5. a) f(x) = x*, ranslated left |

S0 733
._2«

=)

b) f(x) = |x|, vertical stretch by 2

¢) f(x) = sin(x), horizontal compression of
translation up 1

10
1))

~ -

-3 -

d) f(x) = % translation up 3

ya
T T

~3-2 —’1_& 123

e) f(x) = 2%, horizontal stretch by 2
4Ny
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f) f(x) = V', horizontal compression by §,
translation right 6

44y

X
8 10 |

EHERE:
6.2) D = {xeR},R = {f(x) eR|f(x) = 0}

b) D = {xeRL R = {f(x) e RIf(x) = 0}

¢) D= {xeR},R = {f(x)eR|0 = f(x) = 2}
d)D = {xeRx #0},R = {fx)eR[f(x) # 3}
) D = {reR}, R = {f(x) RIf(x) > 0}

) D = {xeRjx =6}, R = {f(x)eR|f(x) = 0}
7. a) 1247

i A
e
bl
!

[v . B8
|

-
<
-
m_.

12

A4

b) The domain remains unchanged at D = {x R}.
The range must now be less than 4

R = {flx)eR[f(x) < 4}. It changes from
increasing on (—%, %) to decreasing on (— =%, »),
The end behaviour becomes as x — — w,y—4, and
aS X —> Xy -3 — 0,

€) g(x) = ~2(2% D 4 gy
8.v=-3Vx-35

Y

X
6 810 12 14

9.2) (1,8) > (1 + 2,8 x 3) = (3,24)
b) (1,8)~—>(%(1) ~ 1,8 - 4) = (~0.5,4)

¢) (1,8)—»(:%,8(2) - 7) = (~1,9)

d) (1,8)»+G(1) ~ 1.8 x -1) = (~0.75, -8)

Advanced Functions Solutions Manual

e) (1,8)-—»(:11—,8 x ~1,) = (=1.-8)

f (1,8)~>((~)—1§(1) ~3.0.5(8) + 3) = (~1,7)

10.a) g(x) = Vi ~ 2

D= {xeRlx=2},R = {g(v) e Rlg(x) = 0}
by h(x) =2V =1 +4
D={xeRlx=1},R = {h(x)eRlh(x) = 4}
S k(x)y =V —x+1

D={xeR{x =0}, R = {k(x)eRlk(x) = 1}
D = {xeRx =5} R = {j(x)eR|j(x) = -3}
Iy = 5(x* — 3) is the same as y = 5x? — [5.
not y = 5x? — 3,

12, S
-
b ]
4
5] 8lx)
X
Y N IRE
fx)

13. a) a vertical stretch by a factor of 4

b) a horizontal compression by a factor of 5
€) (2x)7 = 2%?% = 47

14. Answers may vary. For example:

horizontal stretch or compression,
based on value of &

vertical stretch or compression, based
on value of a

reflection in v-axis if @ < O:
reflection in y-axis if k < ()
1

, horizontal translation, based on

value of ¢

—

vertical translation, based on
value of ¢

-11



15. The new y-coordinate was produced by
translating down 4 after a stretch by a factor of 2.
To go backwards, we must translate up 4, which
takes the 6 to 10, and then compress by a factor of
L, which takes 10 to 5. The new x-coordinate was
produced by translating left 1 unit. To go backwards,
we translate right | unit, so 3 becomes 4. The original
point is (4,5).

16. a) horizontal compression by a factor of 3,
translation 2 units to the left

b) Because they are equivalent expressions:

3(x +2)=3xc+6

C) NY

W X

i
[=]

{
.

|
.

o
N

1.5 Inverse Relations, pp. 43-45

1.a) (5,2)

b) (—6, ~5)

¢) (—8,4)

d) f(1) =2 (1,2)

So, (2, 1) is on the inverse.
e)g(—3)=0-(-3 0)

So, (0,—3) is on the inverse.

£) h(0) = 7—(0,7)

So, (7, 0) is on the inverse.

2. The domain and the range of the original
functions are switched for the inverses.
a)D = {xeR},R = {yeR}

b)D = {xeR},R = {yeR]y = 2}

) D= {xeRjx<2},R= {yeR|y = =5}
d)D = {xeR|-5<x <10}, R = {yeR]y < -2}
3. Function A: y = x — 2

The inverse of function A is:

1
x=;y—2

1
2=z
9 2y

2x +4 =y

Functions A and D match.
Function B: y = x* + 2 forx =0
The inverse of function E is:
x=y 2

x-2=y

Vx = 2=y, wherex =2

1-12

Functions B and F match.

Function C; y = (x + 3)* where x = —3
The inverse of function F is:

x=(y +3)

Vi=y+3

Vi=3=y

Functions C and E match.

4.a) (4, 129)

b) (129, 4)

D = {xeR},R = {yeR}
dD={xeR},R= {veR}

e) Yes; it passes the vertical line test.
5.a) (4, 248)

b) (248, 4)

D= {xeR}lL,R={yeR|y= — 8}
D= {xeRjx= -8}, R= {yeR}

¢) No; (248, 4) and (248,—4) are both on the
inverse relation.

6. a) Not a function

b) Not a function

27T<
T

NY
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d) Not a function

\-l ..l 0 ¥ T
4-20 4

P I

9
7.a)F=§C+32

9
F—32=-C
5

5
_ — 9] = )
9(F 32y=C

C=3(F~- 32); this allows you to convert from
Fahrenheit to Celsius.

YIS +T1
J =2

6
2 = 2
16 = 8k
k=2
10. h(x) = 2x + 7
A=t (x):
x=2y+7
x =7
5 T
o x =7
() =
a)h(3)=203)+7 =13
b) h(9) = 2(9) + 7 = 25
h(9) - h(3) 2513 -

0 T3 6
b) F=-C + 32 3 ~
5 d)h~'(3):~;-z:-~,,~4:—2
9 e A
F=—=(20) +32=136 + 32 = 68 9 _
5(20) e)h""(9):-2~l=§:1
5
Cna(F“ 32) f)/1*1(9) ~h'(3) 1 (=2) 31
9 -3 B 6 6 2

11. No; several students could have the same

5 5
€ = 5(68 = 32) = £(36) = 20

20°C = 68 °F

8.a)A = 7r?
A
Lo
™

A
A
T

A .
ro= ;T—: this can be used to determine the

radius of a circle when its area is known,
byA = 71’ = m(5) = 25

2 —
A B
T T
A=2mrem’r=5cm
9. v=kx* -1
r=ky' -1
X+ 1= ky
yx +1
k y
. :3x+1
Uy =
x +
fras) = JE <

Advanced Functions Solutions Manual

grade point average.
12.a) f(x) = 3x + 4

x=3y+4
X —4 =3y
x—-4

3 Ty

I = x4

b) A(x) = —x
x= -y
—x =y
h ' (x) = —x
¢) glx)=ux'—1
x=y -1
X+ 1=y
Vi + 1 = v
g x)=Vrx+1
d) m(x) = ~2(x + 5)
x = -2y +5)
X
*_‘2:y+5
Qg-S =y

m~'(x) = ~5ZE -5

113



13.a) g(x) = H(x — 3P 41
v=4(y -3y + 1

(v - 3)

b) e =

d) The points of intersection are approximately
(2.20, 3.55), (2.40, 2.40), (3.55. 2.20), and
(3.84, 3.84).

Inkersection -
H=3 B430P03 L¥=3. 8430702 .

Intersection
¥=2.z01HEMY L¥=3.CUBINEE L}

geki
#=2.M069287 L¥=z2.4069297 .

terseckion
% EYRLHES Y22 201BE4Y .

SNV

In
“=

e) x = 3 because a negative square root is undefined.
f) g(2) = 5, but g7'(5) = 2or 4; the inverse is not
a function if this is the domain of g.

1-14

14.Fory = —Vx + 2,D = {xeRlx = -2} and
R = {yeR|y =0} Fory = ~2D= {xeR}
and R = {veR]y = ~2}. The student would be
correct if the domain of y = x* =~ 21is restricted to
D = {reR|x = 0}.

15. Yes: the inverse of v = V¥ + 2isy = ¥ = 2,
so long as the domain of this second function is
restricted to D = {xe Rjx = O}

16. John is correct.
3 3

Algebraic: y = % + 2y — 2= a—: Hy —2)= xh
x = Vi(y - 2).

_ 4 64
Numeric: Letx = 4.y = — + 2= —— + 2

; 4 4

62 =18k = VA(y —2) = VA(IZ-2)
VA(16) = V64 = 4.
Graphical:
&Y
44

i

o
g
o

L6 ...& 0

2- /
X
6420 h 4 6

The graphs are reflections over the line v = x.
17. f(x) = k — x works for all keR.

v==k-—-x
Switch variables and solve for y: x = k — ¥
y=k—x
So the function is its own inverse.
18. If a horizontal line hits the function in two
locations, that means there are two points with
equal y-values and different x-values. When the
function is reflected over the line y = x to find
the inverse relation, those two points become
points with equal v-values and different y-values,
thus violating the definition of a function.
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1.6 Piecewise Functions, pp. 51-53 b 37
1. a) vV 4
64 2] kj X
4 ~6-4-2W a2 4 ¢
< ald
X ~4
-6-4-29 2 4 ¢ 64
~:~ 2. a) Discontinuous at x = |
A b) Discontinuous at x = 0
b) 5 ¢) Discontinuous at x = -2
6 d) Continuous
4 ¢) Discontinuous at x = 4
f) Discontinuous at x = | and x =
X 3. a) The function changes at x = [. When x = |,
~6-4-20 3 4 6 the function is a parabola represented by the
=21 equation y = x> — 2. When x > 1. it is a line
—4 represented by the equation y = ¢ + 1.
-6 oo {x2~2,ifx51
T =+ Lt = 1
<) Ny b) The function changes at x = 1. When x < |_ the
6 function is an absolute value function represented
47 by the equation y = {x|. When x = L, it is a radical
4 x function represented by the equation y = V.
—6 -4 -2 2 4 6 S T R
] Sty = {\/iifx =1
>4 4.2) D = {xeR}; the function is discontinuous at
=67 x = 1,
- b) D = {xeR}: the function is continuous.
@ Y S.a)
6 : y
4 67
4
N — g
-6-4-29 % 1 § o
=24 -6-4-29 2 4 ¢
—4
-6 —4
4 -6
e) y
324 The function is discontinuous at x = — 1.
24 D = {xeR}
16- R ={2,3}
8-
5 X
_BQ 4 38

Advanced Functions Solutions Manual 1-15



b)

61y
4]
2-
X
-6 —4 —2_20_ 2 4 6
4.4
_6_
The function is continuous.
D = {xeR}
R :) {f(x) e RIf(x) = 0}
C

~124

The function is continuous.

D = {xeR}

R = {f(x)eR[f(x) = 1}
d) y

12

8_

4-/"""—7

-—
T T T T

2-8-40 4 812
..8_‘

~124

The function is continuous.
D = {xeR}
R = {f(x)eR|1 = f(x) = 5}
6. There is a flat fee of $15 for the first 500 minutes
which is represented by the top equation. Over
500 minutes results in a rate represented by the
bottom equation.
. 15,if 0 = x = 500
Jo = {15 + 0.02x, if x = 500
7.
0.35x, if 0 = x = 100 000
0.45x — 10000, if 100 000 < x = 500 000
0.55x — 60000, if x > 500 000
8. In order for the function to be continuous the two
pieces must have the same value for x = — L.
1—k=-2-1lok=4

flx) =

1-16

Y
10
8-
6_
4-
2..
P X
3N T 23 45
-4
9.a
) 7Oj\y
60 -
50
40‘ /
30 1
20 4
10
X
0 T H t 1 >

0O 2 4 6 8 1b
b) The function is discontinuous at x = 6.
c)2° — (4x + B)atx = 6
20 — (4(6) + 8) = 64 — 32 = 32 fish
d) Using the function that represents the time after
the spill, 4x + 8 = 64; 4x = 56, x = 14
e) Answers may vary. For example: three possible
events are environmental changes, introduction of a
new predator, and increased fishing.
10. Answers may vary. For example:

Plot the function for the left interval.

\

Plot the function for the right interval.

/

Determine if the plots for the left and
right intervals meet at the x-value
that serves as the common endpoint
for the intervals; if so, the function is
continuous at this point.

/

Determine continuity for the two
intervals using standard methods.
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x+3ifx= -3
~x = 3ifx < -3

1L f(x) = |x + 3| = {

B

12. The function is discontinuous at p = 0Oand
p = 15; continuous at 0 < p < 15 and p > 15.

0,if 0<x< 10
10,if 10 = x < 20

13. f(x) = § 20,if 20 < x < 30
30,if 30 = x < 40

40,if 40 = x < 50

SO:M,

40 —
30 - —
20 Qe

10 1 @)

o
0 10 20 30 40 50 60

[t is often referred to as a step function because the
graph looks like steps.

14. To make the first two pieces continuous,
5(=1)=-~1+ksok=—4 Butif k = —4, the
graph is discontinuous at x = 3.

15.
637 -1}
-G
4 -
-
24 e
-0 X
-6 —4 —%-Q 2 4 6
[}
=0 —4
-
[ & —'6q/

16. Answers may vary. For example:
x + 3ifx <~
a)flx)=¢ F+Lif-1=y=2
Vx + 1ifx > 2

Advanced Functions Solutions Manual

b) v

5-

4_

34 /
- 2d ~

gla 2-1017 1 3
....‘l "
¢) The function is not continuous. The last two
pieces do not have the same value for x = 2.
x+3ifx < —1
dDfx)=¢ ¥+ 1if—-1=x=<1
Vi + Lifx > 1

1.7 Exploring Operations
with Functions, pp. 56-57

L. a) Add y-coordinates for the same x-coordinates
of fand g.

fH8={(~4,6),(~2.5).(1,5). (4. 10)}

b) Subtract the y-coordinate of g from the
v-coordinate of f for the same x-coordinates of fand g.
f8={(-4.2),(-2.3), (1, 1), (4.2)}

¢) Subtract the y-coordinate of f trom the
y-coordinate of g for the same x-coordinates of fand g.
8= f={(=4-2),(=2,-3), (1,~1), (4,-2)}

d) Multiply y-coordinates for the same
x-coordinates of f'and g.

fo = {(=4.8), (=2,4), (1.6), (4, 24)}

2.a) y

81

Y >

i
00

!
0\_

|

I
.y

o
Ao
g
@_
]

b) y

A
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3. a)

b)

4. a)

b)

f

5.a) h(x)

flx)y + g(x)

=+ (—x7)

1-18

y
8—4
6_.
4_
2‘“
B X
G i9 1468
_4..
...6_
_..8_.
b) p(x) = m(x) — n(x)
= x? = (~Tx + 12)
=xt 4 Tx — 12
NY
300+
250+
200
150+
1004
50+
P X
" 1 _ i \'0’ H T
0 -0 w0 20
¢) r{x) = s(x) + t(x)
= |x| +2
40047
3001
2004
100+
\ ) Xi
e0 -40 -20 9 20
~1004
d) a(x) = b(x) X c(x)
= x X x°
== yt3
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NY

=

6. a)-b) Answers may vary. For example, properties
of the original graphs such as intercepts and sign at
various values of the independent variable figure
prominently in the shape of the new function.

7. a) 1

b) [ T #x0 [ 900 [him = fir) % g0
-3 11 7 77
=2 6 | 2 12
- 3 -3
0 2 -2 -4
i 3] -3
2 6 2 12
3 i 7 77

¢)

10-

8_

6_
4_
2..

X|
-4 32 qu_jz 3
y

b)

x| fx) | gl LR = fx) x glx)
-3 0 |-4 O
~2 |1 1
-1 2 4 8
0 3 5 15
1 4 4 16
2 5 1 5
3 6 | -4 ~24
C) Y
15
5
X
[~ T L] v T T T T 7
-4-3-2-1.0 1 2\ 3 4
-10

d) A(x) = (x + 3)(—x + 5)

= ' = 3x? + Sy + 15; degree is 3

e) D = {xeR}: this is the same as the domain of
both fand g.

8.a)

EEEAF SN

—d
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d) h(x) = (" +2)(x ~ 2) = ¥ — 4 degree is 4
e)D = {xeR}

Chapter Review, pp. 60-61

L. a) This is a function; D = {re R}:R = {yeR}
b) This is a function; D = {xe R}

R = {yeR|y < 3}

¢) This is not a function; D = freR-1l=x=1}
R = {yeR}

d) This is a function; D = {xeRjx >0}

R = {yeR}

2.a) C(t) = 30 + 0.02¢

b)D = {teRft = 0};R = {C(r)eRIC(t) = 30}
3.D = {xeR}: R = {f(x)eR|f(x) = 1}

7

LT

a

4. The number line has open circles at 2 and — 2.

[x| =<2

5. a) Both functions have a domain of all real
numbers, but the ranges differ.

b) Both functions are odd but have different
domains.

¢) Both functions have the same domain and range,
but x* is smooth and | x| has a sharp corner at (0, 0).



d) Both functions are increasing on the entire b) Parent: y = Vx; compressed vertically by a
real line, but 2* has a horizontal asymptote while x factor of 0.25, reflected across the x-axis,

does not. compressed horizontally by a factor of 4, and
6. a) Ky translated left 7
12 37
9 24
6 P S
4 r2-g e g 1)
IS VARSEN S ~4
-4-3-2-18 1 23 4 \
—6 ¢) Parent: y = sin x; reflected across the x-axis,
—9. expanded vertically by a factor of 2, compressed
—124 horizontally by a factor of ! translated up by |
\Y
Increasing on (— %, ©); odd; D = {xeR}; 67
R = {f(x) R} A
b) Ny lv \
8 270" -96:0[VooV 2Y0°
6 4
_ 6]
X
420 2 4 d) Parent: y = 2% reflected across the y-axis,
~27 compressed horizontally by a factor of 1, and

translated down by 3.
34

Decreasing on (—, 0); increasing on (0, =); even;
D = xeREL R = {f(x) e R[f(x) = 2}

<) 3% =

Increasing on (— 2, =); neither even nor odd;
D = {xeR}: R = {f(x) eR{f(x) > ~ 1}

7. a) Parent: y = |x|; translated lett 1 e
4 6 8
64y
4]
24
X
N _' —l O 1 1 1
6-4-29 2 46
—4]
-6
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R
9.2) (2, 1)~«>(:f7, -1 + z) = (~2.1)

b) (2. 1)~,<u31-(2) 9.1 - 7) = (=10, -6)

(2 )= (2+2.1+2)=(4,3)

d) (2,1) — @»(2) + 3, 0.3(1)) = (%? ().3)

& (2= (=241, =1 +1)=(=1,0)

f) (2,1)-»(%(2) 8 -1 1) = (9, ~1)

10.a) (1.2) - (2, 1)

b) (=1,-9)— (-9,~1)

¢) (0,7)— (7.0)

d) f(5) =7--(5,7)

S0.(7, 5) is on the inverse.

e) g(0) = =3 (0,-3)

So. (~3.0) is on the inverse.

B h(l) = 10— (1,10)

So. (10, 1) is on the inverse.

1. The domain and the range of the original
functions are switched for the inverses.
a)D = {xeR[-2<x <2}, R = {yeR}
b)D = {xeRlx < [2},R = {veRly =7}
12. a) The inverse relation is not a function.

Y

I

Lad

i

—

i

SR S
.~ e
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x ~1

5=y
o X =1
Fim =
b) g(x) = x*
x =y
Vi =y
g7 (x) = Vi
14- y
12-
8._
4_

12

The function is continuous; D = {xeR},
R = {yeR}
- Lifx=2

3x
15 f(x) = { ~x,ifx > 72’

The function is discontinuous at x = 2.

16. In order for f(x) to be continuous at x = 1, the
two pieces must have the same value when x = 1.
Whenx = 1.x* + 1 = 2, and 3x = 3. The two
pieces are not equal when x = 1, so the function is
not continuous at x = 1.

17. a) For any number of minutes up to 200, the
cost is $30. For any number above 200 minutes, the
charge is $30 plus $0.03 per minute above 200.

30 + 0.03(x ~ 200) = 30 + 0.03x — 6

=24 + 0.03x

o { 30,if x = 200
= 94 4 003 if e > 200

b) 24 + 0.03(350) = $34.50

¢) 180 < 200, so the cost is $30.

18. a) For x-coordinates that fand g have in
common, add the corresponding y-coordinates.
f+g=1{(17),(415)

b) For x-coordinates that f and ¢ have in common,
subtract the corresponding y-coordinates.
f-= 8= {(17 1), (4> —1)}

¢) For x-coordinates that f and g have in common,
multiply the corresponding y-coordinates.

fg = {(1,12), (4,56)}
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19. a) 7 y

d
w O
| —
3
s
S O
I |
>

6‘ T T 1 T T
-4 -3-2-10

N 1.0 34
] ~100

< : . Al ~150-

-4 -2 _20_ 2 4 5004

20. f(x) = x* + 2. g(x) = x + 1

b) N y Af(x) +glx)=x" +2x +x+ 1
="+ 3x + 1
& X B f(x) — glx) =< +2x = (x+ 1)
IO 2 4 ex1
—4- Cglx) — flx) =x+1 - (x+2x)
-8 = -yt - v+l
=124 D flx) ¥ g(x) = (¥ +20)(x + 1)
-16 = x4 3t + 2
a)D
oy f+g =2 — 2+ (—dx) b) C
= 27— by, ~2 = x = A
y 4B
16 2L 3 |2 R 2
124 f(x) —9 1 0 3 16
8 gix) 9 7 6 5 4
. . (f+g)x) | O 8 8 20
21 N2 4 b)—c)
df—-g~ 2% = 2x — (—4x)
=2 + 2y, ~2=x =3
34
244 :
20+
16
12
8-
N Y . | T
\ . . d) (f+g)(x) =y + 1+ (—x + 6)
-1 _40_ ! 2 =x' 427 —x + 6
_g- ¢) Answers may vary. For example, (0, 0) belongs
to f, (0, 6) belongs to g, and (0, 6) belongs to f + &.

Also, (1, 3) belongs to f, (1, 5) belongs to g. and

L 9 A ,) . o
€) fg = (2 = 20 () (1.8) belongs to f + g

jeted *8,\‘} + le, “Z =X = 3
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Chapter Self-Test, p. 62

L. a) Yes. It passes the vertical line test.
b)D = {xeR}:R = {yeR]y = 0}

2. a) f(x) = x”or f(x) = |x|

b) PY4

or 1%

¢) The graph was transiated 2 units down.

3 A=x) = 3(=0)| + (—x) = |3x] + &% = f(x)
4. 2" has a horizontal asymptote while x? does not.
The range of 2' is {ye R]y > 0} while the range

of x'is {ye Ry = 0}. 2% is increasing on the whole
real line and x” has an interval of decrease and an
interval of increase.

5. retlection over the x-axis, translation down

5 units, translation left 3 units

y

A
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6. horizontal stretch by a factor of 2, translation | unit
up; f(x) = [Sx| + 1

7.a) (3,5) > (=3,—1, 5(3) +2) = (~-4,17)

b) (3,5)— (5,3)

8. flx) = =2(x + 1)
X ==2(y+1)
—§:y+l
X
fHo =31

9. a) 0.12(125000) ~ 6000 = $9000

0.05x. if ¥ = 50 000
b) f(x) = {o.sz ~ 6.000,if x > 50000
10. a) %

8

6

4

b) f(x) is discontinuous at x = 0 because the two
pieces do not have the same value when y = 0.
Whenx = 0,2+ 1 = 2and Vi + 3 = 3.

¢) intervals of increase: (—.0), (0, %): no
intervals of decrease

d)D = {xeR} R = {yeR|( < y<2ory =3l

1-23






CHAPTER 2
Functions: Understanding
Rates of Change

Getting Started, p. 66

1. The slope between two points can be found by
. . A
dividing the change in y by the change in x, =4
Ax
7-3 4
a) -—— = —

5-2 3

5-(=1)_ 6

DTy T

2. a) ~1-1=-2
—5—(=1)= -4

=13~ (~5)= -8
=29 - (-13) = —16
—61 ~ (—29) = -32
Each successive first difference is 2 times the
previous first difference. The function is
exponential.
b) First differences
11-0=11
28—-11 =17
51 — 28 =23
80 — 51 =29
115 - 80 = 35
Second differences
17-1 =6
23-17 =6
29 -23 =6
35-29=6
The second differences are constant so the function
is quadratic.
3a)0=2x~-x -6
0= (2x + 3)(x —2)
O0=2x+3and0 =x — 2
0-3=2x+3-3

-3 =2

3...

5 =X
0+2=x~-2+2

2=x
The zeros are —3 and 2.
b) 0=2-1
0+1=2"-1+1

1 =2"
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Any non-zero number raised to the exponent of 0 is

1, s0x = 0.

¢) 0 = sin (x ~ 45°),0° = x = 36(0°

sin (0%), sin (180°), and sin (360°) = 0.

0% = x — 45° 180° = x — 45° and 360° = ¢ — 45°
0° + 45° = x — 45° + 45°

45° = x

180° + 45° = x — 45° + 45°
225° =

360° + 45° = x — 45° + 45°
405° = x

Because 0° = x = 360°, 405° cannot be a zero. The
zeros are 45° and 225°.
d) 0 = 2 cos (x)

0 = cos (x)
For —360° = x = 0°. cos (—90°) = 0 and
cos (—270%) = 0.
The zeros are —90° and —270°.
4. a) f(x) is compressed vertically by a factor of 1,
b) f(x) is stretched vertically by a factor of 2 and
translated right 4 units.
¢) f(x) is stretched vertically by a factor of 3.
reflected in the x-axis, and translated up 7 units.
d) f(x) is stretched vertically by a factor of 5,
translated right 3 units, and translated down 2 units.
5.a) $1000 is P. 8% or 0.08 isi. 1 + iis 1.08.
nist. A = P(1 + {)" becomes A = 1000(1.08)
b) ris 3, A = 1000(1.08)° or $1259.71
¢) No, since the interest is compounded each year
you earn more interest than the previous year. The
interest earns interest.
6.a) y = sin x is a maximum at 90° so 15° = 9(°
orf=6.
h(6) = 8 + 7sin (15° X 6). h(6) = 15 m. v =sin x
is @ minimum at 270° so 15° = 270° ort = 18.
h(18) = 8 + 7sin (15° % 18). h(18) = | m.
b) The period of y = sin x is 360°.
15% = 360°ort = 24s.
€}t =30.h(30) = 8 + Tsin (15° x 30).
A(30) = 15m.

2-1



Linear relations
constant;
same as slope of line;

can be positive, negative, or

Nonlinear relations
variable;

0 for different
parts of the
same relation

positive for lines
that slope up from Rates of Change
left to right;

negative for lines that stope
down from left to right;
0 for horizontal lines.

Lesson 2.1 Determining Average
Rate of Change, pp. 76-78

1. The average rate of change is equal to the change
in y divided by the change in x.

=64 — 20+ 1
= 45
g(2) = 4(2) = 5(2) + 1
=16 - 10+ 1
= 7
. 45 -7
Average rate of change = . =19
b) g(3) = 4(3)° =~ 5(3) + |
=36 - 15+1
=22
g(2) =7
. 2 -7
Average rate of change = R 15
) g(2.5) = 4(2.5)" — 5(2.5) + 1
=25 - 125+ 1
= 13.5
g2y =17
e ) s -7
Average rate of change = EX I 13
d) g(2.25) = 4(2.25) — 5(225) + 1
=20.25 - 11.25 + 1
= 10
g(2) =7
, . -7
Average rate of change = a5 o 12
e)g(2.1) = 2.1y = 5(2.1) + 1
= 1764 — 105 + 1
= 8.14
g(2y =17
. .14 -7
Average rate of change = = T = 11.4

£) g(2.01) = 4(2.01)* = 5(201) + |
= 16.1604 — 10.05 + 1
= 7.1104

g(2) =17

2-2

\ver: '  ch _’7.11()4“7*“()4
Average rate of change = sol — 5 T b
2. a) i) According to the table, the height at ¢ = 2 is
42.00 m and the height at 1 = 1 is 27.00 m.
42 ~ 27
2 -1
ii) According to the table, the height at r = 4 is
42.00 and ¢t = 315 47.00 m.
42 -47
i3 - =3 m/s
b) The flare is gaining height at 15 m/s and then
loses height at 5 m/s.
3. f(x) is always increasing at a constant rate. g(x)
is decreasing on (— ¢, 0) and increasing on (0, <),
so the rate of change is not constant.

= 15m/s

4. a) Ist half hour: 76 -0 352 people/h
0.5 -0
745 —
2nd half hour: %-_%)_75{1 = ]38 people/h
QR — 7
3rd half hour: ?—i}—»:—i% = 286 people/h
shhalfhour D278 g neaple/h
Co20-15 0 T !
5th half hour: 432 A0 60 people/h
25-20
6th half hour: 45 2 —34 people/h
‘ 30125 T '

b) the rate of growth of the crowd at the rally

¢) A positive rate of growth indicates that
people were arriving at the rally. A negative rate
of growth indicates that people were leaving
the rally.

203 - 0
5.a) Day 1t 1= = 203 km/day

396 — 203

Day 2: =TT - 193 km/day
561 — 396

Day 3: —————— = 165 km/day

3~2 ’

739.5 — 561 .

Day 4: -—E’:‘a——‘ = 178.5 km/day
958 — 739.5 :

Day 5: ——"—Tgl—ﬂ— = 218.5 km/day
1104 — 958

Day 6: e ls = 146 km/day

b) No; some days the distance travelled was greater
than others.
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6. The function is j(r)

rate of change find ‘_Z\T‘ The rate of change from

4x. To tind the average

X =2t0x=6Iis
f(6) = f(2)
62
_46) —4(2)
=
24 - ¥
62
16
=" 4
The rate of change from 2 to 26 is:
f(26) — f(2)
26 — 2
L 4(26) - 42)

The average rate of change is always 4 because the
function is linear, with a slope ot 4.
7. For any amount of time up to and including
250 minutes, the monthly charge is $39, therefore
the rate of change is O for that interval. After
250 minutes the rate of change is a constant
10 cents per minute. The rate is not constant.
8. a) Find the ordered pairs for the intervals given.
Interval i): (20, 20) and (0, 5)
Interval ii): (40, 80) and (20, 20)
Interval ii1): (60, 320) and (40, 80)
Interval iv): (60, 320) and (0, 5)
Use this information to find the change in
population over the change in time.

-5 15

- 7
i) 0-0 59 3" 50 people per year
80 —20 60
ii) 0-30 %" 3 or 3000 people per year
320 - 80 240
30 _ ) 5
iti) o0 0 = 12 or 12 000 people per year
320-5 315
iv) = — = 5.25 or 5250 people per year

60 —~ 0 60
b) No; the rate of growth increases as the time
ncreases.
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¢) Assume that the growth continues to follow this
pattern and that the population will be 5 120 000
people in 2050.
9. The function is h(r) = 18t — 0.8¢. The average
rate of change is AZL[Q for the interval 10 = ¢ < 15.
Ah(t) _ h(15) = h(10)
Ar 15 - 10
_I8(15) = 0.8(15)" — (18(10) ~ 0.8(10))

15 - 10
90 ~ 100
15 - 10

= ~2m/s
10. a) The function is
P(s) = —0.30s> + 3.5¢ + 11.5

. . AP
The average rate of change is — N

P(2) - P(1
pHE T
P(2) = =03(2)* + 3.5(2) + 1115
= 16.95
P(1) = =03(1)* + 3.5(1) + 11.15
= 14.35
P(2) = P(1) 1695 — 14.35
2-1  2-1
= 2.6
$2.60 per sweatshirt
i) P(3) = —0.3(3) + 3.5(3) + LLI5
= 18.95
P(2) = 16.95
P(3) = P(2) 1895 ~ 16.95
3-2 32
= 2

$2.00 per sweatshirt
iii) P(4) = ~03(4)" + 3.5(4) + 11.15

i

= 20.35
P(3) = 18.95
P(4) = P(3) 2035 — 18.95
4-3 43
= 1.4

$1.40 per sweatshirt
iv) P(5) = —0.3(5)" + 3.5(5) + 11.15

=21.15
P(5) = P(4) 2115 — 20.35
S—4 54
= 0.8

$0.80 per sweatshirt



b) The rate of change is still positive, but it is
decreasing. This means that the profit is still
increasing, but at a decreasing rate.

¢) No; after 6000 sweatshirts are sold, the rate of
change becomes negative. This means that the profit
begins to decrease after 6000 sweatshirts are sold.
11. 2) l

‘—-"d'f’r

b) If we were to find the average rate of change of an
interval that is farther in the future, such as
2025-2050 instead of 2010-2013, the average rate of
change would be greater. The graph indicates that the
change in population increases as time increases. The
graph is getting steeper as the values of t increase.

¢) The function is P(r) = 50 + 1000t + 20 000.

The average rate of change is AP

At
i) P(10) = 50(10)* + 1000(10) + 20000
= 35000
P(0) = 50(0)* + 1000(0) + 20 000
= 20000
P(10) — P(0) _ 35000 — 20 000
-0  10-0 |
= 1500 people per year
ii) P(12) = 50(12)* + 1000(12) + 20000
= 39200
P(2) = 50(2)* + 1000(2) + 20 000
= 22200
P(12) — P(2) _ 39200 — 22200
-2 12 -2
= 1700 people per year
iii) P(15) = 50(15)* + 1000(15) + 20 000
= 46 250
P(5) = 50(5)* + 1000(5) + 20000
= 26250
P(15) — P(5) 46250 — 26250
15-5 15 -3
= 2000 people per year
iv) P(20) = 50(20)* + 1000(20) + 20 000
= 60 000

P(10) = 35000
P(20) — P(10) 60000 — 35 000
20 - 10 20 - 10
2500 people per year
d) The prediction was correct.

i

2-4

12. Answers may vary. For example:

a) Someone might calculate the average increase in
the price of gasoline over time. One might calculate
the average decrease in the price of computers over
time.

b) An average rate ot change would be useful when
there are several different rates of change over a
specific interval.

¢) The average rate of change is found by taking the
change in v for the specified interval and dividing it
by the change in x over that same interval.

13. The car’s starting value is $23 500. After 8 years
the car is only worth $8750.

The average rate of change in the value of the car is

8750 — 23500 14750
8 -0 8
= ~ 1843.75.

The value of the car decreases. on average, by
$1843.75 per year. As a percent of the car’s original
value, this is 222 x 100, or 7.8% decrease, or
—~7.8%

14. Answers may vary. For example:

AVERAGE RATE OF CHANGE
Definition | Personal example Visual representation
in your I record the y Average
ownwords | nymber of miles | o rateof
the change run each week o change = Ax
in one versus the week .
. Ay
quantity number. Then, | '
divided by can calculate the
the change averagerateof | | toitooC
. . Ax
in a related change in the L ;
quantity distance | run 0 J
over the course
of weeks.

15. Calculate the fuel economy for several values of x.

x F(x) = ~0.005x" + 0.8x + 12
10 19.5
20 26.0
30 315
40 36.0
50 39.5
60 42.0
70 43.5
30 44.0
90 435

100 42.0
110 395
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The fuel economy increases as x increases to 80 and
then decreases. The speed that gives the best fuel
economy is 80 km/h.

Lesson 2.2 Estimating Instantaneous
Rates of Change from Tables of Values
and Equations, pp. 85-88

1. a) The function is f(x) = 5¢> — 7.

Af(x)
The average rate of change is 2 A7ty !

| A
£2) = 13,1 = =2, 2 s
A
£(2) = 13, f(1.5) = 4.25. ﬂ”) =175
A
£(2) = 13, f(1.9) = 11.05, J;”) =195
A
F2) =13, f(1.99) = 128, JQQ = 19.95
A
F(3) = 38, f(2) = 13, ° f(;) =25
| e
F(2.5) = 2425, f(2) = 13 —i”) =2
X
£(2.1) = 15.05, f(2) = 13, 2 ](r) =205
Af( |
F201) = 132, f(2) = 13, —f(—) = 2005
Ax
. Average Rate
Preced
I::ew‘:Ig 700 X of Change, ig(}"l
T=mx=2{13—-(=-2)= 2—1=] 15
15=x=2 875 05 175
19 =x=2 1.95 01 195
199 =xy=2 0.1995 0.01 19.95
. Average Rate
Foll
m;g aft9 ax of Change, _\i(x)
2=x=3 38 -13=25|3~2 =1 25
2=x=25 11.25 0.5 22.5
2=x=21 2.05 0.1 205
2=x=201 0.2005 0.01 20.05
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b) As the values of x get closer together on both sides
of 2, the average rate of change gets closer to 20.
2. a) Find the average rate of change for intervals
that approach 2.0 from both sides.
309 ~- 206
20 -1
30.9 ~ 2698

= 103

32.38 —~ 30.9
25-20
7.84 + 2.96
=

103 + 0.5
2

The instantaneous rate of change appears to be

approaching 5.4,

b) Find the average rate of change for intervals

that approach 2.0.

=54

314 - 206
30 -10
32 — 26.9¢
32.38 ~ 2698 54
25-15

The instantaneous rate of change is approximately 5.4,
¢) Answers may vary. For example: [ prefer the
centred interval method. Fewer calculations are
required, and it takes into account points on each
side of the given point in each calculation.

3. a) The population at 2.5 months is P(2.5).
P(2.5) =100 + 3()(2.3,) + 4(2.5)

= 200
b) P(0) = 100 + 30(0) + 4(0)°
= 100
200 — 100
S50 40 raccoons per month

¢) Use the difference quotient to find the

mstantaneous I‘d[ﬂ of Lhanoe
fla + hy — /‘

where his a very small value.

F(2.51) =100 + 30(2.51) + 4(2.51)
= 200.5004
200.5004 — 200
0.01

d) Part a) asks for the value of P(¢) at 2.5: part b)
asks for the average rate of chunge over a certain
interval; part ¢) ask for the instantaneous rate of
change at 2.5-—they are all ditferent values.

= 50.04 or 50 raccoons per month
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4. Use the difference quotient to find the
instantaneous rate of change.

Zfrﬁfg»i~'»~ll)—~::—]1(1—), where h is a very small value.

h
a)  f(—1.99) = 6(—199)° - 4
= 19.7606
F(=2) = 6(=2) —4
=20
_2_()‘:“]?‘7“6—‘ = —23.94 or —-24
=2 = (—1.99)
b) f(0.01) = 6(0.01)" — 4
= 39994
f(0) = 6(0)" — 4
== /._4
—3.9994 — (—4)
01 = (.06 or 0
¢) f(4.01) = 6(401)* ~ 4
= 92.4806
f(4) = 6(4) — 4
=92
928 =92 4206 or 48
0.01
d) f(8.01) = 6(8.01)° — 4
= 380.9606
F(R) = 6(8) — 4
= 380
38096 = 380 96,06 or 96
0.01

5. Use the difference quotient to find the
instantaneous rate of change.
T where /1 is a very small value.
1
The function is
hi(x) = —5¢ + 3x + 65,

f(3.01) = —5(3.01)° + 3(3.01) + 65
= 28.7295
f(3) = —5(3)" + 3(3) + 65
= 29
28.7295 - 29
~~—§6~1——— = —27.05m/sor —-27m/s

6. Use the difference quotient to find the

instantaneous rate of change.

fil—l—f—%F—[El, where /1 is a very small value.
The function is H(¢) = 125 000(1.06)".
H(8.01) = 125 000(1.06)*"

= 199 347.13

125 000( 1.06)"

= 199 231.01

f

i

H(8)

2-6

T e = $11 612 per year or about
$11 610 per year
7. a) The function is P(r) = — L5 + 361 + 6.
The average rate of change is "E—:
P(24) = —1.5(24)" + 36(24) + 6
=6
P(0) = ~ 1.5(0)" + 36(0) + 6
=6
6 = {) pe Ive

a—:‘() = pu)ple/ year
b) Answers may vary. For example: Yes, it makes
sense. It means that the populations in 2000 and 2024
are the same, so their average rate of change 15 0.

¢) P(12) = — 1.5(12)° + 36(12) + 6
= 222
POy =6
222 — 6 ]
“l*l‘jo = 18 thousand/year
P(24) =6
P(12) =222
6 — 222
S 18 thousand/year

The average rate of change during the first 12 years
was 18 000 per year. During the second 12 years 1t
was — 18 000 per year. The population during year 0
is 6000 and during year 24 is 6000,

d) Because the average rate of change is the same
on each side of 12, we know that the instantaneous
rate of change would be 0 at 12.

8. Use the difference quotient to find the
instantaneous rate of change.

la + hy — ft .
‘f—{{'--—*}-,')*—wf—ﬁ). where /1 is a very small value.
1

The function is V(1) = 18 999(0.93)"
£(5.01) = 18999(0.93)™"

=13 207.79
f(5) = 18 999(0.93)
= 13217.3%8
13207.79 — 13217.38 -
— - = ~Y59
0.01

When the car turns five. it loses about $960/year.
9. a) The diver will hit the water when hiry = 0.
10+ 2t —49F =0

Use a graphing calculator to determine the vajue of
r for which the equation is true.
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The diver enters the water at about r = 1.65 s.
b) Use the difference quotient to tind the
instantaneous rate of change.
ﬁf{,,_‘:f,{,,)_,__‘_Uj{l’ where /1 is a very small value.
A(1.66) = 10 + 2(1.66) ~ 1.9(1.66)°
= —().182 44
A(L.65) = 10 + 2(1.65) — 4.9(1.65)
= —(.040 25
=0.182 44 7+ 0.040 25 . — 14919
0.01
The diver is travelling at a rate of about 14 m/s.
10. Use the centered interval method to estimate
the instantaneous rate of change at r = 5. Find
values of V(r) on either side of 5.

4 o
V(5.1) = ;w(s.lf = 176.8687

4 ; o
V(4.9) = m(4.9)" = 156.8657

176.8687 — 156.8657
5149

Now, use the difference quotient to find the

instantaneous rate of change.

= 314.21 or 1007 ¢cm?/em

4 :
V(501) = m(5.01)° = 167.6697

4
V(S) = m(5)' = 166.6677

167.6697 — 166.6677
0.01

11. David simply needs to keep track of the total

distance that he’s travelled and the amount of time

that it has taken him to travel that distance. Dividing

the distance travelled by the time required to travel

that distance will give him his average speed.

12. a) Use a centered interval to find the instanta-

neous rate of change. “5=3" = --22.5 “F/min

b) Answers may vary. For example: A quadratic

model for the oven temperature versus time is

y = —1.96x" — 9.82x + 400.71. Using this model,

the instantaneous rate of change at x = 4 is about

—25.5 °F/min.

¢) Answers may vary. For example, the first rate is

using a larger interval to estimate the instantaneous

rate.

= 314.63 or 1007 cm’/em
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d) Answers may vary. For example, the second
estimate is better as it uses a much smaller interval
to estimate the instantaneous rate.

13. Answers may vary. For example:

Method of Estimating
Instantaneous Rate
of Change

Advantage Disadvantage

must do two
sets of
calculations

accounts for
differences in
the way that
change accurs
on either side of
the given point

senes of preceding
intervals and following
intervals

series of centred
intervals

accounts for f0 get a precise
paints on either |answer, numbers
side of the given |involved will
interval in the need to have
same calculation {several decimal
places

calculations can
be tedious or
messy

difference quotient more precise

14. a) The formula for finding the area of a circle is
A = mr’, where r is the radius. The average rate of

hange i A~—
~ha 18—,
¢ £ SAr

A = 7 (100)
= 10 0007
A = 7(0)
=0
10 0007 — 0 ;
—— . = (
100 — 0 t00m

The average rate of change is 1007 cm?/cm.
b) Use the difference quotient to find the
instantaneous rate of change.

. where £ is a very small value.

h
A = 7 (120.01)
= (14 402.4001)
A = m(120)
= 14 4007
14 40240017 — 14 4007

001 = 754.01 cm?/cm or

2407 cm?/em
I5. The formula for the surface area of a cube
given the length of a side is V = 657, where s is
the side length of the cube. Use the difference
quotient to find the instantaneous rate of change.
Ha+ hy — fla)

, where /1 is a very small value.

SA = 6(3.01)°
= 54,3606
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SA = 6(3)° ¢) Answers may vary. For example:

= 54 37
54.3606 —~ 34 2
A% o

""""""""""""""""" = 36.06 cm:/cm

The instantaneous rate of change is about
36 cm?/em.
16. The formula for finding the surface area of a

219 123 456

sphere is SA = 4ar”. Use the difference quotient The slope is about 0.25.
to find the instantaneous rate of change. d) Answers may vary. For example:
"/'»(—(L-t—/-l—g—:*ﬁ(—{ll, where A is a very small value. ] y
SA = 47 (2001)° 4-
= 1601.60047 N
SA = 4w (20) ;]
= 16007 .
601.60047 — 1600 .
‘l_‘ 1 ) T T = 50278 CmL/Cm 1 T Y T T T 3
0.01 10 1 2 4 5
The instantaneous rate of change is about ]
502.78 cm?/cm or 1607 cm?/cm. 2]
e 34
. Because the graph is linear, the slope is the
Lesson 2.3 Exploring Instantaneous same everywhere. The slope is 2.
Rates of Change Using Graphs, 2. 2) \
pp. 91-92

1. a) Answers may vary. For example:

4 ' -1 7
b) /

24

%=e 1y
y=9. BBP51Z2EH7 8+ ~0.77502
X C)
-8 ] 4 8 |
Y
The slope is about 7. e aiall
b) Answers may vary. For example:
%=z
y »=, 25000000ER+1. 4859995 _
100+ d)

751 ;
50 V4
25 /

X ~

P X i s 2 b
,/7‘ 3. a) Set A:
The slope is about 10.
L
| \
=3
»zQH+E
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The slope of the tangent at x = 3 is 0. Set C:

= = . \\. ]
e ¥
Lt B
The slope of the tangent at x = 90° is 0. The slope of the tangent at x = ~1 is —4.
R ;; j::::::::m,
\ ;
AW,
ge -
H=-2 w=0
Lizolier p=- GU3LHZIIELE 2
The slope of the tangent at x = ~2 is 0. The slope of the tangent at x = 0 is about — 0.69.
5
#31 u=2 \
PSOR+E ¥ -3H+E

The slope of the tangent at x = 1 is 0. The slope of the tangent at x = 2 is — 3.
Set B: \\
\ & S
| R
#=120
¥z~ DOHPZEEMBZARL 8132
H=z
i L The slope of the tangent at x = 120° is about - 0.009.
The slope of the tangent at x = 2 is 14, b) Set: A: All slopes are zero.

Set: B: All slopes are positive.
Set: C: All slopes are negative.

4.a)and b)
- Oven Temperature
A
¥z ———]
#31 3BEEANNPEASH+ 3 6137, a50 §
The slope of the tangent at x = 1 is about 1.4. 007
350
f/ @ 300
A 5 2504
3 200
£
4=3 & 150
Yoy 100 4
The slope of the tangent at x = 3 is 3. 50
t
° 2 4 6 8 w 0 14
‘( Time {min})
TN, :

RS

e

RSB0
YT 00B72E6HE26R+ IHZY2E
e e PR T e R

The slope of the tangent at x = 60° is about 0.009.
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¢) The y-intercept of the tangent line appears to be

125 “F. Find the slope between the points (0. 125)

and (5, 280).

280 - 125
5-0

The slope is 31.

d) Use the data points (6, 310) and (4, 250).

310 - 25
310250

31

The rate of change is about 30 "F/min at x = 5.

¢) Answers may vary. For example: The answer in
part d) is the slope of the line connecting two points
on either side of x = 5. The answer in part ¢) s the
slope of the line tangent to the function at point

v = 5. The two lines are different and so their
slopes will be different.

5. Answers may vary. For example, similarity: the
calculation; difference: average rate of change is
over an interval while instantaneous rate of change
is at a point.

6. a)

|
(2.8
|
_“_
)
Iads
(e}
o
_D._.
o

b)

curve at {1.5
the secant line drawn.

2-10

Mid-Chapter Review, p. 95

L. a) Water Usage

61V

Volume (1000 m?)
w

w3

| Zn N S S MR B |
0 123456
Month

b) Rate of change is %:—) Since we are looking

for the amount of change between each month, Ax

will always be 1 month. Therefore, we just need to

find the difference in volume between each month.

my: 3.75 — 3.00 = 0.75 1000 m’/month or

750 m’/month

my: 3.75 — 3.75 = 0.00 1000 m*/month or

0 m’/month

my 4.0 — 3.75 = 0.25 1000 m*/month or

250 m’/month

my:5.10 — 4.00 = 1.10 1000 m’/month or

1100 m*/month

ms: 5.50 — 5.10 = 0.40 1000 m*/month or

400 m*/month

¢) Examine each of the answers from the previous

exercises. The greatest amount is the greatest

amount of change between two months.

1.10 > 0.75 > 0.40 > 0.25 > 0.00

The greatest amount of change occurred during mé,

between April and May.

d) The change in y is the difference between the

volume of water used in each month. The change

in x is the difference between the numbers of the

months.

5.50 — 3.75
5-2

580 m’/month

2. a) The equation models exponential growth.

This means that the average rate of change between

consecutive years will always increase.

= (0.580 X 1000 m'/month or
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b) Use the difference quotient to find the S. Answers may vary. For example:
instantaneous rate of change.
ff_fiif,’_/)_:l(fi)‘ where # is a very small value.
1
f(10.01) = 1.2(1.05)'"
1.955 627 473
F10) = 1.2(1.05)"
= 1.954 673 552

955 6. 3 — 1.954 673 552 ,

1.955 627 473 — 1.954 67 ~ 0.095 39
0.01

0.095 39 > 10 000 = 950 people per year
3. a) The average change for a specific interval is

approximated
by siopes of
secant lines

instantaneous
rate of change
centred intervals

preceding
and following

difference
quotient

it

i
t

slope of
tangent line

rate of change

A—}:\ilz The function is (1) = — 5% + 201 + 1. intervals average rate
h(2) = =5(2) + 20(2) + 1 of change
=21
A(0) = ~S(0)" + 20(0) + 1 6. Answers may vary. For example: Find the value
o -1 =1 of y for different values of x on both sides of x = 2.
ST = 10 m/s Put this information in a table.
”'1(4) = ‘5(4)2 + 20(4) + 1 Points Slope of Secant
=1 - -
/1(2):21 {2,9)and (1, 2) 7
_9 (2,9 and (15, 4.375) 9.25
St =10
4-2 m/s (2,9 and (1.9, 7.859) 11.41
b) ¢ = 2; Answers may vary. For example: The (2,9 and (2.1, 10.261) 12 61
graph has its vertex at (2, 21). It appears that a 2. 9) and (2.5, 16 625, 500
tangent line at this point would be horizontal. - - -
(f(2.01) — f(1.99)) “ 0 (2,9)and (3, 28) 19
0.02 The slope of the tangent line at (2, 9) is about 12.
h(t 4
25 () 2, 2) 7. Examine the graph.
201 Yy
15 8
10- ¢
5 4
t 2
Y T T T T X
“'] 1 2 3 5 T T T T
-~ 2 -1 0
‘X 2 -1 Mt 23
4. Use a centred interval. , The tangent line appears to be passing through the
d(20.01) = 0.01(20.01)* + 0.5(20.01) points (1,0) and (2, 4). Use this information to
7 = 14.009 0014 - help determine the slope of the tangent line.
d(19.99) = 0.01(19.99)" + 0.5(19.99) Af(x)
= 13.991 001 m = TAr
d(20.UU — d(19.99) 09, 4=
20.01 — 19.99 5

So the instantaneous rate of change in the glacier's
position after 20 days is about 0.9 m/day.

=4
The slope of the line is 4.
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8. The instantaneous rate of change of the function
whose graph is shown is 4 at x = 2.
9, a) Answers may vary. For example:

/
pd

/

-

#=-5 [
vzOfe-2P 5

The slope is 0.

b) /.

w=-1
ysuile 155
The slope is 4.

The slope is 5.

d) /

A

=3 [
y=Bits 1905
The slope 13 8.

Lesson 2.4 Using Rates of Change to

Create a Graphical Model, pp. 103—-1061

1. a) Graph a indicates that as time increases,
distance also increases; C.

b) Graph b indicates that as time increases, distance
decreases; A.

¢) Graph ¢ indicates that as time increases, the
distance does not change; B.

2. Graph a indicates that distance is increasing at a
steady rate over time, meaning that the speed 18
constant. However, graph b indicates that distance
is decreasing at a steady rate over time—this also
indicates that the speed is constant. Graph ¢
indicates that distance does not change so speed

is 0, a constant. All 3 are constant speed.

3. Draw a graph ot Jan’s distance from the sensor
over time. Jan is 5 m away from the sensor, which

2-12

means that her initial position is (0, 5). She then
walks 4 m towards the sensor for 5 seconds, which
means that she will be standing 1 m away from the
sensor. Her second position will be (5, 1). She then
walks 3 metres away for 3 seconds, which means
that she will be 4 m away from the sensor. Her third
position will be (8, 4). Jan then stops and waits for
2 seconds, which means she stays 4 m away from
the sensor for 2 seconds. Her fourth position will be
(10, 4). Use this information to draw the graph.

Jan’s Walk
w014
5 -4
t
0 5 10
Time (s)

4. a) Answers may vary. For example, draw a

graph of Rachel’s distance over time while climbing
Mt. Fuji. Rachel begins the climb at Level 5 and so
her initial position is (0, 2100). She walks for

40 minutes at a constant rate to move from

Level 5 to Level 6, which means that her second
position will be (40, 2400). It then takes he

90 minutes to move from Level 6 to Level 7, which
means that her third position will be (130, 2700).
Rachel then decides to rest for 2 hours, which
means that her position does not change. So her
fourth position is (250, 2700). After her break, it
took Rachel 40 minutes to reach Level 8. Her fifth
position is (290, 3100). It took Rachel 45 minutes
to go from Level 8 to Level 9. Her next position is
(335, 3400). After the walk from Level 9 to Level
10, Rachel reached the top. This position can be
represented as (395, 3740).

Use this information to plot the graph.

Rachel’s Climb

3800 7"

3500 -
3200 A
2900 -
2600 -
2300 A
2000 - t'

Elevation (m)

T /

0 100 200 300 400
Time (min)

Chapter 2: Functions: Understanding Rates of Change




b) Use the data points from the previous question to
determine Rachel’s average speed during each part
of her journey.

2400 — 2100

0 =0 = 7.5m/min
2700 - 2400 L
T R ) 1

130 - 40 M/
2700 - 2700
D o ']

250 — 130 m/min
3100 ~ 2700
2 T2 0.0 m/mi

290 — 250 m/min
3400 — 3100
2 2 67 my/mi

335 — 200 m/min
740 - 3400

395 — 335 W

¢) Answers may vary. For example, use Rachel’s
average rates to make a graph of her speed. During
the first 40 minutes of her journey, her speed was

7.5 m/min. This can be represented by a straight line
from (0, 7.5) to (40, 7.5). Rachel’s speed during the
next 90 minutes is 3.3 m/min. This speed can be
represented by a straight line from (40, 3.3) to

(130, 3.3). Rachel then rested for 2 hours. This can
be represented with a straight line from (130, 0) to
(250, 0). Rachel travelled at a rate of 10.0 m/min for
the next 40 minutes. This speed can be represented
by a straight line from (250, 10.0) to (290, 10.0).
Then she travelled at a rate of 6.7 m/min for

45 minutes, 4.4 m/min for 45 minutes, and

9.3 m/min for 15 minutes. The speeds for these
parts or her walk can be represented by the
following segments: (290, 6.7) to (335, 6.7),
(335.4.4) to (380,4.4), and (380, 9.3) to (395,9.3).

. Rachel’s Climb

10 4 -
=
£ 81-
N —
E 61
B
g 4
(%)

2 -

t
0 100 200 300 400 500
Time (min)

5. a) Answers may vary. For example, the 2 L
plastic pop bottle has a uniform shape for the most
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part. Therefore, as long as the rate of water flowing

into the bottle remains constant, the rate at which

the height is changing will also remain constant,
Water Level

s Ti
h vs Time

Height

Time
b) Answers may vary. For example, the circumference
of the vase changes for any given height on the vase.
Therefore, the rate of change of the height of the water
flowing into the vase will vary over time—faster at
the very bottom of the vase, slower in the middle and
then faster again at the top.

Water Level
vs Time
nh

Height

t

d

Time

6. a) Answers may vary. For example, on a graph
that represents John’s speed, a constant speed would
be represented by a straight line, any increase in
rate would be represented by a slanted line pointing
up, and any decrease in rate would be represented
by a slanted line pointing down. John’s speed over
his bike ride could be represented following graph.

Speed vs Time

PS

Speed

Time

b) Answers may vary. For example, the first part of
John’s bicycle ride is along a flat road. His height
over this time would be constant. As he travels up
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the hill, his height would increase. At the top of the
hill, his height would again be constant. As he goes
down the hill, his height would decrease. As he
climbs the second hill his height would again
increase. The graph of his height over time would
look something like this.

Height vs Time

Height

SRV N

Time
7. a) Kommy travels 50 m in 45 seconds. This
means that his speed would be =111 m/s.
b) During the second part of his swim he travelled
50 m in 55 s. This means that his speed would be
2 =091 mys.
¢) The graph of the first length would be steeper,
indicating a quicker speed. The graph of the second
fength would be less steep, indicating a slower
speed.
d) Answers may vary. For example: Use the
information for part ¢) to draw the graph of
Kommy's distance over ume. ‘

t
>y

Distance vs Time

nd

100
€ 804
v
2 607
g
A 40

20 A

!

0" 30 40 60 80 100

Time (s)
¢) At 1 = 50. Kommy is resting, and so his speed
would be 0.
f) Answers may vary. For example: Kommy's speed
for the first 43 seconds is 1.11 mys. This would be
represented by the line segment from (0, 1.11) to
(43, 1.11). Kommy then rests for 10 s, when his
speed would be 0. This would be represented by a
line segment from (45, 0) to (35.0). Kommy's
speed during the second half of his swim is 0.91 m/s.
This would be represented by a line segment from
(55.0.91) to (110.0.91).
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Speed vs Time
2.0 A
1.5 4

LO«[—__—_

0.5

Speed (m/s)

t
5

0 20 40 60 80 100

Time (s)
8. a) A — if the rate at which a speed is increasing
increases, this would be represented by an upward
curve.
b) C — if the rate at which a speed is decreasing
decreases over time, this would be represented by a
curve that drops sharply at first and then drops more
gradually.
¢) D — if the rate at which a speed is decreasing
increases, this would be represented by a downward
curve.
d) B — if the rate at which a speed is increasing
decreases, this would be represented by a curve that
rises sharply at first and then rises more gradually.
9. Answers may vary. For example: Because the
jockey is changing the horse’s speed at a non-constant
rate—at first slowly and then more quickly—the
lines will have an upward curve when the horse is
accelerating and a downward curve when decelerating.
The horse’s speed during the tirst part of the warm
up is constant, which would be represented by a
straight line. She then increases the horse’s speed to
a canter and keeps this rate for a while. Draw a graph
of this information with speed over time.

Speed vs Time

Speed

N

Time

10. a) Graph i) shows that distance is decreasing and
then increasing. The first graph shows a person
standing 5 m away from the motion sensor then
moving to 2 m away. The person then moves back to
5 m away from the motion sensor. The person is

Chapter 2: Functions: Understanding Rates of Change




always moving at a constant rate. Graph ii) shows a
person’s initial position being 6 m away from the
motion sensor. This person then moves 2 m closer to
the sensor over 2 seconds. Then. he or she rests for a
second and then moves 2 m closer to the sensor over
2 more seconds. Finally, this person moves 2 m
away from the sensor over | second to end up at a
final position of about 4 m away from the sensor.
The person is always moving at a constant rate.

b) For each graph, determine the («, d) point for
euch position.

Graph A

(0.5):(3,.2). (6,5)

Graph B

(0,6); (2,4): (3,4): (5.2): (6,3.5)

Use these points to find the various speeds.

Graph A

2-35 /
3.0 = — 1, s0 the speed is 1 m/s
5-2

63 L, s0 the speed is 1 m/s
Graph B

3-6 ’
P o= —2.so the speed is 2 /s
2-0

4-4

35 = U, sothe speed is O m/s
2.

PR L. so the speed is 1 m/s
35-2 .

o s 1.5, s0 the speed is 1.5 m/s

11. a) Answers may vary. For example: Draw a graph
of the runner’s speed over time. The runner’s positions
on the graph will be represented by the following
points: (0. 5), (10,5), (11, 10), (16, 10), (17, 7),
(47.7), (49, 3). (59.3). Plot the points on a graph.
Because the runner accelerates and decelerates at a
constant rate, the lines will always be straight.

Marathon Training Program
s

10 4 (16, 10)
5 * (7. 7) (47, 7)
E ¢4 (11,10)
T 40,9
& 4.5 | (59.3)
] (49,3)
t

0 10 20 30 40 50 60
Time (min)
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b) Use the data points on either side of ¢ = 10.5 to
estimate the instantaneous rate of change at that
point. The points are (10, 5), (11, 10).

10 -5

= 3 mi/h/min

¢) The runner’s speed at minute 11 is [0 miles per hour.
The runner’s speed at minute 49 is 3 miles per hour,
3—10 =7 , :
~~~~~~~~ ET 0.1842 miles per hour per minute
d) The answer to part ¢) is an average rate of
change over a long period, but the runner does not
slow down at a constant rate during this period.

12. Answers may vary. For example: Walk from
(0,0) to (5,5) and stop for 5 s. Then run to
(15,30). Continue walking to (25, 5) and end at
(25.0). What is the maximum speed and the
minimum speed on any interval? Create the speed
time graph from these data.

13. Answers may vary. For example: Graphing both
women’s speeds on the same graph would mean that
there are two lines on the graph. The first woman is
decelerating; this means that her line would have a
downward direction. Because she is decelerating
slowly first and then more quickly. the line would
also have a downward curve. The second woman is
accelerating; this means that her line will have an
upward direction. Because she is accelerating
quickly at first and then more slowly. the graph
would have a sharp upward curve. The line on the
graph would look something like this:

Speed vs Time

Speed
~

Time

4. If the original graph showed an increase in rate.
it would mean that the distance travelled during each
successive unit of time would be greater-—meaning
a graph that curves upward. If the original graph
showed a straight, horizontal line, then it would
mean that the distance travelled during each
successive unit of time would be greater—meaning
a steady increasing straight line on the second
graph. If the original graph showed a decrease in
rate, it would mean that the distance travelled
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during each successive unit of time would be
less—meaning a line that curves down.

Lesson 2.5 Solving Problems Involving
Rates of Change, pp. 111-113

1. Answers may vary. For example: Verify that the
most economical production level occurs when
1500 items are produced by examining the rate of
change at x = 1500. Because x 18 in thousands, use
a = 1.5. Use the difference quotient to find the
instantaneous rate of change.

!fi;;*__’?_l;_fy(ﬁ_)u where /1 is a very small value.

h
C(1.5) = 0.3(1.5)° = 0.9(1.5) + 1.675
= 1
C(1.501) = 0.3(1.501)* = 0.9(1.501) + L.675
= 1.000 0003
000 0003 —
———-—-—_—*1 100 00 ! = (0.000 03

0.01
When 1500 items are produced, the instantaneous

rate of change is zero. Therefore, the most
economical production level occurs when 1500
items are produced.

2. The function is P(1) = —20 cos (300°) + 100.
Use the difference quotient to find the instantaneous
rate of change.

. where h is a very small value.

= ~20 cos (300° X 3) + 100

= 120
P(3.01) = =20 cos (300° % 3.001) + 100

= 119.999 73
H99973 = 120 . 27010

0.001

The blood pressure is dropping at a rate of
0 millimetres of mercury per second.
3. a) If (a. f(a)) is a maximum. then the points to
the left of, and very close to the maximum, have a
positive rate of change. As x(a) approaches
(a, f(a)) from the left, y(f(a)) is increasing because
(a, f(a)) is a maximum.
b) If (a, f(a)) is a maximum, then the points to
the right of, and very close to the maximum, have
negative rate of change. As x(a) moves away
from (a. f(a)) to the right, v(f(a)) is decreasing
because (a, f(a)) is a maximum.
4. a) If (a. f(«)) is a minimum, then the points to
the left of, and very close to the maximum. have
negative rate of change. As x(a) moves toward
(a, f(a)) from the left, y(f(a)) is decreasing because
(a. f(a)) is a minimum.

2-16

b) If (a. f(a)) is a minimum, then the points to the
right of, and very close to the maximum, have a
positive rate of change. As x(a) moves away from
(a, f(a)) towards the right, y(f(a)) is increasing
because (a. f(a)) is a maximum.

5. a) The leading coefficient is positive, and so the
value given will be a minimum. Use the difference
quotient to find the instantaneous rate of change.
L(aﬂiﬁhl:_—f@ where h is a very small value.
Find f(—6) and f(—5.99). The function is
flx) = 0.5x" + 6x + 7.5.

f(=6) = 0.5(~6)" + 6(=6) + 7.5

= —10.5
f(—5.99) = 0.5(*5.99)2 + 6(—35.99) + 7.5
= — 10.499 995
~10.5 = (—10.499 995) y
= — (.0 or (
501 0.00050r 0

The slope is very small, pretty close to zero, and so
it can be assumed that ( —6, — 10.5) is the minimum.
b) The leading coefficient is negative, and so the
value given will be a maximum. Use the difference
quotient to find the instantaneous rate ot change.
! '(ﬁ—iﬂ:ﬂﬂ. where h is a very small value.
Find £(0.5) and f(0.501). The function is
flx) = —6x" + 6x + 9.

£(0.501) = —6(0.501)" + 6(0.501) +9

= 10.499 994
f(0.5) = ~6(0.5)" + 6(03) +9
= 10.5
10.499 994 — 10.5 i )
001 = —{.0006 0r 0

The number is very close to zero, and so we can
assume that the point has an instantaneous rate of
change of zero and is a maximum.
¢) The function is f(x) = 5sin (x). Use the
difference quotient to find the instantaneous rate
of change.
[y{_a_j_lg_’f_(_q_)’ where h is a very small value.
Find f(90°) and f(90.01%).
£(90.01°) = Ssin (90.017)
= 4.999 999
F(90°) = Ssin (907)

[,

4.999 999 - 5 -
S = (0001 0or O

The number is very close to zero, and so we can
assume that the instantaneous rate of change at the
point is zero, and so the point is a maximum.
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d) The function is f(x) = ~4.5 cos (2x). Use the

difference quotient to find the instantaneous rate of

change.

fla + h) - fla)
h

Find f(0) and £(0.01).

, where h is a very small value.

F0.01) = =45 cos (2 X 0.01)°
= —4.499 999
£(0) = —4.5 cos (2 X 0)°
= 45

—4.499999 — (~4.5)

0.01
The number is very close to zero, and so we can
assume that the instantaneous rate of change at the
point is zero, and so the point is a maximum.
6. Examine the instantaneous rates of change on
either side of the point in question. If the point to the
left of the point in question is negative, then the point
is a minimum. If the point to the left of the point in
question is positive, then the point is a maximum.
I the point to the right of the point in question is
positive, then the point is a minimum. If the point to
the right of the point in question is negative, then the
point is a maximum. Use the difference quotient to

find the instantaneous rate of change.
fla + h) — fla)
h

= (0.0001 or 0

=, where h is a very small value.

a)fx) =x — 4x + 5; (2, 1)
Examine x = 1, which is to the left of (2, 1).
J(LO1) = (1.01)* - 4(1.01) + 5
= 1.97
ALy = (1) = 4(1) + 5
2

“

il

1.97 - 2
0.01
The instantaneous rate of change of (1, 2)is

negative and so (2, 1) is a minimum.
b) f(x) = —x* — 12x + 5.75: (—6,41.75)

Examine x = ~ 5, which is to the right of
(—6,41.75).
J(=4.99) = = (-4.99)" — 12(—4.99) + 5.75
= 40.7299
f(=5) =~ (=5) - 12(~5) + 5.75
= 40.75
40.7299 - 40.75
0.01 =0

The instantaneous rate of change of (-5, 40.75)
is —2.01, and so (—6, 41.75) is a maximum.
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) flx) = ¥ =~ Yx; (4.5, —20.25)
Examine x = 5, which is to the right of
(4.5, -20.25).

f(5.01) = (5.01)* - 9(5.01)

= ~19.899
f(5) = (5)" ~ 9(5)
= =20
~19.899 — (~20
(220 _ 4

0.01
The instantaneous rate of change at (5, —20) is
positive and so (4.5, —20.25) is a minimum.
d) f(x) = 3 cos x; (0°,3)

Examine x = ~1°, which is to the left of (0°, 3).
F(=0.99°) = 3 cos (—0.99°)
= 2.999 55
J(=17) = 3cos (—17)
= 2.999 54

2.999 55 — 2.999 54
0.01
The instantaneous rate of change at ( - 1°, 2.99) is
positive, and so (0°, 3) is a maximum.
e) flx) = x’ — 3x; (~1,2)
Examine x = 0, which is to the right of (—-172).
£(0.01) = (0.01)° - 3¢0.01)

= (L001

= —0.029 999
F(0) = (0) = 3(0)
=0
~0.029 999 — 0
e = 22,099
0.01 9999

The instantaneous rate of change at (0, 0) is

~2.9999, and so (-1, 2) is a maximum.

D flx) = - + 12¢ — 1; (2, 15)

Examine x = 1, which is to the left of (2, 15).
FLOL) = = (1.01)° + 12(1.01) — 1

= 10.0897
) = =)' +12(1) - 1
=10
10.0897 — 1
RO 210 g o7

0.01
The instantaneous rate of change at (1.10) is 8.97,
and so (2, 15) is a maximum.
7. Use a table to inspect several values of h(r).

]
10 000
10 074
10116
10126
10 104
10050 j

UVl dw [N = O~
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The height is definitely decreasing after ¢ = 3, but for
this data the exact maximum cannot be determined.
Examine other values of ¢ to help determine the
maximum.

t h(t)

] 1012650
EEE

The maximum appears to be pretty close to 2.75.
The slopes of tangents for values of 7 less than about
2.75 would be positive, while slopes of tangents tor
values of 7 greater than about 2.75 would be negative.

8.a)i) 5\ ’;‘, "

10 123.50

4
5,
ll"\ v
The minimum is at approximately x = —5.
ii)
7
Y
l‘lll
§
4

The maximum is at x = 7.5
iii) ]

iv)

The maximum is at x = 6.
by 1) "

‘t'\ll‘L jj ‘, "™
y

2
ii) //\
/
)"j { \I‘l.‘ —
2-18

iii
N ]
.,
)
iv)
\
£ '\:\u
/ y

¢) Answers may vary. For example, if the sign of
the slope of the tangent changed from positive to
negative, there was a maximum. If the sign of the
slope of the tangent changed from negative to
positive, there was a minimum.

9. a) i) Examine the graph of the equation.

50

254

X
>

0, 8 16 24 32

The maximum for the interval 0 < ¢ = 5 appears to be
at x = 0 or (0, 100). The minimum appears to occur
att = Sor (5.44.4). This cannot be verified with the
difference quotient because the graph will always be
decreasing. This means that the instantaneous rate of
change for any point on the graph will always be
negative and never be zero.

ii) Examine the graph of the function.

[ELE RS
125+
100

75

S T ™0 T T T
~25 15 =5 5 15 25

b) The minimum appears to be at x = 0 or (0, 35)
and the maximum at x = 10 or (10, 141.6). This
cannot be verified with the difference quotient
because the graph will always be increasing. This
means that the instantaneous rate of change for any
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point on the graph will always be positive and never
be zero.

10. Answers may vary. For example, examine
points on either side of 1 = 0.5 s to make sure that
the diver’s height is increasing before the point and
decreasing afterwards.

h(0.49) = ~5(0.49)° + 5(0.49) + 10
= 11.2495
h(0.5) = =5(0.5)" + 5(0.5) + 10
= 11.25
11.25 — 11.2495
= 0.05
0.01

The slope to the right of the point is positive.

n(0.51) = —5(0.51)? + 5(0.51) + 10
= 11.2495
h(0.5) = 11.25
11.2495 — 11.25
= =005
0.01 M

The function is increasing up to 0.5 s and decreasing
after 0.5 s—the point is a maximum.
1. Answers may vary. For example, yes, this
observation is correct. The slope of the tangent
at 1.5s1s 0.
The slopes of the tangents between | s and 1.5 s are
negative, and the slopes of the tangent lines between
[.5 s and 2 s are positive. So, the minimum of the
function occurs at 1.5 s.
12. Answers may vary. For example. estimate the
slope of the tangent line to the curve when x = 5§ by
writing an equation for the slope of an secant line
on the graph if R(x). If the slope of the tangent is 0,
this will contirm there may be a maximum at x = 5.
If the slopes of tangent lines to the left are positive
and the slopes of tangent lines to the right are
negative, this will confirm that a maximum occurs
atx = 5.
13. Answers may vary. For example, because
sin 907 gives a maximum value of 1, [ know that a
maximurn occurs when (k{x — d)) = 90°. Solving
this equation for x will tell me what types of
x-values will give a maxim. For example, when
k=2and d = 3,
(2(x — 3%)) = 90°

(x — 37) = 45°

X = d487

14. Myra is plotting (instantaneous) velocity versus
time. The rates of change Myra calculates represent
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aceeleration. When Myra's graph is increasing, the
car is aceelerating. When Myra's graph is decreasing,
the car is decelerating. When Myra’s graph is
constant, the velocity of the car is constant: the

car is neither accelerating nor decelerating.

I5. Choose a method and determine the
instantaneous rates of change for the potnts given.
Use tables to examine the relationship between x
and the instantaneous rate of change ut .

[ x Rate of Change
-2 -4
-1 . 2
2 4
3 6

The instantaneous rate of change appears (o be

2 times the x-coordinate or 2x. Now use a table to
examine the relationship between the points given
and their instantaneous rates of change for the
function f(x) = .

x Rate of Change
-2 12
=1 3

2 12

3 27 ]

The instantaneous rate of change appears to be
3 times the square of the v-coordinate or 3x°.

Chapter Review, pp. 116-117

1. a) Examine the rate of change between each
interval. If the rate of change is the same for each
interval, then the data follows a linear relation.
297.50 — 437.50

17-25 7
350.00 — 29750
PR o0 L s

20 = 17 7
21000 - 35000 _
oo TS
42000 - 21000
T 20 s

412

The slope between each interval is the same. and
so the relation is linear.
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b) Answers may vary. For example:
Revenue vs Sales
500 j

450
400 A
350 A
300 A

250 A

Revenue ($)

200
150 A
100

50 -
5

0 5 10 15 20 25 30
Number of watches
The graph appears to be linear, and so it would
appear that my hypothesis is correct.
¢) The average rate of change from w = 20 to
w = 25.
437.50 — 350.00
25-20

d) The cost of one watch is $17.50; this is the slope
of the line on the graph.
2. a) Calculate the average rate of change for the
interval [0, 4]. The second point is (4,7): the first

= $17.50 per watch

is (0, 1).
7 -1
21—1—6 = 1.5 m/S

b) Calculate the average rate of change for the
interval [4, 8]. The second point is (8, 1). The first
point is (4,7).
1 -7
4 1.5m/s
¢) The time intervals have the same length. The
amount of change is the same, but with opposite signs
for the two intervals. So the rates of change are the
same for the two intervals, but with opposite signs.
3. a) The company spends $2500 per month in
expenses—this can be represented by 2500m. The
initial expenses were 10 000. The whole equation is
E = 2500m + 10 000.
b) Find the expenses for n = 6 and m = 3.
2500(6) + 10000 = 25 000
2500(3) + 10000 = 17 500

25000 — 17 500 ,

3 2500

2-20

The average rate of change is $2500 per month.

¢) No, the equation that represents this situation is

linear, and the rate of change over time for a linear

equation is constant.

4. a) Answers may vary. For example: Because the

unit of the equation is years, do not choose

3 < =4and 4 == 5. Abetter choice would be

375 =1 =40and 4.0 =1 = 425

b) Answers may vary. For example, the equation is

V(t) = 2500(1.15)" Find V(4.0) and V(4.25).
V(4.0) = 2500(1.15)*°

= 4372.515 625
V(4.25) = 2500(1.15)**
= 4527.993 869
4527.993 869 — 4372.515 625
5 40 = 621912976
V(3.75) = 2500(1.15)*7 = 4222376 055
V(4.0) = 4372.515 625
4372.515 625 - 4222.376 055
6 TEERT = 600.558 280
00.558 280 + 621.912976
. ~ 611.24

5. a) Answers may vary. For example, squeezing
the interval.
b) Squeezing the interval will be a good method. Use
the interval 11.99 = ¢ = 12.01. The equation is
y = 2sin (120°7).
2sin (120°(11.99)) = —0.0419
2sin (120°(12.01)) = 0.0419
0.0419 — (—0.0419)
12.01 — 11.99
Now use the interval 11.999 = r = 12.001.
2sin (120°(11.999)) = —0.004 19
2 sin (120°(12.001)) = 0.004 19
0.004 19 — (—0.004 19)
2001 = Tiogg Hioemss
6. For each point, draw a line tangent to the graph
at the point given.
a)

=419 cm/s

X

Q2 4% 8

The slope of the line appears to be —2.
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b) %
84
6
4] 4
24
2.4 6 8%

The slope of the line appears to be 0.
C) ANY

The slope of the line appears to be 4.

7. Graph the original equation. Find the corresponding
¥ for each value of x given. Use this information to
draw a tangent line to the original graph with a
graphing calculator.

a)

The slope of the line, and therefore the
instantaneous rate of change at x = —4, is —37.
b)

The slope of the line, and therefore the
instantaneous rate of change at x = —2, is —17.

c)

The slope of the line, and therefore the
instantaneous rate of change at x = —0.3, is 0.
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The slope of the line, and therefore the
instantaneous rate of change at x = 2, is 23,

8. h Height vs Time
50

40
30 -
20 1

Height {cm)

10

A And

Y 2 4 6 8 1
Time (s)

9. a) Answers may vary. For example:
s Speed vs Time

10
84
61
4]
24
{

! r T L

Y 4 8 12 16
Time (s)

Speed (km/h)

b) Find the average rate of change in the bicycle
rider’s speed on the interval 0 < r < 7. The speed at
=0 was 10 km/h. The speed at r = 7 was 5 km/h.
The average rate of change in speed is

T o= —%km/h/s.

¢) From (7,5) to (12, ), the average rate of

change of speed is —§km/h/s.
d) The speed is decreasing at a constant rate from
t = 10to ¢ = 16. So find the average rate of change
on any interval between those two numbers and it
will be the same as the instantaneous rate of change
atr = 12.

0-35 5

6-10  gkm/hs
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10. The roller coaster moves at a slow steady speed
between A and B. At B it begins to accelerate as

it moves down to C. Going uphill from C to D it
decelerates. At D it starts to move down and
accelerates to E, where the speed starts to decrease
until, where it maintains a slower speed to G, the
end of the track.

s

Speed

F G

t
>

Time
11. Graph each function using a graphing calculator
to determine whether the point given is a maximum
Or @ minimum.
a)

The graph shows that (5, — 18) is a minimum.
b)

f \

The
¢)

3.5) is a maximum.

d)

The graph shows that (45°, = 1) is a minimum.
e)

. o~
S,
\._\' f_;-‘f
S

The graph shows that (=257, —4) is a minimum.

2-22

f)
=/

aav——y

L

The graph shows that (=3, %) is a maximum.
12. a)
i) flx) =x — 30x

F2+ h)y = (2 + hy =302+ h)

22 4+ 2(2)h + b~ 30(2) — 30h
= 56 — 26h + K

ti

f(2) = (2)" = 30(2)
= 36
~56 26k + B — (—56)
St h -2 =h-20

The slope is m = h — 26.
i) g(x) = —dx’ ~ 36x + 167a = 1
g(—1 + h)=—4(=1+h)y = 56(—1+h)+16
= —4(1 = 2h + k) + 56 — 56h + 16
= —4 + 8h — 4> + 56 ~ S6h + 16
= 4" — 48h + 68
g(~1) = —4(~-1) — 356(-1) + 16

= —4 + 56 + 16
= 68
M — 48h + 68 — 6F
At — A8h + 68 — 68 g
-1+h-(-1

b) For each of the points given, the value of &
would be equal to zero. Substitute O in for /1 to tind
the instantaneous rate of change for each point.
iym=0-26=-26

iiym = —4(0) — 48 = —48

13. a) To the left of a maximum, the instantaneous
rates of change are positive. To the right, the
instantaneous rates of change are negative.

b) To the left of a minimum, the instantaneous
rates of change are negative. To the right, the
instantaneous rates of change are positive.

14. a)

‘x_/t»._f

b) minimum: x = —1,x = 1

maximum: x =

¢) The slopes of tangent lines for points to the left
of a minimum will be negative, while the slopes of
tangent lines for points to the right of a minimum
will be positive.
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The slopes of tangent lines for points to the left of
a maximum will be positive, while the slopes of
tangent lines for points to the right of a minimum
will be negative.

d)

e ;\w’
Kinimum
321 g

T

Binimuny
w=1 =1

T

¥=0

tJ

Haximum
R=Q

Chapter Self-Test, p. 118

1. a) ns Speedvs Time
50
(14, 45) (19, 45)
45
40
35
g . (8, 25)
= 251 ’ -
2 (13, 25)
8 20
[P}
15
10
54(1,3) 6.3)
{0, 0) (23, 0) L
Y 5 10 15 20 25
Time {min)

b) At ¢ = 8 s the speed is approximately 25 knots.
At ¢ = 6 the speed is approximately 3 knots.
25 -3

?:_‘6— =11 kn/min

Att = 13 the boats speed is 25 knots.
25— 25

1—3‘*_*;{ = () kn/min
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The two different average rates of change indicate
that the boat was increasing its speed from ¢ = 6 to

1 = 8 atarate of 11 kn/min and moving at a constant
speed from ¢ = Stor = 13.

¢) Because the rate of change is constant over the
interval, the instantaneous rate of change at = 7
would be the same as it was over the interval,

6 =t =8, 11 kn/min.

2. a) The slope of the secant line between (3, 70)
and (50, 25) would be 32 = —1.

b) The hot cocoa is cooling by 1 “C/min on average.
¢) Examine the graph to and draw a line tangent to
the graph at the point (30, 35).

90 ]
L
80
70
60
50
40 1
30

20

Temperature (degrees celsius)

10 +

0 20 40 60 80 100
Time (min)

The slope of the tangent line is —0.75.
d) The hot cocoa is cooling by 0.75 “C/min after
30 min.
e) The rate of decrease decreases over the interval.
until it is nearly 0 and constant.
3. a) Calculate both P(10) and P(8).

P(10) = —=35(10)* + 400(10) — 2550

= 95()
P(8) = —5(8) + 400(8) — 2550
= 330
950 — 330 ,
ooy 0

The average rate of change is $310 per dollar spent,
b) Use the different quotient to estimate the
instantaneous rate of change.
P(50.01) = —5(50.01)* + 400(50.01) — 2550

= 4948.9995
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P(50) = —=5(50)* + 400(50) — 2550
= 4950
4948.9995 ~ 4950 100.05
0.01

The instantaneous rate of change is approximately
~ $100 per dollar spent.
¢) The positive sign for part a) means that the
company is increasing its profit when it spends
between $8000 and $10 000 on advertising. The
negative sign means that the company’s profit is
decreasing when it spends $50 000 on advertising.
4. Graph each function and approximate the tangent
line at each of the given points. Estimate the
instantaneous rate of change at each point given
by determining the slope of the tangent line at the
given point.
a) 7~\ h

E-N
!
L N

5 _4 3 -2\ T 23 4

€ ;2\ >

2-24

The instantaneous rate of change whenp = 1
is ~ 1.

The instantaneous rate of change when p
is 0. The point is a minimum.

The instantaneous rate of change whenp = 1is 7.
b)

i

-0.75

i

MK -
o %

2_.
1 1 T i 1 ‘v I{
12l 123 4 5\8
—4 - B
The instantaneous rate of change when x = —2

is 4.5.

The instantaneous rate of change when x = 4

is —4.5.

The instantaneous rate of change when x = 11s 0.
This point is a maximum.
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