CHAPTER 7
Trigonometric Identities and Equations

1. a) Do the following to isolate and solve for x:
3x—-7=5-9%
3x-7+9%=5-9% + 9%

2x-7=5

Rx-7+7=5+7
12x = 12
2x 12
2 12
x=1

b) Do the following to isolate and solve for x:

X 1
2x +3) =2
(x+3) =775
X 1
2+ 6—= ==
t 42
X 1
A+ 6-—6==-6
' 4 2
X 11
R
YTy 2
o
4 2
Tx 4 11 4
Y — = e X —
4 7 2 7
44
X = -
14
22
X = ——
7

¢) Factor the left side of the equation and solve for
x as follows:
X =50-24=0
(x-8){x+3)=0
x—8=0o0rx+3=0
x—8+8=0+8o0orx+3-3=0-3
x=8orx = -3
d) Move all terms to the left side of the equation,
factor, and solve for x as follows:
6x> + 11x = 10
6x* + 1lx — 10 =10 - 10
6x* + 1lx — 10 =0
Bx—2)2x+5)=0
3x—-2=0 or 2x+5=0
3x-2+42=0+4+20r2x+5-5=0-5
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3x=20r 2x = =5
3x 2 2 5

3 392 2

X = 5 or x = 'E
e) Use the quadratic formula to solve for x as
follows:
¥+2x—-1=0

—bi\/i)?_—4ac
T 2a
r:—zrvcf—4mx-n
” 2(1)

-2+ V4 +4
X = T“”“

-2+ 8
X:*“‘T_

-2 +2\V2
A
x=-1*+V2

f) Move all terms to the left side of the equation and

use the quadratic formula to solve for x as follows:
3 =3x+ 1

3 -3 —-1=3x+1-3x—-1

3P -3x—-1=0

x:—bi\/bz—4ac

’ 2a

3= V(=3) - 4(3)(- 1)
X = 2(3)
t_3rm

’ 6

r=3t\/ﬁ

’ 6

2. To show that AB = CD, the distance formula
should be used as follows:
First for AB:

d=V(x-x)+ (n-»n)

d:JQ—1Y+<%-®Z




1
d=./14+~-
4
5
d=./—
4
V5
d:
2
Now for CD:

d=N(m -y + O —y)

RN =
)

1
d=,/—+1

4

5
d= |-

Vi

V5
d=—

2
So, AB = CD.
3a)sinA = opposite side _ 8

hypotenuse 17
adjacent side 15

SA = = —

o hypotenuse 17’
opposite side 8

tan A = ————— = -1

an adjacent side 15

h

CSCA = ___‘mypot‘enu's C - 1‘7“,
opposite side 8
hypotenuse 17

A TD e D e 8
se¢ adjacent side 15’
adjacent side 15

COtA = ——————— = —

opposite side 8
b) To determine the measure of Z A in radians, any
of the ratios found in part (a) can be used. In this
case, sin A will be used:

8
4= S
sin 17
. ,,.,I . A — . ,_I
sin”’ (sin A) = sin i)
LA =sin"!—
m sin”’ 7=

msA = 0.5 radians

¢) From the figure:

15
sin B = —
sin 17
, ‘ 15
A <__>
sin”' (sin B) = sin 17
15
LB =sin'{—
m sin <17>
m/iB = 61.9°
4.3) — Y
. 4
. 2_
2 Y x
—l —| 0 b ‘T
EXER
._4_

b) Drawing a segment from ( —2,2) down to the
negative x-axis forms a right triangle with two legs
of length 2. The tangent of the related acute angle is
sorl.

The measure in radians of the acute angle that has a

tangent equal to 1 is E, so the value of the related

. T .
acute angle is 7 radians.

¢) Since the point at (-2, 2) is in the second
quadrant, the terminal arm of the angle # must also
be in the second quadrant. Since the angle with a
terminal arm in the second quadrant and a tangent

37 . 3 .
of —1 measures T radians, 6 = *471 radians.
5. a) The x-coordinate of point A is cos % while the
. . . T ~ .
y-coordinate is sin T Therefore, the coordinates of

point A are (72 Y;) The x-coordinate of point B

. m . . . LT
is cos 7, while the y-coordinate is sin 3 Therefore,

the coordinates of point B are (%, %3) The

. .. . 2 .
x-coordinate of point C is cos %, while the

. . . 27 - .
y-coordinate is sin B Therefore, the coordinates of

point C are <— 5 A\zﬁ) The x-coordinate of point D the

is cos ég, while the y-coordinate is sin %72 Therefore,

coordinates of point D are <— —?, %) The x-coordinate
of point E is cos 1672, while the y-coordinate is sin 1671'
Therefore, the coordinates of point £ are (—7, -3).

. . . 5 .
The x-coordinate of point £ is cos wf while the
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. .. 5= .
y-coordinate is sin e Therefore, the coordinates of

point F are <—%2, —%) The x-coordinate of point

. 4 . . .. 4
G is cos *;Z while the y-coordinate 1s sin ~37Z
Therefore, the coordinates of point G are (- 5 ——?)

. . . S .
The x-coordinate of point H is cos B while the

. .. 5T .
y-coordinate is sin ER Therefore, the coordinates of

point H are <% —%3) The x-coordinate of point / is

T . . . I
COS‘z, while the y-coordinate is sm+4—. Therefore,

the coordinates of point [ are (%2, — —?) The

“

. - . 11 .
x-coordinate of point .J is cos Tﬂ, while the

. T .
y-coordinate is sin o Therefore, the coordinates

of point J are (—sz, «%)

. 37 . . .
b) i) cos w} is equal to the x-coordinate of the point

Vi V3 3m V3
at{——5%, %), s0 cos— = =5~
e =
ii) sin —677— is equal to the y-coordinate of point J,
. 117’1’ 1
SO Sin —6' = —s5.
iii) cos 7 is equal to the x-coordinate of the point at
(=1,0),s0cosm = —1.
iv) csc g is equal to the reciprocal of the y-coordinate
— 1
of the point at <32—3, %) SO €SC g =7=2
2
6. a) Since tan x = —3, the leg opposite angle x in a

right triangle has a length of 3, while the leg adjacent
to angle x has a length of 4. For this reason, the length
of the hypotenuse can be calculated as follows:

3+ 42 = 72

9+ 16 = 7°
25 = 72
z=15

Therefore, if the angle x is in the second quadrant,
the other five trigonometric ratios are as follows:
opposite leg 3.

S hypotenuse 5
adjacent leg 4

COSx = "= = —
hypotenuse 5
h

escx = Jypotenuse 5
opposite leg 3
h

cec x = ypotenuse _ __5_:
adjacent leg 4
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adjacentleg 4

opposite leg 3

If the angle x is in the fourth quadrant, the other
five trigonometric ratios are as follows:

oppositeleg 3

cotx =

Smx = hypotenuse 5’
adjacent leg 4

COS X = = =
hypotenuse 5
h

csex = ypotfanuse _ —é,
opposite leg 3
h h

cec x = ypotenuse _ E;
adjacentleg 4
adjacent leg 4

cotx =~ =

opposite leg 3

b) To determine the value of the angle x, any of the
ratios found in part (a) can be used. If x is in the
second quadrant, sin x = 2, 5o x can be solved for as
follows:

sin x 3
1 = -
5

3
sin"! (sinx) = sin"’1<§>

sin”™! <§>
' 5

x =25
If x is in the fourth quadrant, sin x = —Z, so x can

be solved for as follows:
3

sinxy = ——

5
. >1 . _ . 71 3
sin”’ (sin x) = sin -3
sin“(—?—)
5
x =56

G .
7.a)tan 6 = 2z , cos 0 # 01is true.
cos

X

I

X

b) sin® @ + cos’# = 1 is true.
1 . . . .
c)sech = i sin § # 0 is false, since sec 6 is the

reciprocal of cos 6, not sin 6.
d) cos®# = sin® # — 1 is false. This can be shown
by performing the following operations:
cos’f =sin’ 9 — 1

cos’f+ 1 =sin’-1+1

cos’f + 1 = sin’#
cos’f + 1 — cos’@ = sin” 6 — cos’ 0

sin# — cos’f =1

7-3



Since sin” @ + cos” 8 = 1 is true,
sin® @ — cos’ # = 1 must be false.
e) | + tan® @ = sec’ 6 is true

fycotp = Lg-w sin § # 0 is true.

sin 8
8. The sinusoidal function y = sin x is transformed
into the function y = asin k{x — d) + ¢ by
vertically stretching or compressing the function
v = sin x by a factor of a, horizontally stretching or
compressing it by a factor of i, reflecting it in the
x-axis it a < 0, reflecting it in the y-axis is k < 0,
vertically translating it ¢ units up or down, and
horizontally translating it d units to the right or the
left. Theretore, an appropriate flow chart would be
as follows:

Perform a vertical stretch/compression by a
factor of |a|.

Y

1
Use to determine the horizontal

stretch /compression.

Y

Use « and k to determine whether the function is
reflected in the y-axis or the x-axis.

\

Perform a vertical translation of
¢ units up or down.

\

Perform a horizontal translation of 4 units to
the right or the left.

7.1 Exploring Equivalent

Trigonometric Functions, pp 392—-393

1. a) Answers may vary. For example: The graph is
that of the trigonometric function y = cos 6. Since
the period of y = cos 6 is 27 radians, the graph
repeats itself every 27 radians. Therefore, three
possible equivalent expressions for the graph are

v =cos (6 + 2m),y = cos (# + 4m), and

v = cos (6 — 2).

7-4

b) The trigonometric functions y = cos # and
y = sin (0 + %) are equivalent. Since the period

of y = sin (9 + g) is 27 radians, the graph repeats
itself every 27 radians. Therefore, three possible
equivalent expressions for the graph using the sine

. . . 3
function are y = sin (0 + g), y = sin <9 - ;Z)

and y = sin (9 + é;)
2. a) The graph of the trigonometric function

y = csc 0 is symmetric with respect to the origin,
$0 y = csch is an odd function. Therefore,

csc (—6) = —cscf. The graph of the trigonometric
function y = sec 6 is symmetric with respect to the
y-axis, so y = sec 6 1s an even function. Therefore,
sec (—0) = sec . The graph of the trigonometric
function y = cot € is symmetric with respect to the
origin, so y = cot € is an odd function. Therefore,
cot (—0) = —cot#h.

b) If the graph of the trigonometric function

y = csc 8 is reflected in the y-axis, the equation of
the resulting graph is y = csc (—8). Also, if the
graph of y = csc f is reflected in the x-axis, the
equation of the resulting graph is y = —csc #. Since
the graph of y = csc 6 is symmetric with respect to
the origin, a reflection in the y-axis is the same as a
reflection in the x-axis. Therefore, the equation

csc (—6) = —csc ¥ must be true. If the graph of the
trigonometric function y = sec 6 is reflected in the
y-axis, the equation of the resulting graph is

v = sec (—6). Since the graph of y = sec 8 is
symmetric with respect to the y-axis, a reflection of
the function in the y-axis results in the function itself.
Therefore, the equation sec (—#) = sec § must be
true. If the graph of the trigonometric function

y = cot 8 is reflected in the y-axis, the equation of
the resulting graph is y = cot ( —#8). Also, if the
graph of y = cot ¢ is reflected in the x-axis, the
equation of the resulting graph is v = —cot 6. Since
the graph of y = cot 6 is symmetric with respect to
the origin, a reflection in the y-axis is the same as a
reflection in the x-axis. Therefore, the equation

cot (—#) = —cot # must be true.

3. a) Since sin 6 = cos <g - 9),

LT ‘<z_z>_ O(ézz-zf_)
SlIl6—COS ) 6 = COs 6 6

2 T
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b) Since cos § = sin

:
s

€OS = 8in
12

U,
[\
—_
[\

¢) Since tan0=cot<§—()>,
( T t<7T 377)
an— = cot{ — —
8 2 8
—cot<§z-§z>—cot—
8 8
d) Since cos § = sin <§—0),
§zz_‘-n<z*§z>
R T O BT
(8 37)
BT T AT
e) SincesinHrcos(zzr—-H),
in T - <zvz>
sm8—cos > 3
<47T 77)
=cos|— — —
8 8
- s T
8
f)SmcetanGzcot( -9),
(T 7Y (3T T
Mg =T Te) T T s
12 177
—co~—:c0'~
6

4. a) Since sin § = cos

G-
sinf ( 9)
()

1

Therefore, csc 8 = sec

1

Si s =sin|——80]), = .
ince co s <2 )cose o (E—é))
2

Therefore, sec # = c¢sc <§ - 9).
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‘ T 1 1
Since tan # = cot\5 — 6, = :
tan ¢ T
cot{y — 0

v
Therefore, cot 8 = tan( - 0)

b) The trigonometric function y = sec (E - 6)

can also be written as y = sec( (6 - 7)) If the
graph of the trigonometric function
y = sec ( (9 - -)) is reflected in the y-axis, the

Z

equation of the resulting graph is y = sec ((9 - g)

Since the graph of y = sec (— (9 - g)) is symmetric
with respect to the y-axis, a reflection of the function
in the y-axis results in the function itself. For this

reason, sec (% - 0) = SsecC (8 - g), SO

csc O = sec (9 - ) Therefore, ! =
2 cscf

<o

the cofunction identity csc # = sec (— - 0) must be
true. The trigonometric function y = csc 7T = 6)) can
also be written as y = csc <— (8 - %)) If thc graph

of the trigonometric function y = c¢sc ( (é) - ))

is reflected in the y-axis, the equation of the resulting

resulting graph is y = csc <9 - E) Since the graph

of y = csc (— (6 - 2)) is symmetric with respect to
the origin, a reflection in the y-axis is the same
as a reflection in the x-axis. For this reason,

ez ez
—CSC <§ - 0) = CsC <9 - 5) or
ez ez
csc(;— (9) :csc<6} '5‘1’77)
ez
= CSC <H + 5) SO
)

sec9=CSC<0+—

1
Therefore, = o or
sect  cse (9 + 5

R a
Cos 8 = sin <0 + 7)



This is a known identity, so the cofunction identity

secf = csc (5 - 9) must be true.
The trigonometric function y = tan g - 9) can also
be written as y = tan ( (9 - —)) If the graph of

the trigonometric function y = tan (— (9 - 5)) is

reflected in the y-axis, the equation of the resulting

graph is y = tan (— (9 - g))
Since the graph of y = tan (- (9 - %)) is symmetric
with respect to the origin, a reflection in the

y-axis is the same as a reflection in the x-axis. For

this reason, —tan (% - 9) = tan (9 - %) or

v v v
tan(z —0) = tan(@ -3 +7r> = tan(6+5),
so cot § = tan (9 + g) Therefore,

1
cotd tan((? + T
2

s or tan § = cot (0 + > This

is a known identity, so the cofunction identity
cotf = tan (5 - 9) must be true.
5. a) Since sin # = sin (7 — #),

s'nzz'sin< -7—7T)—sinZ
g TR 8

b) Since cos 8 = —cos (7w + ),
137 137
cos—E = —cos< + ——)
_ <127T 137\ 25w
= ) = —CO0S “E
(BT 2)
_ 257 24w\ T
- <_“" - _> = —COSE
¢) Since tan § = tan (7 + 0),
tanéz = tan <§1 + §Z> = tangz
4 4 4 4
B 97
= tan (“Z - 27T>
= tan(g—ﬂ' _§E> = tanz
4 4 4
d) Since cos § = cos (27 — 6),
11 117
cos o = Cos <27-r - —6—)
127 117 T
= COS <“6— - “6—) = COSg

7-6

e) Since sin § = —sin (27 — 0),

sin 137 sin <2 13#)
=20 g _aa
8 T8

__in<ﬁ71_£5ji>__s-n_w
SR s ) Mg

f) Since tan # = —tan (27 — 6),
S S
tan—éw = —tan <27T - m)

3
- <§z__5jz>__tanz
N A 3

6. a) Assume the circle is a unit circle. Let the
coordinates of Q be (x, y). Since P and Q are
reflections of each other in the line y = x, the
coordinates of P are (y, x). Draw a line from P to
the positive x-axis. The hypotenuse of the new right

triangle makes an angle of (g - 9) with the
positive x-axis. Since the x-coordinate of P is y,
cos (g - 9) = y. Also, since the y-coordinate of
Qis y, sin# = y. Therefore, cos (g - 9) = sin #.
b) Assume the circle is a unit circle. Let the
coordinates of the vertex on the circle of the right

triangle in the first quadrant be (x, y). Then
sin @ = y, so —sin § = —y. The point on the circle

that results from rotating the vertex by g
counterclockwise about the origin has coordinates
(—v,x), socos (g + ()) =
cos (g + 9) = —siné.

—y. Therefore,

7. a) true; the period of cosine is 27
b) false; Answers may vary. For example: Let 6 = g

Then the left side is sin g or 1. The right side is
. T
—sin = or — 1.
¢) false; Answers may vary. For example: Let § = 7.
Then the left side is cos 7, or — 1. The right side is

—cos Sm,or 1.

d) false; Answers may vary. For example: Let § = %

2 The right side

. . 3
Then the left side is tan w}, or —

is tan g, or %é

e) false; Answers may vary. For example: Let 8 = .
S 3 . Sy

Then the left side is cot 'f, or —-1. The right side is

tan z orl
4’ ’
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f) false; Answers may vary. For example: Let b) Since cos(a — b) = cosacos b + sinasinb,

# = Z. Then the left side is sin §ZZ’ or 1. The right cos 157 = cos (45° — 30°)
2 2 = cos 45° cos 30° + sin 45° sin 30°

. . . v
side is sin <- —), or 1.

2 - (3[%)(3@) . <}_@)<1>
2 2 2 J\2
4 4
PP AL o ; V2 + V6
1. a) Since sin (@ + b) = sinacos b + cosasin b, 4
sin @ cos 2a + cos asin2a = sin (a + 2a) = sin3a. | . tana + tan b
S t + b)) = —————
b) Since cos (a + b) = cosacosb ~ sinasin b, ¢) Since tan (4 ) 1 - tanatan b’
cos 4x cos 3x — sin4x sin 3x = cos (4x + 3x) ST 2 3w\ T ow
= cos Tx tanE—tan ‘1‘5+“1‘2‘ = tan E-I'Z
) _ tana — tanb - -
2. a) Since tan (a — b) = 17 tanaiand - tan o+ tan 7 ¥
tan 170° — tan 110° , Tl —tnZtanl
=t 170° — 110° an — tan _ (A3
T+ tan 170° tan 1107 20 (7 ) R - (o
= tan 60° = V3 _xt3 T3
b) Since cos (a — b) = cosacos b + sinasin b, 2 - ? 3 73\6
5 5
COS'ECOSI—-FSin'5~7zsin12008<l—l> :\/§+3>< 3 :\/§+3
12 12 12 12 12 12 3 3-V3 3-\3
ICOS%—;:COS%:1 _(\/§+3)(3+\/§)
3. a) Two angles from the special triangles are 30° (3 - \/5)(3 + \@)
and 45°, so 75° = 30° + 45°. 3\/5 +9+3+ 3\/§
b) Two angles from the special triangles are 30° and T 9-3v3+3V3 -3

45° 50 —15° = 30° — 45°.

¢) Two angles from the special triangles are % and = M =2+ V3
T T T AT T 6
3’ 6 6 6 6 3 . » @) Sincesin (a — b) =sinacosb — cosasinb,
d) Two angles from the special triangles are — and —, 3 4

T 37 2mr 0w T 6 4 ; T e (2T Ty (T T
o X =T _m_7T_ T sin|\ =5 ) =sinl 75 — 75 ) =sinl g

2 12 12 4 6 3
¢) Two angles from the special triangles are 45° and _.m w .
600, so 105° = 45° + 60°. _ _ = SIDZCOS 3 - COSZ‘SIHS‘
f) ;F7\TV0 a;%les g:)m t7t71e sp:c‘lal triangles are 3 and > _ <£><1) ) <£><£>
I NE 2/ A2
4. a) Since sin (a + b) = sinacosb + cosasm b, N
sin 75° = sin (307 + 45°) =4 1

= sin 30° cos 45° + cos 30° sin 45°
2 -6

632 o

e) Since cos (a + b) = cosacos b — sinasin b,

_ V2, V6 cos 105° = cos (45° + 60°)
4 4 = cos 45° cos 60° — sin 45° sin 60°
S -(Y)E)-(5)1%)
4 L2 J\2 2 2
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_ V2 Ve

4 4

_ V2 -6
4

o tana + tan b
F) Since tan (a + b) = -

23 97 147 37 T
tan—— = tan{ -+ + —— ) = tan ~Z—+~6—

12 2 12
tan °Z + tan 5
an 4 an A _ -1 + _\_T
- 1 EE ZZZ - (vﬁ)
—tan4tan6 1 - (-Dl¥
3 M3
:_ (_ %z) TV
_V3-3 3 V3-3
3 3+ 34 V3

3V3 -9 - 34 3V3

9+3V3-3V3 -3
-2+ 6V3
6
=-2+V3

5.a) Since sin (@ + b) =sinacosbh + cosasinb,

. n w . T n LT
sim{ 7 +— )= sin 7w cos—_— + cos mwsin—
6 6 6

o) ol
(-

b) Since cos (¢ — b) = cosacos b + sinasin b,

( T L. .
cos| 7w — ] = cosm cos— + sin 7 sin -
4 4 4

o D)o
S M2

2
V2

2

‘ tana + tan b
©) Since tan (a + b) = ol
- a

tang— + tan

o
tan <— + 7T> =
4 1 - tangtan T

7-8

1+0

1= (1)(0)
140
T 1-0
1y

1

d) Since sin (a + b) = sinacos b + cos a sin b,

(-5 ) =sin (- Jeon ]
| +cos<'%> Sin%
- -n(3) = o)

1
=240
2

1

2
tana — tan b

1 +tanatan b’

7T

e) Since tan (¢ — b) =
L
- tan 3 tan p

aa
tan(———) i B
36 1+tan§tan%

/3
V3 -

f) Since cos (a + b) = cosacos b — sinasin b,

2 3 2 3 2 3

o) of%)

m m o m LT, T
COS| =+ =] = COS—COS— — SIn-—Sin —
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=0 -
V3

2

6. a) Since sin (a + b) = sinacosb + cosasin b,
sin (m + x) = sin 7 cos x + cos 7 sin x

= (0)(cosx) + (—1)(sin x)

=0+ (—sinx)

=0 - sinx

= —sinx
b) Since cos (a + b) = cosacos b — sin asin b,

b

cos <x + *32) = cosxcoséz - sinxsinEzz
2 2 2
= (cosx)(0) — (sinx)(—1)
=0~ (—sinx) = sin x
¢) Since cos (@ + b) = cosacosb — sinasinb,
( N 77) B T . .
cos{x 5 )= COS X COS 5 sin x sin 5
= (cos x)(0) — (sinx)(1)
=0 - sinx
= —sinx
tana + tan b

[

d) Since tan (a + b) = 1 - tanatan b’

tanx + tanw
tan(x + 7)) = —
1 —tanxtan
_ tanx + 0
1~ (tan x)(0)
tanx + 0
1 -0
_tanx
1
= tanx
e) Since sin (¢ — b) = sinacos b — cosasin b,
sin (x — ) = sinx cos T — COS x Sin 7
= (sinx)(—1) — (cos x)(0)
= —sinx — 0
= —sinx

tana — tan b

1 +tanatan b
tan 2m — tan x

f) Since tan (a — b) =

t 27— x) =
an (2m - x) 1 + tan 27 tan x

0O -tanx
1+ (0)(tan x)
—tan x
1+0

_ —tlanx

1
= —tan x
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7. a) Since sin (7 + x) = sin (x + 7), sin (7 + x)
is equivalent to sin x translated 7 units to the left,
which is equivalent to —sin x.

37\ . .
b) cos (x + %) 1s equivalent to cos x translated
3 . L . .
';l units to the left, which is equivalent to sin x.

¢) cos (x + %) is equivalent to cos x translated
m
2
d) tan (x + ) is equivalent to tan x translated
7 units to the left, which is equivalent to tan x.
e) sin (x — ) is equivalent to sin x translated
ar units to the right, which is equivalent to — sin x.
f) Since tan (27 — x) = tan (—x + 27), and
since the period of the tangent function is 2,
tan (27 — x) is equivalent to tan (—x), which is
equivalent to tan x reflected in the y-axis, which is
equivalent to —tan x.
8. a) Since cos (¢ + b) = cosacos b — sinasin b,
cos 75% = cos (30° + 45°)

= cos 307 cos 45° — sin 30° sin 45°

-(5)-G)F)

units to the left, which is equivalent to —sin x.

_ V6 V2
T4 4
V6 - V2
o

tang — tan b
1 + tanatan b’
tan ( —15°) = tan (30° — 45°)

tan 30° — tan 45°
"~ 1 + tan 30° tan 45°

b) Since tan (a — b) =

¥3_q V33
_ 3 _ 3 3

L+ () 3+¥%
_V,§3g3_\/7'3>< 3
QEERY 3 3403

V3-3  (V3-3)(3- 3

T34V (34 V)3 - VA)
3V3-9-3+3V3
T 9+3V3I-3V3-3

- 12+6V3
- 6

=-2+V3




¢) Since cos (a + b) = cosacosb — sinasin b, 1+vV3+V3+3

1w (277 977) C1-V3+\V3-3
cos—— =cos|— + -
12 12 12 4 +2V3
7 3w =5 =2 V3
= oS <7 + —~>
6 ! f) Since tan (a — b) = tana -~ tanb_
:coszcosﬁ—sinzsingﬂ 1 + tanatan b’
° : ° : tan(—éz>—tan<§z~gz)'tn<z—§z>
_ <{§><_)@) B <1><}_@> 12 2 12) \3 4
. . 2 2 tan ~ — tan i
Ve V2 - 3 4
T4 4 1+tan§tan%f71
-V6 - V2 )
= V3 (-1
d) Since sin (¢ + b) = sina cos b + cosasin b, L+ (%)(_1)
0 137 i <37T N 1077) V3t
m-—-—= iy T~ -
M T T 1-V3
(T 5T _1+V3
= sin 4 6 1-V3
:sin—cos%—l—cosgsin% :(1+\/§)(1+\/§)
(1= V3)(1 + V3)
:<¥><—~\?>+<-\g—§><%> 1+ V3+V3+3
T 1-V3+V3-3
V6 2
S L2 442V3
= —\[;—\—[9 9. a) Since sin x = 2, the leg opposite the angle x in a
1 g g
right triangle has a length of 4, while the hypotenuse
e) Since tan (a + b) = tana + tan b of the right triangle has a length of 5. For this reason,
1 —tanatan b’ the other leg of the right triangle can be calculated as
T 3w 4w follows:
tanE:tan 'i*2"+'i*2" X2+42:52
S x*+ 16 =25
:tan<+—> x?+ 16 - 16 =25 — 16
4 3 2 _
T v = 9
tan " + tan 3 x = 3, in quadrant I
- tang tan % Since cos x = %%s—fi——t::eg, cos x = 2. In addition,
1+ V3 since sin y = — 12, the leg opposite the angle y in a
= ~—*~———1 0 ( \@) right triangle has a length of 12, while the hypotenuse
L +\3 of the right triangle has a length of 13. For this
= 3 reason, the other leg of the right triangle can be
1 =V3 calculated as follows:
C(1+ Vv3)(1 + V3) X 4122 = 13
(1-V3)(1 + V3) x? + 144 = 169

X2+ 144 — 144 = 169 — 144
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xt =125
X =5, in quadrant 1V
adjacent leg

Since cos y = cos y = . Therefore,

hypotenuse’
since cos (a + b) = cosa cos b — sina sin b,
cos(x + y) = cosxcosy — sinxsiny

(5)65) - G)-5)

_Is (_f‘ﬁ)
65 \ 65

_b 48
65 ' 65
63
T 65

b) Since sin x = £, the leg opposite the angle x in a

right triangle has a length of 4, while the hypotenuse
of the right triangle has a length of 5. For this reason,
the other leg of the right triangle can be calculated

as follows:

P+ 4 =5

x*+ 16 =25
x>+ 16 - 16 =25—16

=9

x = 3, in quadrant |
. adjacent leg
Since cos x = — ) ’_?D. CO
hypotenuse

s x = 1. In addition,
since sin y = —12, the leg opposite the angle y in a
right triangle has a length of 12, while the hypotenuse
of the right triangle has a length of 13. For this reason,
the other leg of the right triangle can be calculated as

follows:

X+ 12° =137
x2 + 144 = 169
X7+ 144 — 144 = 169 — 144
xt =25

x = 5, in quadrant I'V
. adjacent le .
Since cos y = ~-—J——/~g~, cos y = 7. Therefore,
hypotenuse
since sin{a + b) = sina cos b + cos asin b,

sin(x + y) = sinxcosy + cosxsiny
() GI-5)
= —_— — + - —_———
5/\13 5 13
()
65 65

20 36

65 65
16

65
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¢) Since sin x = %, the leg opposite the angle x in a
right triangle has a length of 4, while the hypotenuse
of the right triangle has a length of 5. For this
reason, the other leg of the right triangle can be
calculated as follows:

4=
x>+ 16 =25

x2+ 16 -16 =25~ 16
=9

x = 3, in quadrant 1

adjacent le ..
acjacentes cCosx = % In addition,

Since cos x ,
hypotenuse

since sin y = ~— 12, the leg opposite the angle v
in a right triangle has a length of 12, while the
hypotenuse of the right triangle has a length of 13.
For this reason, the other leg of the right triangle
can be calculated as follows:

x?+ 127 = 13

x* + 144 = 169
X2+ 144 — 144 = 169 — 144
x> =25

x =5, in quadrant IV

adjacent leg

. 5
Since cos y = cos y = 5. Therefore,
Yy =13

hypotenuse’
since cos(a — b) = cosacos b + sinasinb,

cos{x —y) =cosxcosy + sinxsiny

() (53 )

65 65
d) Since sin x = %, the leg opposite the angle x in a
right triangle has a length of 4, while the hypotenuse
of the right triangle has a length of 5. For this reason,
the other leg of the right triangle can be calculated as
follows:

X+ 4 =5
x*+16 =25

x> +16 - 16 =25 - 16
x*=9

x = 3, in quadrant 1

adjacent leg

Since cos x = cos x = % In addition,

hypotenuse’

since sin y = — 13, the leg opposite the angle y
in a right triangle has a length of 12, while the
hypotenuse of the right triangle has a length of 13.
For this reason, the other leg of the right triangle
can be calculated as follows:

x? + 122 = 137

x? + 144 = 169
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X+ 144 — 144 = 169 — 144
x> =25

x = 5, in quadrant IV

adjacent leg

Since cosy = cos y = . Therefore,
Y =13

hypotenuse’
since sin{a — b) = sinacos b — cosasin b,
sin(x — y) =sinxcosy — cos xsiny

-(5)65)- () (0) -5 (%)
~\s/\13 5 13/ 65 65
20,3656

65 65 65

e) Since sin x = %, the leg opposite the angle x in a
right triangle has a length of 4, while the hypotenuse
of the right triangle has a length of 5. For this reason,

the other leg of the right triangle can be calculated as
follows:

x>+ 4 =5
x>+ 16 =25

x2+16 - 16 =25 - 16
=9

x = 3, in quadrant 1

opposite leg

Since tan x = anx = % In addition,

adjacent leg’
since sin y = — . the leg opposite the angle y in a
right triangle has a length of 12, while the hypotenuse
of the right triangle has a length of 13. For this reason,
the other leg of the right triangle can be calculated as
follows:

x>+ 122 = 13’
X+ 144 = 169
X2+ 144 — 144 = 169 — 144
x> =25
x =5, in quadrant IV

. opposite |
Since tan y = OPpOSLE c8

12
= —%.(Th
adjacent leg’ Y 5- (The
reason the sign is negative is because angle y is in
the fourth quadrant.) Therefore, since

tana + tan b

tan (a + b) = ————r
an (a ) 1 —tanatanb
tanx + tany
t +y) = e
an (¥ +y) 1 —tanxtany
(8 B (Y
O -
20 _ 36 _16
_ 1515 _ i
EE
_ 16 15 16
15 63 63
7-12

f) Since sin x = %, the leg opposite the angle x in

a right triangle has a length of 4, while the hypotenuse
of the right triangle has a length of 5. For this reason,
the other leg of the right triangle can be calculated as
follows:

X+ 42 =5
x>+ 16 =25
X+ 16—-16=25 - 16

x=9

x = 3, in quadrant |

opposite leg

Since tan x = tan x = . In addition,

adjacent leg’
since sin y = —13, the leg opposite the angle y in a
right triangle has a tength of 12, while the hypotenuse
of the right triangle has a length of 13. For this reason,
the other leg of the right triangle can be calculated as
follows:

X+ 127 =13
¥+ 144 = 169
X+ 144 - 144 = 169 — 144
x* =25

x = 5, in quadrant IV

. opposite leg 12
Sincetany = ——————=,tany = —%. (The
Y adjacent leg Y 5 (

reason the sign is negative is because angle y is in
the fourth quadrant.) Therefore, since

tana — tan b

1+ tanatanb’

tanx — tany

tan (a — b) =

tan (x — vy) =

(%)

BEIUCTREEYE
56 < 15 ) 56
= — X R it = ——
15 33 33
10. Since sin & = %, the leg opposite the angle « in
a right triangle has a length of 7, while the hypotenuse
of the right triangle has a length of 25. For this reason,
the other leg of the right triangle can be calculated as
follows:

1+ tanxtany
20 36 56
s s

15

Xt + 77 =25
x* + 49 = 625

x° 4+ 49 — 49 = 625 — 49
x? = 576

x = 24, in quadrant I
. adjacent le
Since cos a = —l——-—g—, Ccos a
hypotenuse

opposite leg

= %‘ Also, since

tan @ = tan & = 5. In addition, since

adjacent leg’
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cos B = 3, the leg adjacent to the angle B in a right
triangle has a length of 5, while the hypotenuse of
the right triangle has a length of 13. For this reason,
the other leg of the right triangle can be calculated
as follows:

52+ yt =13
25 4+ y* = 169
25 4+ y? — 25 =169 — 25
y? = 144
x = 12, in quadrant I
. . _ opposite leg . _n
Since sin B = hypotenuse” in B = 15. Also,
. site le
since tan 3 = OPPOSIEIE 1 an B = 2. Therefore,

adjacent leg’
since sin (@ + b) = sinacos b + cosasin b,

sin(a + B) = sinacos B + cos asin B

23 @)
25/\13 25/\13
35 288 33
325 325 325
tana + tan b
1~ tanatanb’
tan o + tan 3
I —tanatan 3
5t ¥
1 - (#)(%)

3
35 4 288 323

|

Also, since tan (a + b) =

tan (a« + B)

_ 10T o _ 10
1-5 &
323 120 323
1207 36 36

11. a) Since cos (¢ — b) = cosacos b + sinasin b,
T o 7
cos|— —x :cosacosx+sm—2—smx

2
(0)(cos x) + (1)(sinx)
=0+ sinx =sinx
b) Since sin (a — b) = sinacos b — cos a sin b,

. fm . T
sin <—2— - x) = smzcosx - coszsmx

= (1)(cos x) — (0)(sinx)

=cosx — 0 =cosx
12. a) Since sin (a + b) = sinacos b + cosasin b,
and since sin (¢ — b) = sinacos b — cosasin b,
the expression sin (77 + x) + sin (7 — x) can be
simplified as follows:
sin (7 + x) + sin (7 — x)
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= sin 7 COS X + COS 77 SIN X -+ SIN 7 COS X
— €OS 7 sin x
=2sinwcosx = (2)(0)(sinx) =0
b) Since cos(a + b) = cosacosb — sinasinb,
and since sin (a + b) = sinacos b + cosasin b,

. v . w
the expression cos (x + -3—) — sin (x + g) can be

simplified as follows:

™ , L
COS X COS = — sin x sin —-
3 3

. r LT
— smeOSg + cosxsmg

T . T s
= €0$ X €OS =~ — sin x sin =~ — SIN X COS
3 3 6

o
— COs x $in —
6

<%>(cos x) — ({g)(sm x)
— <l2[§)(sin x) — <%)(COS x)

= -V3sinx

13. Since sin (a + b) = sinacos b + cosasin b,
since sin (a — b) = sina cos b — cos a sin b, since
cos (a + b) = cosacos b — sinasin b, and since
cos (a — b) = cosacosb + sinasinb, the

sin (f + g) +sin(f — g)
cos (f + g) + cos(f — g)
simplified as follows:

sin (f+ g) +sin(f — g)

cos (f+ g) + cos(f — g)

_sinfcos g+ cosfsing +sinfcosg —cosfsing
~ cos fcos g — sin fsin g + cos fcos g + sin fsin g
_ 2sinfcosg  sinf

"~ 2cosfcosg  cosf

= tan f,cos f# 0, cosg # 0

expression can be

14. If sin ¢ and sin b are written as %, where y is

the side opposite angles « and b in a right triangle,
and r is the radius of the right triangle, the side x
adjacent to angles a and b can be found with the
formula x* + y? = r% Once x is determined, cos a

and cos b can be written as f and since the

terminal arms of angles a and b lie in the first
quadrant, cos a and cos b are positive. With

sin a, sin b, cos a, and cos b known, cos (a + b)
can be found with the formula

cos (a + b) = cosacosb — sinasin b.
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Therefore, an appropriate flow chart would be as
follows:

Write sin a in terms of {

Y

Solve for x using the Pythagorean

theorem, x* + y* = r%

Y

}, choose the positive

m
2 Kl
value of x and determine cos a.

Y

o . v
Write sin b in terms of -

Y

Solve for x using the Pythagorean
theorem, x* + y* = 2.

Y

Since b e [(), %TJ, choose the positive

Sinceae {0,

value of x and determine cos b.

Y

Use the formula
cos {(a + b) =cosacosh — sinasin b
to evaluate cos (a + b).

15. The compound angle formulas used in this
lesson are as follows:
sin (x + y) =sinxcosy + cos xsiny
sin (x — y) =sinxcosy — cOSxsiny
cos (x + y) = cosxcosy — sinxsiny
cos (x — y) =cosxcosy + sinxsiny
tan (x + y) = ’tanx + tany
1 —tanxtany
tan x — tany

1 +tanxtany

The two sine formulas are the same, except for the
operators. The operator for sin (x + y) is +, while the
operator for sin (x — y) is —. Remembering that the
same operator is used on both the left and right sides in
both equations will help you remember the formulas.
Similarly, the two cosine formulas are the same, except
for the operators. The operator for cos (x + y)is —,
while the operator for cos (x — y)is +.
Remembering that the operator on the left side is the
opposite of the operator on the right side in both

tan (x — y) =

7-14

equations will help you remember the formulas. The
two tangent formulas are the same, except for the
operators in the numerator and the denominator on the
right side. The operators for tan (x + y) are + in the
numerator and — in the denominator, while the
operators for tan (x — y) are — in the numerator

and + in the denominator. Remembering that the
operators in the numerator and the denominator are
opposite in both equations, and that the operator in the
numerator is the same as the operator on the left side,
will help you remember the formulas.

16. Since sin (a + b) = sina cos b + cos asin b,
and since cos (@ — b) = cosacos b + sin asin b,

the formula
. . . D —

sin C + sin D = 2sin (C i )cos (C 3 D) can
5 s <C+ D>COS<C— D)
sin
2 2

be developed as follows:
C D C D

= (2)<(sin 5)(0% ~> + <c0s 5—><sin ?»
c ‘

2 2
% <§in2 ~C—) + <sin ~C—>(cos g><sin2 2))
' 2 2 2 2
=2 g ) eon oo 3 s 7
= 2| sin 5 cos 5 co > si 5
. D D ,C . C)
i — e + —
+ 2<sm 2)<cos 2>(cos 5 sin >
= 2<s'n ~C—> <cos ~C—) + 2< 1 —D-><cos 2)
i 5 5 sin 3 3
. C . D
pu—— + —
sin <2< 5 )) sin <2< 5 ))

=sinC +sinD
17. Since tan (¢ + b) =

tana + tan b
1 —tanatan b’
cot (x + y) in terms of cot x and cot y can be
determined as follows:
cot {x + v)
1 1 1 -tanxtany

" tan (x +y) T tanx +tany
1 —tanxtany

tanx + tany
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1 cot xcoty 1
_ 1 - cotxcoty _ cotxcoty ~— cotxcoty
- 1 1 - coty cot x
cotx T coty cotxcoty T cotxcoty
cotxcoty — 1
_ cotxcoty _ cotxcoty — 1 cotxcoty
cotx + coty cot x cot y cotx + coty
cotxcoty

cotxcoty — 1

cotx + coty
18.letC =x + yandletD = x — y.
cos C + cos D = cos (x + y) + cos (x — y)
= COosSXCcosSy — sinxsiny
+ cosxcosy + sinxsiny = 2cosx cosy

C+D:x+y+x—y:x
2 2

C-D x+y-x+y
2 2 -

C +
So,cosC+cosD:2cos<

19.letC=x+yandletD = x — y.
cos C —cos D =cos (x +y) —cos (x — y)
= COS$ X COSy — sinxsiny

— (cosxcosy —sinxsiny) = —2sinxsiny
C+D x+y+x—y

2 2 -
C—D_x+v—x+y

5 =Y

So,cos C —cos D = —2s1n<

1. a) Since sin 26 = 2sin 0 cos 8,
2 sin S5x cos 5x = sin 2(5x) = sin 10x.

b) Since cos 268 = cos* § — sin’ 6,
cos’ 6 — sin® @ = cos 20.

¢) Since cos 20 = 1 — 2 sin” 6,

1 — 2sin’* 3x = cos 2(3x) = cos 6x.

2 tan 0
d) Si tan 260 = ———5—,
) 1ncz an 1 — tan’ 6
2 tan 4x
m = tan 2(4)() = tan 8x.

e) Since sin 260 = 2 sin 6 cos 0,
4sinfcosf = (2)(2sinfcosP) = 2sin 26.

f) Since cos 20 = 2 cos’ 6 — 1,
6 0
2 cos? 3" 1 = cos 2<§> = ¢os 6.
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o) (¢52)

O (557

2. a) Since sin 20 = 2 sin 6 cos 6,
2 sin 45° cos 45% = sin 2(45%) = sin % =
b) Since cos 268 = cos’ # — sin’ 6,

1
cos® 30° — sin® 30° = cos 2(30°) = cos 60° = 5

¢) Since sin 28 = 2 sin 8 cos 6,
1

. T o .Tr
2sm—§cosﬁ sm2<12):smg:§
d) Since cos 26 = cos® § — sin’ 6,

T T T V3
cos’ 1—2- — sin? ‘1—2— = cos2<12) = cosz = 7

e) Since cos 20 = 1 — 2sin’ 6,

3 3 6
1~ 2sin2~§£ = cos 2(~§£> = cos —

8
37 V2
=CO§ = ———
4 2
f) Since sin 26 = 2 sin 6 cos 6,
in 60°
2 tan 60° cos® 60° = (2)<§(%_665>( cos? 60°)
= 2 8in 60° cos 607 = sin 2(60°)
= sin 120° = szé

3. a) Since sin 20 = 2 sin 6 cos 6,
sin 46 = 2 sin 20 cos 26

b) Since cos 26 = 2 cos* 6 — 1,
cos 3x = 2 cos?(1.5x) — 1

2tan 6
Si tan 20 = ——————
¢) Since tan = tanle’
2 tan (0.5x)
tanxy = ————— ———
"1 - tan? (0.5x)

d) Since cos 268 = cos’ 6 — sin® 6,
cos 60 = cos’ 30 — sin® 36
e) Since sin 20 = 2 sin 6 cos 6,
sinx = 2sin (0.5x) cos (0.5x)
2tan 8
1 - tan’ 6’
2 tan (2.50)
1 — tan’ (2.56)
4. Since cos 6 = 2, the leg adjacent to the angle 6
in a right triangle has a length of 3, while the
hypotenuse of the right triangle has a length of 5.
For this reason, the other leg of the right triangle
can be calculated as follows:
34yt =5
9+ y? =25
94y -9=25-9

f) Since tan 26 =

tan 56 =

7-15



y? =16
v = 4, in quadrant I

opposite leg .

Since sin § = ing =%

hypotenuse’
Therefore, since sin 26 = 2 sin 8 cos 6,

sin 26 = (2)(%)(%) = %

Also, since cos 20 = cos’ 6 — sin’ 6,

3 2 4 2
cos 20 = (g) - (g)
9 16 7

T25 25 25

Finally, since tan 6 = M, anf =13
adjacent leg
2 tan #
Since tan 26 = ~—-—a£—2——,
1 — tan” 6
2y (4
an20 = 26
L=G)
3 8 g
= 3 = 3 = i—
8 9 24
=— X - - = ——
3 7 7
5. Since tan § = — 3, the leg opposite the angle 6

in a right triangle has a length of 7, while the leg
adjacent to the angle 6 has a length of 24. For this
reason, the hypotenuse of the right triangle can be
calculated as follows:

T+ 247 = ¢
49 + 576 = ¢?
625 = ¢?

¢ = 25, in quadrant I

opposite leg .

Since sin§ = né = 5%, and since

hypotenuse ’
adjacent leg

cost = cos § = —32. (The reason the

hypotenuse’
sign is negative is because angle 0 is in the second

quadrant.) Therefore, since sin 26 = 2 sin 6 cos 6,
sin 26 = (2)(%)(—%) = —32 Also, since

cos 20 = cos’ 6 — sin® 6,

24\? 7\
cos 20 = <—}E> - <E>

_ST6_ 49 57
625 625 625
. . 2tan @
Finally, since tan 26 = PR
(2)(—%) -
tan 260 = = ~
1- (%) 1-%%
7-16

—L -7

- . _ "1
Toae 4 T 27
576 ~ 6 576

_ 7 56 36
o127 527 527
6. Since sin § = — 1, the leg opposite the angle #
in a right triangle has a length of 12, while the
hypotenuse of the right triangle has a length of 13.
For this reason, the other leg of the right triangle
can be calculated as follows:
x?+ 122 =13

x2 + 144 = 169
x? + 144 — 144 = 169 — 144
x> =25

x = 5, in quadrant IV

adjacent leg

: 5
Since cos 8 = cos # = 5. Therefore,

hypotenuse’
since sin 26 = 2 sin 6 cos 6,
sin 268 = (2)(—%)(%) = —128 Also, since
cos 260 = cos’ § — sin’ 6,

_ {5\ 122 _ 25 _ 144 _ 119 pr
cos 26 = (ﬁ) - (—ﬁ) =% — 15 = 79 Finally,
. opposite le
since tan @ = “EPE 8 ang = - 12 (The reason

adjacent leg’
the sign is negative is because angle 6 is in the fourth
quadrant.) Since

[an20 — M
1 — tan’ @’
2y (-2 _24 _u _24
tan29=—( X 1522 = 5144:% 5144: 1'?9
F=(=%) =% #-% -5
- 24 25 120
T TS YT 119
25
7. Since cos # = —£, the leg adjacent to the angle 6

in a right triangle has a length of 4, while the
hypotenuse of the right triangle has a length of 5.
For this reason, the other leg of the right triangle
can be calculated as follows:

42+y2:52
16 + y? =25

16 + y* — 16 = 25 — 16
y' =9

y = 3, in quadrant 11

opposite leg

Since sin # = sinf = 2.

hypotenuse’

Therefore, since sin 26 = 2 sin 8 cos 0,
sin20 = (2)(2)(—%) = -3

Also, since cos 26 = cos® 6 — sin’ 6,
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- ()

69 7

25 25 25

. R ite le

Finally, since tan 8 = *—‘—Op_pom < eg, tan 6 = —%.
adjacent leg

(The reason the sign is negative is because angle 6 is

. 2

in the second quadrant.) Since tan 20 = T~ tan’s wtiznéi o

@8 =3 o
tan 26 = - = =

-3 1-% -1

—3 3 16 24

= - = — >< —_— = = T
& 277 7

8. To determine the value of a, first rearrange the
equation as follows:
2tanx — tan2x + 2a = 1 — tan 2x tan® x
2 tan x — tan 2x + 2a + tan 2x
=1 — tan 2x tan’ x + tan 2x

2tanx + 2a = 1 — tan 2x tan® x + tan 2x
2tanx +2a — 1 =1— tan2xtan’x + tan 2x — 1
2tan x + 2a — 1 = tan 2x — tan 2x tan® x
2tanx + 2a — 1 = (tan 2x)(1 — tan’ x)
2tanx + 2a -1  (tan 2x)(1 — tan’ x)

1 - tan’x 1 - tan’x
2tanx + 2a — 1
tan 2x = 5
1 — tan“x

2 tan 6
—————, the value of 2a — 1 must
1 —tan" 6

equal 0. Therefore, a can be solved for as follows:
2a —1=0
20-1+1=0+1

Since tan 20 =

2a =1
2a 1
2 2
1
“=3

9. Jim can find the sine of% by using the formula

cos 2x = 1 — 2 sin’ x and isolating sin x on one side
of the equation as follows:
cos2x =1 - 2sin’x
cos2x + 2sinx =1 — 2sin’*x + 2sin’ x
cos2x + 2sinx = 1
cos2x + 2sin®x — cos 2x = 1 — cos 2x
2sinx = 1 — cos 2x
2sinx 1 — cos2x
2 2

Advanced Functions Solutions Manual

2
Gy = = /1 — cos 2x
2
V2

. m .
The cosine of 7187580

™ \/1 ~ cos((2)(3))

n— = =+
sin-g = * 5
- 1—cos§:+ 1—-\—272
2 - 2
2 _ V2 2-\2
S i A 3
2 - 2
2-v2 1
=+ X =
2 2

[+
il
I+

Since % is in the first quadrant, the sign of sin ;—r is
positive. Therefore, sing = ﬂ—;—‘/—i
10. Marion can find the cosine of % by using the

formula cos 2x = 2 cos’ x — 1 and isolating cos x
on one side of the equation as follows:

cos2x = 2cos’x — 1
cos2x + 1 =2cos’x — 1 +1

cos2x +1 =2cos x
2

[

cos2x +1  2cos"x
2 2
) 1 + cos2x
COS™ X = —————
2
1 + cos2x
Ccos x = t‘/“T“

. 7. V3
The cosine of 5 18 ——, SO

2
T 1+ cos (2)(5)
—_——
RSP “\/ 2
:i\/1+cos%:+\/1+73
2 B 2
7
==x 5+%§:—+— 2+2\/5
2 - 2
2+V3 1
2 2
. 2+\/§_+\/2+\/§
- 4 T2
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Since —1712 is in the first quadrant, the sign of cos Z

12

_ . VIiVA
1s posttive. Therefore, cos TR
11. a) Since sin 20 = 2 sin ¢ cos 6,
sin4x = 2sin 2x cos 2x

= (2)(2 sin x cos x)(cos 2x). At this point,
either the formula cos 20 = 2 cos* 6 — 1,
cos 260 = cos’ 0 — sin’ 6, or cos 20 = 1 — 2sin? @
can be used to simplify for cos 2x. If the formula
cos 260 = 2 cos’ # — 1 is used, the formula for sin 4x
can be developed as follows:
sin 4x = (2)(2 sin x cos x)(cos 2x)

= (2)(2sinx cos x)(2 cos’ x — 1)

= (4sinxcos x)(2cos’x — 1)

= 8 cos’ xsinx — 4sinx cos x
If the formula cos 26 = cos” @ — sin’ 6 is used, the
formula for sin 4x can be developed as follows:
sin 4x = (2)(2 sin x cos x)(cos 2x)

= (2)(2 sin x cos x)(cos’ x — sin’ x)

= (4sin x cos x)(cos’ x — sin® x)

= 4 cos’ x sinx — 4sin® x cos x
If the formula cos 260 = 1 — 2sin” 4 is used, the
formula for sin 4x can be developed as follows:
sin 4x = (2)(2 sin x cos x)(cos 2x)
(2)(2sin x cos x)(1 — 2 sin” x)
= (4 sinx cos x)(1 — 2 sin®x)
= 4sin x cos x — 8sin® x cos x

27
. . 3 . ’;
sin 4x = 4sin x cos x — 8 sin’ x cos x,

. 2w . 8 .
sin B sin == can be verified as follows:

sin 4x = 4 sin x cos x — 8 sin’ x cos x
2 2 2 .2 2
sin 4<{—) = 4sin~§£cos% -8 sm3~§£cos~37—r

o)) oD

b) The value of sin — is YZE Using the formula

3 4 8
Sm@:_ﬂé_@2@>
3 4 2
i 87 _ﬂ§_§£@)
3 4 4
sin&r— = —i@ +9[§

3 4 4
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8r _2V3

sin 3 7
8 V3
m— = —
3 2

12. a) Since sin(a + b) = sina cos b + cos asin b,
sin 36 = sin (20 + #) = sin 26 cos § + cos 26 sin 6.
Since sin 26 = 2 sin 0 cos 6,

sin 36 = (2sin 6 cos #)(cos ) + cos 26 sin

=2 cos’ #sin @ + cos 26 sin . At this point, either
the formula cos 26 = 2 cos’ 6 — 1,

cos 20 = cos’# — sin’f,orcos20 = 1 — 2sin’ @
can be used to simplify for cos 26. If the formula
cos 20 = 2 cos’ @ — 1 is used, the formula for

sin 36 can be developed as follows:

sin 36 = 2 cos’ #sin 8 + cos 26 sin 0

sin30 = 2 cos’@sin @ + (2cos’f — 1)(sin 6)

sin 30 = 2 cos’ Hsinf + 2 cos’Hsin § — sin O

sin 3A = 4 cos’*#sin§ — sin 6

If the formula cos 260 = cos? 6 — sin’ f is used, the
formula for sin 36 can be developed as follows:

sin 30 = 2 cos” #sin § + cos 26 sin

sin 30 = 2 cos’ @sin 6 + (cos” @ — sin’ §)(sin 6)
sin 39 = 2 cos’#sin O + cos’ O sin @ — sin’

sin 3¢ = 3 cos’ Asin @ — sin’ 6

If the formula cos 260 = 1 — 2 sin® # is used, the
formula for sin 36 can be developed as follows:

sin 30 = 2 cos® #sin 8 + cos 26 sin #

sin30 = 2 cos’@sin # + (1 — 2 sin®#)(sin )

sin 30 = 2cos’Hsin @ + sinf — 2sin’ #

b) Since cos (a + b) = cosacosb — sin a sin b,
cos 36 = cos (260 + 0) = cos 26 cos H — sin 0 sin 26.
Since sin 268 = 2 sin 6 cos 8,

cos 30 = cos 26 cos 6 — (sin #)(2 sin O cos )

= cos 260 cos § — 2 sin’ 6 cos 6. At this point, either
the formula cos 20 = 2 cos’f — 1,

cos 20 = cos’ @ — sin’ 6, or cos 20 = 1 — 2sin’ 0
can be used to simplify for cos 26. If the formula
c0s 20 = 2 cos* @ — 1 is used, the formula for

cos 38 can be developed as follows:

cos 30 = cos 20 cos § — 2 sin’ H cos 6

cos 30 = (2cos’ 6 — 1)(cosH) — 2sin’ O cos O
cos 30 = 2 cos* 0 — cos 6 — 2 sin’ 6 cos

If the formula cos 260 = cos® @ — sin® 6 is used, the
formula for cos 36 can be developed as follows:
cos 36 = cos 20 cos § — 2 sin” 6 cos 6

cos 30 = (cos’ § — sin”#)(cos #) — 2 sin® # cos #
cos 30 = cos® @ — sin® 6 cos 8 — 2 sin’ 6 cos 0

cos 36 = cos’ @ — 3sin’ f cos 6
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If the formula cos 26 = 1 — 2 sin’ 6 is used, the
formula for cos 36 can be developed as follows:
cos 30 = cos 26 cos 6 — 2 sin® 6 cos §
cos 30 = (1 — 2sin’ #)(cos §) — 2 sin 6 cos 6
cos 30 = cos @ — 2sin’ 6 cos § — 2sin’ 0 cos 6
cos 36 = cos 8 — 4sin’ 6 cos O

tana + tan b

1~ tanatan b’

tan 26 + tan 6
tan 3¢ = tan (20 + 0) = 1a—ntan 29?;19

¢) Since tan (a + b) =

2tan 6
1~ tan* @’
2tané
1 — tan’ @
2tan @
1 - ———}(tan
<], - tanz())( )
2tan 6
1 — tan?@
1 —
2tan 6

Since tan 260 =

+ tan 0

tan 36

tan§ — tan’ 0
1 — tan® 6
2 tan? 6
1 — tan® 8
tan g — tan' @
1 — tan?# 1 — tan?f
1 — tan24 2 tan2 6
| — tan28 1 - tan?@
2tan# + tan g — tan’ @

_ I — tan’ 0
1 - tan?d - 2tan’@
1 — tan’ 9
3tan f — tan’ 6
1 — tan®6
T 1 - 3tan?@
1 — tan?@
_3tanf -tan’6 1 - tan’6
11— tan’@ 1— 3tan’6
_3tan6 - tan’ 6
1 -3tan’#

13. a) Since sin’ x = g, and since the angle x 1s in

the second quadrant, sin x =\/% = R

Since sin x = %?, the leg opposite the angle x in a
right triangle has a length of 22, while the
hypotenuse of the right triangle has a length of 3.

For this reason, the other leg of the right triangle
can be calculated as follows:

4 (2V2) =3

x> +8=9
x*+8-8=9-38
x? =1
x = —1, in quadrant 1
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adjacent leg

Since cos x = and since the angle x is in

hypotenuse’
the second quadrant, cos x = —1.

Since sin 26 = 2 sin # cos 6,

sin 2x = 2 sin x COS X = (2)<g—3\/—§><—%> = —ﬂ—g\/—i

b) Since sin’ x = 8, and since the angle x is in the

: 8 R _ 22
second quadrant, sinx = \/§ = ¥ = 22,

Since sin x = %Z, the leg opposite the angle x in

a right triangle has a length of 2V/2, while the
hypotenuse of the right triangle has a length of 3.
For this reason, the other leg of the right triangle
can be calculated as follows:
x2+ (2V2)r = 3
x> +8=09
¥+8-8=9-38
x*=1
x = —1, in quadrant II

. adjacent leg . .
Since cos x = 8 and since the angle x is
hypotenuse

in the second quadrant, cos x = —3. Since
cos 26 = cos’ 8 — sin’ 6,
cos 2x = cos® x — sin® x

(-G

1

9 ¢ 9

(The formulas cos 26 = 2 cos* @ — 1 and cos 26
= 1 — 2 sin’ # could also have been used.)

¢) Since sin® x = §, and since the angle x is in the

. R I\
second quadrant, sinx = \/3 = =52

Since sin x = 2¥2, the leg opposite the angle x in a
right triangle has a length of 22, while the
hypotenuse of the right triangle has a length of 3.
For this reason, the other leg of the right triangle
can be calculated as follows:
2+ (2V2) = 3?
x*+8=9
¥ +8-8=9-38

=1

x = —1, in quadrant II
adjacent leg

Since cos x = , and since the angle x is

hypotenuse
in the second quadrant, cos x = —1. Since

cos26 = 2cos’f — 1,cos b = 2coszg — 1, and
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. 0
since cos x = —3%, —1 =2 coszi — 1. The value of

6 .
cos 5 can now be determined as follows:

1 7]
—§:2cos2§— 1

1 0
—§+1,:2c0325—1+1
2 , 0
EZZCOS“E
2
— ZQ
3 _2cos)
2 2
costf =251
2 372
0 _2_1
2 6 3

COs
COSQ:\[EZ_\[E_L:L@
2 3 V3 V33

d) Since sin® x = 3, and since the angle x is in the
second quadrant, sin x = ﬁ = % = %\/Z Since
sinx = %Q, the leg opposite the angle x in a right
triangle has a length of 22, while the hypotenuse
of the right triangle has a length of 3. For this
reason, the other leg of the right triangle can be

calculated as follows:
x4+ 2V2)Y =37

*+8=9
x> +8-8=9-8
x> =1
x = —1, in quadrant II

adjacent leg

Since cos x = , and since the angle x is

hypotenuse
in the second quadrant, cos x = —1. Since
sin 360 = 3 cos®> @ sin @ — sin’ 6,
sin 3x = 3 cos’ x sin x — sin’ x

-o(()-(9)

o))

27
_ov2 16V
27 27
w2
27

14. If sin g is written as %, where v is the side
opposite angle a in a right triangle, and r is the
radius of the right triangle, the side x adjacent to
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angle a can be found with the formula x> + y? = 2.
Once x is determined, cos a can be written as ;, and
since the terminal arm of angle « lies in the second
quadrant, cos a 1s negative. With sin @ and cos a
known, sin 2a can be found with the formula

sin 26 = 2 sin 6 cos #, Therefore, an appropriate
flow chart would be as follows:

L . Y
Write sin a in terms of -

Y

Solve for x using the Pythagorean
theorem, x? + y* = r°.

Y

Choose the negative value of x since

e .
ae 37 and determine cos a.

Y

. } X
Write cos a in terms of 7

Y

Use the formula sin 2a = 2 sin a cos a
to evaluate sin 2a.

15. a) Since sin 26 = 2 sin # cos 4,

sin 2x = 2 sin x cos x. For this reason,
sin2x _ 2sinxcosx

2
graph of f(x) = sin x cos x is the same as that of

flx) = szzx. The graph of f(x) = sin 2x
obtained by vertically compressing f(x) = sin x by
a factor of 4 and horizontally compressing it by a

factor of 4. The graph is shown below:

= sin x cos x. Therefore, the

can be

b) Since cos 260 = 2 cos’ 6 — 1,
cos 2x = 2 cos’* x — 1. For this reason,
cos2x +1=2cos’x — 1 +1=2cos’x.
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Therefore, the graph of f(x) = 2 cos® x is the same
as that of f(x) = cos2x + 1. The graph of

f(x) = cos 2x + 1 can be obtained by horizontally
compressing f(x) = cos x by a factor of 4 and
vertically translating it 1 unit up. The graph is
shown below:

Ay

. 2tan 6 2 tan x
¢) Sincetan 2 = ————— tan 2x = —————,
) i — tan’ @’ 1 — tan’x
2tan x
. tan 2 — 2
For this reason, f ol tanx
2
2tanx 1 tan x
= St X = = ————, Therefore, the graph of
1~ tan’x 2 1 — tan“x grap
tan x tan 2x
x) = ———— is the same as that of f(x) = .
f() 1 — tan“ x f() 2
tan 2x

The graph of f(x) = 5

vertically compressing f(x) = tan x by
a factor of 1 and horizontally compressing it by a
factor of 1. The graph is shown below:

Y

can be obtained by

-~

16. a) To eliminate A from the equations x = tan 2A
and y = tan A to find an equation that relates x to y,
first take the tan"! of both sides of both equations
and solve for A as follows:
x = tan 2A
tan”! x = tan"! (tan 24)
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tan ' x = 24
tan”' x
A =
2
y=tan A
tan 'y = tan"!(tan A)
A=tan"ly
. tan !
Since A = 5 Yand A = tan™! ¥,
tan ' x o
> =tan "y

b) To eliminate A from the equations x = cos 2A
and y = cos A to find an equation that relates x to y,
first take the cos ™! of both sides of both equations
and solve for A as follows:

x = cos2A
cos ' x = cos ! (cos 2A4)
cos 'x =24
-1
cos ' x
A =
2
y = cos A
cos ly = cos"!(cos A)
A=cosly
-1
Since A = ——= and A = cos"! ¥,
cos 'x
5o =cosTy

¢) To eliminate A from the equations x = cos 24
and y = csc A to find an equation that relates x to y,
first take the cos™! of both sides of the first equation
and the csc™! of both sides of the second equation
and solve for A as follows:

x = cos 2A
cos 'x = cos ! (cos 24)
cos'x =24
-1
cos ' x
A =
2
A =cscA
csc 'y = csc ! (csc A)
A=cscly
-1
) cos
Since A = 5 Y and A = cos”! v,
cos™tx . cos'x . *]<1>
=csc ly, or =sin"'| —
2 y

d) To eliminate A from the equations x = sin 2A
and y = sec 44 to find an equation that relates x
to y, first take the sin™! of both sides of the first
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equation and the sec™! of both sides of the second
equation and solve for A as follows:

x =sin2A
sin"'x = sin ! (sin 24)
sin"'x =24
R
sin”!x
A =
2
y =sec4A
sec”'y = sec” (sec4A)
sec”ly = 44
,1
4o see ly
4
iy L 1
Since A = 22 L ang a4 = =€ y,
2 4
sin"'x  sec”'y o Sin fx o COS—](%)

2 4 2 4
17. a) Since cos 260 = 1 — 2 sin” 6, the equation
cos 2x = sin x can be rewritten 1 — 2 sin’ x = sin x.
This equation can be solved as follows:
1 — 2sin’x =sinx
1 —2sin’x +2sin’x — 1 =sinx + 2sinx — 1
2sinx +sinx — 1 =0
(2sinx — 1)(sinx +1) =0

2sinx — 1 =0
2sinx —1+1=0+1
2sinx =1
2sinx 1
22
<y —1
smx—2
-7 57
x—60r 6
orsinx +1 =20
sinx +1-1=0-1
sinx = —1
_ 37
x = 7
T Sm 37
Therefore, x = e 6 , Or 5

b) Since sin 26 = 2 sin 6 cos 0, and since
cos 20 = 2 cos’ 6 — 1, the equation
sin 2x — 1 = cos 2x can be rewritten
2sinxcosx — 1 = 2cos’x — 1. This equation
can be solved as follows:

2sinxcosx — 1 =2cos’x — 1
2sinxcosx — 1 +1=2cos’x — 1+ 1

2sinx cos x = 2 cos® x

2sinx cosx — 2sin xcos x
=2 cos’x — 2sin x cos x

7-22

2cos’x —2sinxcosx =0
(2cosx)(cosx — sinx) =0

2cosx =0
2cosx 0
22
cosx =0
7 37
X = 2or 5

orcosx —sinx =0
cosx —sinx +sinx =0 + sin x
cosx = sinx

X = —O0or —

T
Therefore, x = —, —,
4’2

18. First write sin # and cos 6 in terms of tan 6.
sin 6

sin 6 = X cos 6

cos
tan 6
secf

tan 6

V1 + tan®0

sin 6

tan 9 SO

cos 6’

sin 6

tan 0
tan ¢

V1 + tan?é
tan 6
1

V1 + tan’6

a) sin 26 = 2 sin H cos 6

3 2< tan 0 >< 1 )
V1 + tan?6/\V/1 + tan’6

_ 2tan#
1 + tan’6
b) cos 20 = cos 26 — sin’ 6

B 1 >2 < tan 6 >2
<\/1+tan29 V1 + tan’6

cos @ =

1 —tan?@
1+ tan?6
¢) Use the results from parts a) and b)
2tan 6
sin 26 1 + tan’ 9

1 — tan?@

1+cos29_]+
"1+ tan @
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2tan d) Since —cos # = cos(m + 6),
_ 1 + tan° @ Qi 2
1+ tan?f + 1 — tan’ 9 —C0s = = cos 7-r+?
1 + tan’ 6 5 ) 7
2 tan @ :cos<—5ﬂ-+?ﬂ>=cosg
_ 1 +ta’s
2 e) Since —sin f = sin (7 + 6),
1 + tan 6 Lo 9T +&T_
_ 2tand ><1-|-tzam20 ST E ST TS
1 + tan’ @ 2 N L S AN
= tan 6 B AR A
d) Use the results from parts a) and b) Since sin 6 = sin (6 — 277),
1 — 1~ tan’f . lénw . (16w
I —cos20 I + tan’ @ sm—_/,— = sin T 27
sin29 ~ _Z2tanf
1+ tanl@ _ sin 167 14w
1+ tan’§ — 1 + tan’#p 7 7
_ 1 + tan’ @ 2
- 2tan @ = sin ey
1 + tan® @ 9 )
2 . T . T
2tan"6 Therefore, —sin — = sin —.
_ 1 +tan’p 7 7
2tanf f) Since tan (7 + ) = tan 6, tan § = tan (7 + 6).
1 + tan’ 6
37 37
2 tan? @ 1+ tan’@ Therefore, tanT =tan| 7 + e
= X
2
= =tan|— + — | = tan —
an 4 4 4
2. Since cos 6 = sin (9 + §>’ the equation
y = —6cos (x + g) + 4 can be rewritten
ar ar
= —6sin{x+ -+ =) +4
y 6 sin (x 5 2)
= —6sin (x + 7) + 4. Since a horizontal
translation of 7 to the left or right is equivalent
to a reflection in the x-axis, the equation
y = —6sin (x + 7) + 4 can be rewritten
y = 6sin x + 4. Therefore, the equation
y = —6cos (x + g) + 4 can be rewritten
b) Since sin (7 — 6) = sin 6, sin § = sin (7 — 6). y = 6sinx + 4.
.7 . 7 . . .
Therefore, sin —;T- = sin <7r - g) 3. a) Since cos (a + b) = cosacosb — sinasin b,
9w T 2 + —S—E = E — si i 27
=sin<?~3>:sin? cos | x + = | = cos x cos 3 sin x sin —

¢) Since tan (7 + 6) = tan 6, tan# = tan (7 + 6).

(cos x)(%) - (sin x)( —~—2\/§>

Qo 97
fore, tan — = tan +
Therefore, tan 0 ta <7r > ) . 3
= —-cosx + —sinx
2 2

10

= tan 1—()—71+9—7r ~tan—1—92
h 10 10 10
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b) Since sin (a + b)sinacosbh + cosasin b,

sin<x + %) = (sin x)(cos %) + (cos X)<Sin ~5—617~>
= (sin x)(—?) + (cos x)(%)

I RN <
> 0S X 5 nx
tana + tan b
¢) Since tan + b)) = ————,
) (a ) 1 —tanatan b

tan x + tan>Z
- an x an 1
tan{x + — | =
4 Sar
1 —-tanx tan:

_ tanx +1
1 - (tanx)(1)
_ 1+ tanx

1 - tanx

d) Since cos (a + b) = cosacos b — sinasin b,

4 4 . 4
cosfx + — | = cosxcos~3- — sin x sSin ——

3
= (cos x)(—%) - (sinx)(—?)
V3 1
= 7 sinx — Scosx

4. a) Since sin (¢ — b) = sinacos b — cosacos b,
117

sin< 11 ) i1 X COS 1 COS x Sin
X — = S1 oS —— — o
6 S X 6 OS X §1 6

= (sinx)<~\—2§> - (cos x)<—%>

V3 N
= ——s§inx + = cosx
2 2
tanag — tan b

1+ tanatan b’
a
tan x — tang

w
tanlx - — | = —
< 3) 1+tanxtan%

_ tan x — V3 _ tanx — V3
1+ (tanx)(V3) 1+ V3tanx

¢) Since cos (a — b) = cosacos b + sinasin b,

cos <x - zg) = (cos x)(cos Zf—) + (sin x)(sin %)
= (cosx)(%) + (sinx)<~*\£z>

V2 .
= —/——COsx —*2—~Slnx

2

b) Since tan (a — b) =

7-24

d) Since sin(a — b) — sinacosbh — cosasin b,

sin < - %7-{> = (sin x)<cos 23?[) - (cosx) <sin %7{)
(sin x)<~‘;—> — (cos x)(?)

1. V3
——ZSinx — TCOSX

2

t — tan b
S Since tan = ) = 0

8 5w
tan? - tan; — <§I’_ B 271)
1+ tan%ﬂ tan%z 9 9
= tanég = tang— =V3
b) Since sin (a — b) = sinacos b — cosasin b,
. 2997 T 2997 . o
sin —o2 cosﬁ - o8 og sin 502
. {2997 T . 2987
e <_258— B §§§> ~ M08
=sinw =0

¢) Since sin (a — b) = sinacosb — cosasin b,
sin 50° cos 20° — cos 50° sin 20°

1

2

d) Since sin (a + b) = sinacos b + cosasin b,

= sin (50° — 20°) = sin 307 =

. 37 T 37 . ow REACT
sm~8-cos§+cos—é»mng:sm(_g%—g)
. 4 LT
:sm—8~=sm-2—:1
tana + tan b

1 ~tanatanb’
tan x + tan x

- (tan x)(tan x)
= tan (x + x) = tan 2x
b) Since sin (a + b) = sinacos b + cos asin b,

6. a) Since tan (a + b) =
2 tan x
1 — tan’x

'nicosi{+ osfsini{—sin<£+ﬂ>
SN g CosTgm T COS TS 575

. X .
=sm—5—=smx
T T . T,
c)cos(z—x>=c05‘2—cosx+sm§smx
= (0)cosx + (1)sinx = sinx
d)sin<z+x>:sinzcosx+coslsinx
2 2 2
= (1)cosx + (0)sinx = cosx
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) <z+)+ <E+ >—2 os<£+>
e)cos| ;- +x cos{ 7+ x cos\;tx

T LT
= 2| cos—COoSXx — SIn~~SInx
4 4

= 2{(?) COS X — <~\{g> sinxJ
= V2(cos x — sin x)

tanx — 1

ar
£ tan <X ~ E) _ tanx — tan(z) _
4

ar
1 + tan x tan(z)

7. a=\V3andbh = -3, 50
R=V(3)y+ (-3F=VI2=2V3
cosa = ﬁ -1
2V3 2
sina = o3 - ;\{E
2V3 2
Since cos « is positive and sin « is negative, « is in

1+ tanx

the fourth quadrant. o = ~§

So, V3cosx — 3 sinx = 2\/§cos<x + %)

8. a) Since cos 260 = 2 cos’ 6 — 1,

2 cosz%T£ -1 =cos ((2)(25))

B dr 1
= cos~3- =3
b) Since sin 26 = 2 sin 6 cos 6,
2 sin—lllzzcos 1—1151 = sin <(2)<117r)>
B 2y 1w 1
= Sln—l—z— = Sln'_6“‘ = *‘5

¢) Since cos 26 = cos’ 6 — sin’ @,

ks ) y77r _ N
cos® g~ SimTm = cos <(2)< 3 >>

B L N L
B 8 8 2

d) Since cos 20 = 1 — 2 sin? 6,

1-2 sinzg = cos <(2)<g)> =coswm = —1

. 10
9. a) Since cos?x = 1 cosx = +\/1

= #2100 = + VI und since angle x is in the

third quadrant, cos x is negative. For this reason,
/110 .

cosx = —L Since cos x = — Y1 the leg
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adjacent to the angle x in a right triangle has a length
of V110, while the hypotenuse of the right triangle
has a length of 11. For this reason, the other leg of
the right triangle can be calculated as follows:

(VITO) + y? = 112

110 + y* = 121
110 + y* = 110 = 121 - 110
yi=11

y = — V11, in quadrant I

. . opposite le . ..
Since sin x = SRR g, and since angle x is in
hypotenuse

. . V1T
the third quadrant, sin x = — -4

b) Since cos’x = 12, cosx = +\/1 = + V0

= t%, and since angle x is in the third quadrant,

cos x is negative. For this reason, cos x = —-5;~.

: 0
¢) Since cos’x = ¥ cosx = +\/I0 = + Y10

= i%‘l—@, and since angle x is in the third quadrant,
cos x is negative. For this reason, cos x = —ll]—l]—“.
Since cos x = —-57-, the leg adjacent to the angle
x in a right triangle has a length of V110, while the
hypotenuse of the right triangle has a length of 11.
For this reason, the other leg of the right triangle

can be calculated as follows:

(V110)* + y? =112
110 + y? = 121
110 + y? = 110 = 121 — 110
y? =11
y= - V11, in quadrant 11
Since sin x = Mt—e-l—e—g, and since angle x is in
hypotenuse
the third quadrant, sin x = —L Since

sin 26 = 2 sin # cos 6, sin 2x = 2 sin x cos x

_ (2)<~ \/ﬁ><_ \/ﬁﬁ> _ 2\/1-0‘
11 11

d) Since cos?x = ¥, cosx = +\/1 = NG

= +¥1% and since angle x is in the third quadrant

dra
cos x is negatlve For this reason, cos x = —¥¢,

Since cos x = — Y1 the leg adjacent to the angle x

in a right triangle has a length of V/110, while the
hypotenuse of the right triangle has a length of 11.
For this reason, the other leg of the right triangle can
be calculated as follows:
(V110)? + y2 = 117
110 + y* = 121
110 + y? — 110 = 121 - 110

113
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y?2 =11
vy = — V11, in quadrant II
. . opposite le .
Since sinx = _Bp_____g’ and since angle x
hypotenuse B
is in the third quadrant, sin x = —~\1/]1—1. Since

cos 20 = cos’§ — sin® @, cos 2x = cos’ x — sin®x
=1 (—‘V{%)z =1L =2 (The formulas
cos20 =2cos’# — land cos20 = 1 — 2sin* 9
could also have been used.)

10. Since sin x = 2, the leg opposite the angle x in
a right triangle has a length of 3, while the
hypotenuse of the right triangle has a length of 5.
For this reason, the other leg of the right triangle
can be calculated as follows:

¥+ 33 =5
> +9=25

x*+9-9=25-9
x> =16

x = 4, in quadrant I

adjacent leg

Since cos x = cos x = %. Therefore,

hypotenuse’
since sin 260 = 2 sin 6 cos 6,

3\/4 24
sin2x = 2sinxcos x = (2)<g><§> = 55

Also, since cos 20 = cos’ # — sin® 6,

cos 2x = cos’x — sin’x = (£)° - (2)

=1 — 2 = & (The formulas cos 20 = 2 cos?§ — 1
and cos 28 = 1 — 2 sin® 6 could also have been used.)
11. Since sin x = -, the leg opposite the angle x

in a right triangle has a length of 5, while the
hypotenuse of the right triangle has a length of 13.
For this reason, the other leg of the right triangle

can be calculated as follows:

x+ 5 =132
x2+25=169
x?+25-25=169 - 25
x? = 144
x = 12, in quadrant I
Since cos x = w, osx = &
hypotenuse ;

Therefore, since sin 20 = 2 sin 6 cos 6,

5\/12 120
sin2v = 25imveos v = ) 3 )( ) - g

12. Since cos x = —1%, the leg adjacent to the angle
x in a right triangle has a length of 4, while the
hypotenuse of the right triangle has a length of 5.
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For this reason, the other leg of the right triangle
can be calculated as follows:

42+y2:52
16 + y* =25

16 + y* — 16 = 25 - 16
yv'=9

y = 3, in quadrant I

. opposite le
Since tan x = TP T8 ap v = 2 (The reason

adjacent leg’

the sign is positive is because angle x is in the third

. 2tan @
quadrant.) Since tan 26 = 2

1 — tan® @’
2t 2)(3 3
fan 2x = ——t = ()(4)2: 2
l-tan’x 1-(3)° 1-%
IR T NS U7
Sk L2777
1 16 16

1. Although sin x = cos x is true for x = T it is not
true for all values of x, and therefore, it is not an
identity. A counterexample is a value of x for which
sin x = cos x is not true. Many counterexamples
exist, so answers may vary. One counterexample is

™o, P i 7
x =, since sin - = 3, and since cos 5 5=

2. a) The graphs of f(x) = sin x and
g(x) = tan x cos x are as follows: f(x) = sin x:

[\ VA
VY.

g(x) = tan x cos x:

LAY
VRV

b) Since the graphs of f(x) = sin x and

g(x) = tan x cos x are the same, sin x = tan x cos x.
¢) To prove that the identity sin x = tan x cos x is
true, tan x cos x can be simplified as follows:

sin x cos x

>(cosx) = e = 0N X

sin x
tan x cos x = -

oS x COS x
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d) The identity is not true when cos x = 0 because

when cos x = 0, tan x, or , 1s undefined. This

1s because O cannot be in the denormnator of a fraction.

3. a) The graph ofy = sin x cot x is as follows:

\ /[
/\/\7/2,}

22m \-7

.._]~

The graph of v = cos x is as follows:

[\;/\/\

~29r -7r

_]_

Since the graphs are the same, the answer is C.
b) The graph of y = 1 — 2 sin’ x is as follows:

AN AN
RARVATR

The graph of y = 2 cos’ x — 1 is as follows:

Since the graphs are the same, the answer is D.
¢) The graph of y = (sin x + cos x)? is as follows:
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The graph of y = 1 + 2 sin x cos x is as follows:

Since the graphs are the same, the answer is B.
d) The graph of y = sec® x is as follows:

The graph of y = sin’ x + cos’x + tan® x is as
follows:

X
5

T En

w 27

v .

Since the graphs are the same, the answer is A.
4. a) The identity sin x cot x = cos x can be proven
as follows:

<COS x) sin x cos x
sin x cot x = (sin x) = ; = COS X
sin x sin x
b) The identity 1 — 2sin’x = 2cos’>x — 1 can be
proven as follows:
1 —2sin’x = 2cos’x — 1

1-2sin®x —2cos?x+1=0

2 —2sin’x —2cos’x =0

2 - 2(sin*x 4 cos’x) = 0

2-2(1)=0
2-2=0
0=0

¢) The identity (sin x + cos x)* = 1 + 2sinx cos x

can be proven as follows:

(sinx + cos x)? = sin’ x + 2sin x cos x + cos®x
= (sin’ x + cos’ x) + 2sin x cos x
=1+ 2sinxcosx
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d) The identity sec’ x = sin’x + cos’x + tan®x
can be proven as follows:

sin’ x + cos’ x + tan® x

= (sin’x + cos’x) + tan’ x

=1+ tan’ x
_cos’x | sin’x
- 2 2
cos’x  costx
sin’x + cos’ x
cos’ x
_ 1
cos’ x
= sec’ x

1
5. a) The equation cos x = = is not true for all

values of x, and therefore, it is not an identity.
A counterexample is a value of x for which
1 .
Cos X = —is not true. Many counterexamples
C X
exist, so answers may vary. One counterexample
ﬁ

. i . mw .
is x = —, since cos — = 57, and since 7,
6 6 - cos ~—
1 B 6
_t_ 2 _2v
T VA Va3

b) The equation 1 — tan® x = sec’ x is not true for
all values of x, and therefore, it is not an identity.

A counterexample is a value of x for which

1 — tan® x = sec’ x is not true. Many counterexamples
exist, so answers may vary. One counterexample

m _ Ry
isx = T T since 1 — tan® (4) 1= (1)
=1 — 1 = 0, and since sec ( ) (V2)? = 2.

¢) The equation

sin (x + y) = cos x cos y + sin x sin y is not true for
all values of x and y, and therefore, it is not an identity.
A counterexample is values for x and y for which

sin (x + y) = cosx cos y + sin x sin y is not true.
Many counterexamples exmt SO answers may vary.
One counterexample is x = = T and y = m, since

2
. . /3 .
sm(g + 7r> = sin (g) = —1, and since
kis . kis .
cos (5> cos 7 + sin (5) sin

= (-1 +(1)0)=0+0=0.

d) The equation cos 2x = 1 + 2 sin® x is not true
for all values of x, and therefore, it is not an
identity. A counterexample is a value of x for
which cos 2x = 1 + 2 sin® x is not true. Many
counterexamples exist, so answers may vary.
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. mT .
One counterexample is x = 3 since

cos <2<%>> = COS <23z> = ; and since
1 + 2 sin? <-§> =1+ (2)(—?)

3\ 4 6 10 5
=1+ )2} ="+-=—F==
(2)<4> 4 4 4 2

6. Answers may vary. For example, the graph of

tan X .
is as follows:
1 + tan

AAAAA
AR

The graph is the same as that of the function

y = cos 2x, s0 an appropriate conjecture is that
cos 2x is another expression that is equivalent to
1 — tanzx

1 + tan’ x’

the function y =

. .1 —tan?x
7. The identity T e 08 2x can be proven as
X
follows:
s cos2 x sin? x cosZx — sin2x
1 — tan” x _ costx _cos’x cos’ x
1 + tan’x sec x sec’ x

cos’ x — sin’ x 1
x

iod ol
cos’ x sec” x
cos’ x — sin’ x 5 5 -
= " X cos? x = cos’ x — sin’ x
cos’ x

= coS 2x

1+ tanx 1

~ tan
8. The identity T eote amx
X

can be proven

cotx — 1
as follows:

LS:1+tanx RS:I,—tanx
1+ cotx cotx — 1
1+ tanx 1 —tanx

T T I
tan x tan x
1+ tanx 1~ tanx
T Tanx F1 =TT tanx
tan x tan x
= tan x = tan x

Since the right side and the left side are equal,

1+ tanx 1 — tanx

1+ cotx cotx— 1
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cos? f ~— sin2 @
9. a) The identit
) ycoszﬁ + sin # cos 6

be proven as follows:
cos*§ — sin’ @

=1 — tan 6 can

cos* # + sin 6 cos 0
_ (cos® — sinf)(cos # + sin #)
(cos 8)(cos @ + sin 6)
cosf —sinf cosf sind
= = - =1-tané
cos f cosf cosb
b) The identity tan’ x — sin® x = sin” x tan® x can
be proven as follows:
LS = tan® x — sin’x
sin’ x .
= - — §in° X
Cos” x

1
:sin2x< 5 —l)
COS“ x

= sin’ x(sec’ x — 1)

= sin’ x tan® x
= RS
So tan? x — sin® x = sin® x tan” x.
Since csc? x = 1 + cot’ x is a known identity,
tan’ x — sin’ x must equal sin® x tan® x.
¢) The identity
1

— 1 — cos® x can be proven

tan’ x — cos’ x

coszx
as follows:
2 2 1 2
tan“x — cos*x = 5= — 1 — cos” x;
Cos” x
2 2 2 1
tan“ x — cos" x + cos“x = 7 — 1
Ccos” x
— cos’ x + cos’ x:
1
tan’ x = — — 1
Cos” x
, 1 cos? x
tan“x = AV 3%
COS“ X  COS°x
s 1 — cos®x
tan” x = ————s——
Ccos” x
5 sin” x
tan” x = 7
Cos” x
2, _ 2
tan“ x = tan“ x
d) The identit L 2 an be
el 1 = — c
y1+0059 1 — cosé sin’ 8
proven as follows:
1 1 B 1 —cos@
1+cosf® 1 -cosf® (1 + cosB)(1— cos8)
1+ cos@

+
(1 = cos 8)(1 + cos 6)
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1 —cos@ 1+ cosé@
1 -cos’6 1 - costh

1 —cos@+1+cosbh 2 2
B 1 - cos* @ T 1-cos’h  sin’f

10. a) The identity cos x tan® x = sin x tan’ x can
be proven as follows:

cos x tan® x = sin x tan’ x

cosxtan’x  sinx tan’x

tan® x tan® x
cosxtanx = sin x

sin x .
(cos x)( > = sin x
COS X

sinx = sin x
b) The identity sin* 6 + cos*@ = cos’ 6 + sin® 6 can
be proven as follows:
sin’ 6 + cos*# = cos’ @ + sin* 6
sin @ + cos*# — sin*6 = cos* 6 + sin* 0 — sin* @
sin?@ + cos*# — sin* 6 = cos’ @
sin# + cos* 6 — sin*@ — sin’ @ = cos* 6 — sin? @
cos*® — sin*@ = cos’ 6 — sin’ 6
(cos’  + sin® B)(cos’ # — sin? @) = cos’ O ~ sin? 6
cos’f + sin”f = 1
1=1
¢) The identity

tan x CoOsSXY sinx

can be proven as follows:

tan x + 1) 1 1
= +
COS X

‘ tan” x + 1 1 1
(sinx + cos x) = +

(sin x + cos x)< .
tan X S x

sin x CcoS x

(sinx + cos x) ) =
tan x

cosxsinx  Sinxcosx

(sin x + cos x) > = -
cos” x/\tan x cos x sin x

(o
(e

(sin x + cos x)(co )(COS X> _sinx + cosx
(s

sin x + cos x

sin x coS x sin x

_sinx + cosx

(sin x + cos x) ) -
COs x sin x COS X Sin x

sinx + cosx  sinx + cosx

COS x sin x COS x sin x

. < 1
d) The identity tan’ 8 + cos’ B + sin’ 8 = cosi p

can be proven as follows:

1
tan’ B + cos? B + sin’ B =
B B P cos’ 3
1
tan’g + 1 =
cos’ B
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tan’ B + 1 = sec’ B
Since tan’ 8 + 1 = sec’ 8 is a known identity,
tan® B + cos’ B + sin’ B must equal =

e
s° B
e) The identity
sin (E + ) + sm(z — x) =\V2cosx
can be proven as follows:
(T A
sin <~ +x |+ sm(— —x|= \/icosx;
4 4
.w . T e v
sin — cos x + €os — sin x + sin = cos X
4 4 4
T,
- coszsmx = V2 cos x;
.
2smzcosx = V2cosx;

(2)<\/~>(cosx) = V2 cosx;
V2cosx = V2 cos x

. . . m w o

f) The identity sin (E - x) cot (5 + x) = —sinx

can be proven as follows:

o)l )
sin | 5 = X | €0 x| =
’<7r )cos
sinj—=— —x =
2 sm

m
<Sll’l 5 COsS x — COS — sin x

—sin x;

—sin x;

ar ar
cos E cos x — sin 5 sin x
X = —sin x;
sin 5 cos x + cos —sin x

((1)(cosx) — (0)(sin x))

((O)(cos x) = (1)(sin x)) “in
—sin ¥
(1)(cos x) + (0)(sin x) ’
0 - sinx .
(cosx — 0)<cosx " O) = —sin x;
(cos x)(~ smx) = —sinx;
coS x
—sinx = —sin x
11. a) The identity -32x—2}i = cot x can be proven
as follows:
cos2x + 1
— = COt X
sin 2x
2cos’x —1+1
= cotx

2 sin x cos x
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2 cos® x

———— = COt X
2 sin x COS x
Ccos x

: = cotx
sin x

cotx = cotx

. . sin 2
b) The identity 1—%1— = cot x can be proven as

0S 2x
follows:
sin 2x
1 - cos2x cotx
2 sin x cos x B
1= (= 2simtxy  OF
2 sin x COs X
-1+ 2smx O
2 sin x cos x
2sinix cotx
cos x
; = Ccot x
sin x

cotx = cotx

¢) The identity (sin x + cos x)* = 1 + sin 2x can
be proven as follows:
(sinx + cos x)* = 1 + sin 2x;
sin® x + sin x cos x + sin.x cos x + cos’x
=1 + 2sin x cos x;
sinx + 2sinxcosx + cos’x = 1 + 2 sin x cos x;
(cos® x + sin’ x) + 2 sin x cos x
=1 + 2sin x cos x;
1+2sinxcosx =1+ 2sinxcos x
d) The identity cos* # — sin* § = cos 26 can be
proven as follows:
cos* @ — sin* @ = cos 26
(cos® 8 + sin® #)(cos? @ — sin* @) = cos’ § — sin’
(1)(cos* @ — sin® @) = cos* @ — sin” §
cos’# — sin’@ = cos’ @ — sin’ @
¢) The identity cot # — tan § = 2 cot 26 can be
proven as follows:
cot® — tan @ = 2 cot 26

cosf® sinf _cos26
sinf cosf sin20
cos’ 6 sin@ < cos 26
sinfcosf cosfsinf (2) 2cos@sin6>
cos’ —sin@  cos 20
sinfcos®  cosBsinf
cos20  cos2f
cos@sinf  cosfsinf
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f) The identity cot# + tan 6 = 2 csc 20
can be proven as follows:
cotf + tan § = 2 csc 26

cos 6 N sin 6 _ 1

sinf cosé sin 26

c 2
. cos’ f L sin’ 0 _ (2)<____1__'__>
sinfcosf cosfsinb 2 cos fsin 6
cos’f +sin’ 9 1
sinfcos®  cosBsinb

1 1

cosfsinf  cosHsinb

g) The identity %ﬁiﬂl = tan (x + g) can be

- tanx
proven as follows:

1+ tanx T
D E— tan x—i—z

i

1 —tanx

1 + tan x tanx+tan§
1—tanx 1-— tanxtan%
1+ tanx tanx + 1

1 —tanx 1 — (tanx)(1)
1+tanx 1+ tanx

1—-tanx 1 — tanx
h) The identity csc 2x + cot 2x = cot x can be
proven as follows:

csc 2x + cot 2x = cot x;

1 1 )
- = cot x;
sin 2x  tan 2x
1 N 1 (
- = cot x;
2 sin x cos x 2 tan x
] — tan’x
1 1 — tan®x
- + = cot x;
2sin x cos x 2tan x
1 N 1 - tan’x (
- . = cot x;
2 sin x cos x 25””‘
COS X
1 N (cosx)(1 — tan’x)  cosx
2 sin x COs x 2 sin x sinx
1 N (cos x)(1 — tan® x)(cos x)

2 sin x cos x 2 sin x cos x
_ (cosx)(2cosx)
~ (sinx)(2cosx)’
1 N (cos® x)(1 — tan® x)
2 sin x cos x
2 cos’ x

2 sin x coS x

~ 2sinxcosx’
1 cos’ x — (tan® x)(cos® x)
2 sin x cos x

2 8in x cos x
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,
2 cos” x

2sin x cos x’

1 cos’x —sin’x  2cos’x
2 sin X €os x 2 sin x cos x 2sin x cos x’
1 + cos*x — sin®x 2 cos’ x

2sin x cos x’

2 sin x cos x
1 + cos’x — sin®x 2 cos’ x

2 sin x Cos x 2 8In x COS X
2 cos® x 2 cos” x

2sinxcosx  2sinxcosx’
1+ cos’x —sinx — 2cos’x

: =0
2 8In x COS X
1 —sin’x — cos’x 0.
2 sin x cos x ’
1 — (sinx + cos’x) 0:
2 sin x cos x ’
1-1 .
2 sin x cos x ’
O —
2 sin x cos x
0=0
. . . 2 tan x .
i) The identity ——5— = sin 2x
1 + tan“x
can be proven as follows:
2tanx
1+ tan*x sin 2x
2tan x .
5— = sin 2x
sec x
2 tan x .
1 = sin 2x
cos® x

(2 tan x)(cos® x) = sin 2x
-
( SlnX)(cosz x) = sin 2x

COos x

sin 2x = 28N x cCOS x

Since sin 2x = 2 sin x ¢os x is a known identity,

2tan x .
————— must equal sin 2x.
1 —tan"x

j) The identity sec 2t = ——————
csct — 2sint
can be proven as follows:

Ccsc

cSCt
sec 2t = —————————
csct — 2sint
1
1 _ sin f
1 .
cos 2t —— —25sint
sin t
e
1 _ sin t
cos2t 1 2sin?t
sin ¢ sin ¢
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1

(Y
cos 2t 1 — 2sin2¢
sin ¢
1 1 sin t
cos2t sint 1 — 2sin’t
1 1
cos2r 1 —2sin’t
1 1
cos 2t cos2t

k) The identity csc 20 = {sec 6 csc 8
can be proven as follows:

1
csc 28 = 5 sec B csc O

5= () (ana)
sin20 \2/\cos6/\sin#

I 1
sin26 2 cosOsin @
1 1

2sinfcosh 2sinbcosd
sin 2t cos 2t

b The identity sec ¢ =

The graph is the same as that of the function

y = tan x, so an expression equivalent to
sin x + sin 2x

1 + cosx + cos2x
sin x + sin 2x
13. The identit
y 1 + cosx + cos2x

proven as follows:
sin x + sin 2x

1$ tan x.

= tan x can be

= tan x
1 + cosx + cos 2x
sinx + 2sin x cos x

= tanx
1+ cosx + cos2x
sinx)(1 + 2cos x

( ) ):tanx
1+ cosx + cos 2x
sinx)(1 + 2cosx

’( )( c ) — an
I +cosx+2cos"x — 1
(sin x)(1 + 2 cos x)

5 = tan x
cosx +2cos x
sinx)(1 + 2cosx

( ) ):tanx
(cosx)(1 + 2cosx)
sin x

= tan x
COS X

sin t cos [ tan x = tan x
can be proven as follows: 14. A trigonometric identity is a statement of the
1 _2sinrcost 2 cos’t — 1 equivalence of two trigonometric expressions. To
cos f sin ¢ cost prove it, both sides of the equation must be shown
sin ¢ 2sinrcos’t  (sint)(2cos’t — 1) to be equivalent through graphing or simplifying/
cosising  sintcost cos £sin ¢ rewriting. Therefore, the chart can be completed as
sinf  2sinrcos’t 2cos’rsint — sint follows:
costsint sin f cos ¢ COSs ¢ sin ¢ Definition Methods of Proof
sint 2sinrcos’t — (2cos’rsint — sint) A statement of the Both sides of the
costsint sin f cos ¢t equivalence of two equation must be
sin t Dginrcosit — 2sintcosit + sint trigonometric shown to be equivalent
costsint Sin 7 cos { expressions through graphing or
sin ¢ sin simplifying/rewriting.
os tsin ¢ os tsint . ;
SZ.S ztAsnswers ?nay vary. For example, the graph of Trlgon()fn.etrlc
. . Identities
the function y = — * sin 2x is as follows:
’ 1 + cosx + cos2x
KV Examples Non-Examples
4- cos 2x + sin® x = cos® x| cos 2x — 2sin’x = 1
3 cos2x + 1 =2cos’x | cot’x +csc’x =1
24
1
‘ X
—ET T m e
7 15. She can determine whether the equation
7 2 sin x cos x = cos 2x 1s an identity by trying to
34 simplify and/or rewrite the left side of the equation
4 so that it is equivalent to the right side of the
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equation. Alternatively, she can graph the functions
y = 2sinx cos x and y = cos 2x and see if the
graphs are the same. If they’re the same, it’s an
identity, but if they’re not the same, it’s not an
identity. By doing this she can determine it’s not
an identity, but she can make it an identity by
changing the equation to 2 sin x cos x = sin 2x.
16. a) To write the expression 2 cos” x + 4 sin x cos x
in the form a sin 2x + b cos 2x + ¢, rewrite the
expression as follows:
2 cos® x + 4 sin x cos x

=2cos’x + (2)(2sin x cos x)

= (2cos’x — 1) + (2)(2sinxcosx) + 1
cos2x +2sin2x + 1

= 2sin2x + cos2x + 1
Since the expression can be rewritten as
2 sin 2x + cos 2x + 1, the values of a, b, and c are
a=2,b=1andc = 1.
b) To write the expression — 2 sin x cos x — 4 sin’x
in the form a sin 2x + b cos 2x + ¢, rewrite the
expression as follows:

—2sinx cos x — 4sin® x

= —2sinxcosx + (2 — 4sin‘x) — 2

= —2sinxcosx + (2)(1 — 2sin’x) — 2

= —sin2x + 2cos 2x — 2
Since the expression can be rewritten as
—sin 2x + 2 cos 2x — 2, the values of ¢, b, and ¢
area=—1,b=2,and¢c = —2.
17. To write the expression 8 cos® x in the form
a cos 4x + b cos 2x + ¢, it’s first necessary to develop
a formula for cos 4x. Since cos 2x = 2 cos’x — 1,
cos 4x = 2 cos” 2x — 1. The formula
cos 2x = 2 cos’ x — 1 can now be used again to
further develop the formula for cos 4x as follows:
cosdx = 2cos?2x — 1
cosdx = (2)(2cos’ x — 1) — 1
cos 4x = (2)(4 cos*x — 2 cos® x

—2cos’x +1) — 1

cos 4x = (2)(4cos*x —dcos’x + 1) - 1
cosdx = 8cos*x — 8cos’x +2 — 1
cos 4x = 8cos*x — 8cos’x + 1
Since cos 4x = 8 cos* x — 8 cos’ x + 1, the value of
a must be 1. Now, to turn the expression
8 cos* x — 8 cos’x + 1 into the expression 8 cos® x,
the terms —8 cos® x and | must be eliminated.
First, to eliminate — 8 cos® x, 4 cos 2x, or

Advanced Functions Solutions Manual

(4)(2 cos* x — 1), can be added to the expression
8 cos* x — 8 cos’x + 1 as follows:

8costx — 8cos’x + 1+ (4)(2cos”x — 1)
8cos*x — 8cos’x + 1 + 8cos’x — 4

8costx — 3

Since adding 4 cos 2x to the expression eliminated
the term — 8 cos” x, the value of b must be 4. Now,
to turn the expression 8 cos* x — 3 into the expression
8 cos* x, 3 must be added to it as follows:

8cos*x —3+3

8 cos* x

Therefore, the value of ¢ must be 3, and the
expression must be cos 4x + 4 cos 2x + 3.
a=1,b=4¢c=3

Equations, pp. 426-428
1. a) From the graph of y = sin 6, the equation
sin § = 1 is true when 6 =

oy

b) From the graph of y = sin 6, the equation

sin @ = —1is true when 8 = §ZE

¢) From the graph of y = sin 6, the equation
S

sin @ = 0.5 is true when § = % or .

d) From the graph of y = sin 6, the equation
T 1im

sin @ = —0.5 is true when 6 = e or o

¢) From the graph of y = sin 6, the equation
sin @ = 0 is true when 0 = 0, 7, or 2.

f) From the graph of y = sin 6, the equation
sin § = —\?is true when 6 :gor-zg.

2. a) From the graph of y = cos 6, the equation
cos § = 1is true when 6 = 0 or 2.

b) From the graph of y = cos 0, the equation

cos 8 = —1 is true when # = 7.

¢) From the graph of y = cos 6, the equation
cos 6 = 0.5 is true when § = gor 5777

d) From the graph of y = cos 6, the equation
cos 8 = —0.5is true when 6 = %ﬂ or %ﬁ.

¢) From the graph of y = cos 6, the equation
cos 6 = 0 is true when 6 :gor%ﬁ,

f) From the graph of y = cos 8, the equation
cos 6 = % is true when 6 = % or %}T—

3.a)Givensinx = %jandO < x = 27,
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2 solutions must be possible, since sin x = %2

in 2 of the 4 quadrants.

b) Given sin x = % and 0 = x = 27, the

solutions for x must occur in the 1st and 2nd
quadrants, since the sine function is positive in
these quadrants.

¢) Given sin x = ? and 0 = x = 27, the related
. o .
acute angle for the equation must be x = 3 since
T V3
Sin 5 = 5.

S

d) Given sin x = 5 and 0 =< x < 277, the solutions
™ 2
to the equation must be x = 303 since

sing = -5 and sin%ﬁ =

4. a) Given cos x = —(.8667 and 0° = x < 360°,
two solutions must be possible, since

cosx = —0.8667 in two of the four quadrants.

b) Given cos x = —0.8667 and 0° = x = 360°, the
solutions for x must occur in the second and third
quadrants, since the cosine function is negative in
these quadrants.

¢) Given cos x = —(.8667 and 0° < x = 360°, the
related acute angle for the equation must be x = 30°,
since cos 30° = —0.866.

d) Given cos x = —0.8067 and 0° =< x = 360°, the
solutions to the equation must be x = 150°

or 210°, since cos 150° = —(.866 and

cos 210° = —0.866.

5.a) Given tan 8 = 2.7553 and 0 = 6 = 277, two
solutions must be possible, since tan § = 2.7553

in two of the four quadrants.

b) Given tan 6 = 2.7553 and 0 = 0 < 2, the
solutions for # must occur in the first and third
quadrants, since the tangent function is positive in
these quadrants.

¢) Given tan 8 = 2.7553 and 0 = 0 = 2, the
related acute angle for the equation must be

6 = 1.22, since tan 1.22 = 2.7553.

d) Giventan 6 = 2.7553 and 0 = 0 < 27, the
solutions to the equation must be § = 1.22 or 4.36,
since tan 1.22 = 2.7553 and tan 4.36 = 2.7553.

. 5 ) .
6. a) Since tan% = 1 and tan f = 1, the solutions

. S
to the equation tanf = 1 are § = go

. .m .3
b) Since sin o 5 and sin ~471 = 5, the solutions
. . . i m 3
solutions to the equation sin 6 = 5 are § = PRSP
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. il
¢) Since cos% = and cos il = the

solutions to the equation cos § = \/ are § = %
or 17
6 4 5
d) Since sin f = — and sin »371 = —%3 the
. . . 4
solutions to the equation sin § = —% are § = ?77
or 7
3 3 5
. o
e) Since cos 777 = —% and cos il W, the
. . 3
solutions to the equation cos § = —W are § = —
or o )
e

= V3 and tan_ = \f 3, the

solutions to the equation tan # = V3 are § = g or
47

f) Since tan -

3
7. a) The equation 2 sin # = —1 can be rewritten as
follows:
2sinf = —1
2sinf 1
22
o= 1
sin § = —2
Given sin = —% and 0° = 8 = 360°, the solutions

to the equation must be 8 = 210° or 330°, since

sin 210° = —4 and sin 330° = —}
b) The equation 3 cos § = —2 can be rewritten as
follows:
3cosh=-2
Jcosf 2
33
cosf = 3
Given cos @ = —2% and 0° < 6§ = 360°, the solutions

to the equation must be § = 131.8° or 228.2°,

¢) The equation 2 tan # = 3 can be rewritten as
follows:

2tanf = 3
2tan6 3
22
3
tanH—E

Given tan # = 2 and 0° = # = 360°, the solutions to
the equation must be # = 56.3° or 236.3°.
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d) The equation —3sin# — 1 = 1 can be rewritten
as follows:

—3sinf —1=1
—3sinf—-1+1=1+1
—3sinf =2
—3sinf 2
-3 -3
sinf = 3
Given sin § = —3 and 0° = # = 360°, the solutions

to the equation must be # = 221.8° or 318.2°.
e) The equation —5 cos # + 3 = 2 can be rewritten
as follows:

—5cos+3 =2
—5¢cosf+3-3=2-3
—5cosh = —1
—5cosf -1
-5 -5
P
cos 5

Given cos § = é and 0° = 9 = 360°, the solutions to
the equation must be § = 78.5° or 281.5".

f) The equation 8 — tan 6 = 10 can be rewritten as
follows:

8 —tanfd = 10
8 —tanh + tan 6 = 10 + tan #
8 =10+ tan 8
8§—-10=10+tan® — 10
tan@ = —2

Given tan 8 = —2 and 0° < 6 < 360°, the solutions
to the equation must be 8 = 116.6° or 296.6°.
8. a) The equation 3 sin x = sinx + 1 can be
rewritten as follows:

3sinx =sinx + 1
3sinx —sinx =sinx + 1 — sinx

2sinx =1
2sinx 1
2 2
. 1
smx—i

Given sin x = and 0 = x = 277, the solutions to
the equation must be x = 0.52 or 2.62.
b) The equation 5 cos x — V3 = 3 cos x can be
rewritten as follows:
5cosx — V3 =3cosx
Scosx — V3 —3cosx = 3cosx — 3cosx
2cosx — V3 =0
2cosx — V3I+\V3=0+ V3
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2cosx = V3
2cosx V3
2 2
V3
cosx——2~

Given cos x = %2 and 0 = x = 277, the solutions
to the equation must be x = 0.52 or 5.76.

¢) The equation cos x — 1 = —cos x can be
rewritten as follows:

cosx — 1= —cosx
cosx — 1 +cosx = —cosx + cosx

2cosx —1 =20
2cosx —1+1=0+1

2cosx = 1
2cosx 1
2 2
1
cosx—i

Given cos x = 3 and 0 = x = 27, the solutions to
the equation must be x = 1.05 or 5.24.
d) The equation Ssinx + 1 = 3 sin.x can be
rewritten as follows:

Ssinx +1 = 3sinx
Ssinx + 1 —3sinx = 3sinx — 3sinx

2sinx +1=0

2sinx+1-1=0-1

2sinx = —1
Zsinxy 1
22
. 1
sinx = 3
Given sinx = —% and 0 = x = 277, the solutions to

the equation must be x = 3.67 or 5.76.

9. a) The equation 2 — 2 cot x = 0 can be rewritten
as follows:

2—-2cotx =0
2—-2cotx +2cotx =0+ 2cotx
2 =72cotx
2 2cotx
2 2
cotx =1

Given cot x = 1 and 0 = x < 247, the solutions to
the equation must be x = 0.79 or 3.93.
b) The equation csc x — 2 = 0 can be rewritten as
follows:
cscx —2=20
cscx —2+2=0+2
cscx =2
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Given csc x = 2 and 0 = x = 27, the solutions to
the equation must be x = 0.52 or 2.62.

¢) The equation 7 sec x = 7 can be rewritten as follows:
Tsecx =7

7secx z
7 7
secx =1

Given sec x = 1 and 0 < x = 277, the solutions to
the equation must be x = 0 or 6.28.
d) The equation 2 csc x + 17 = 15 + csc x can be
rewritten as follows:
2¢scx + 17 =15 + ¢cscx
2cscx +17 —cscx = 15 + ¢cscx — ¢scx
cscx +17 =15

cscx+17-17=15-17
cscx = —2
Given csc x = —2 and 0 = x = 27, the solutions to

the equation must be x = 3.67 or 5.76.
¢) The equation 2 sec x + 1 = 6 can be rewritten as
follows:
2secx + 1 =26
2secx+1-1=6-1

2secx =5
2secx 5
2 2
5
secx—a

Given sec x = % and 0 = x = 27, the solutions to
the equation must be x = 1.16 or 5.12.
f) The equation 8 + 4 cot x = 10 can be rewritten
as follows:

8+ 4dcotx =10

8+4cotx —8=10—-8
deotx =2
4cotx 2
4 4
1
cot)c—2

Given cotx = 3 and 0 = x = 277, the solutions to
the equation must be x = 1.11 or 4.25.

10. a) Given sin 2x = J\/—i and 0 = x = 27, 2x must
equal 0.79 + 2k or 2.36 + 2kar. Therefore, the
solutions to the equation must be x = %% = (.39,
290 = 118, 3.53, or 4.32.

b) Given sin 4x = % and 0 = x = 27, 4x must equal
0.52 + 2k or 2.62 + 2kmr. Therefore, the solutions to
the equation must be x = %32 = 0.13, %% = 0.65, 1.70,
2.23,3.27, 3.80, 4.84, and 5.37.

¢) Given sin 3x = —% and 0 = x = 27, 3x must

7-36

equal 4.19 + 2k or 5.24 + 2kar. Therefore, the
solutions to the equation must be x = * = 1.40,

32 = 1.75,3.49, 3.84, 5.59, or 5.93.

d) Given cos 4x = —<5 and 0 = x =< 2m, 4x must
equal 2.36 + 2k or 3.93 + 2kar. Therefore, the
solutions to the equation must be x = %2 = 0.59,
38 = (.985, 2.16, 2.55, 3.73, 4.12, 5.30, or 5.697.
e) Given cos 2x = —% and 0 = x = 247, 2x must
equal 2.09 + 2k or 4.19 + 2kr. Therefore, the
solutions to the equation must be x = %2 = 1.05,
42 = 2.09, 4.19, or 5.24.

. X
f) Given cosg = %ﬁ and 0 = x = 2w, 5 must equal

0.52 or 5.76. Therefore, the solution to the equation
must be x = (2)(0.52) = 1.05. 5.76 is not a solution
to the equation since (2)(5.76) = 11.52 is greater
than 27r.

11. When graphed, the function modelling the city’s
daily high temperature is as follows:

407
304
[S)
T 20-
@ | |
2 10 |
1 | |
& 0 : T T >
k5 3 146 219 29) 365
~10 A . RN

Day of the year

First it’s necessary to find the first day when the
temperature is approximately 32°C. This can be
done as follows:

28 cos 2d + 10

2 =
3 365
2ar
32-10=-28 —d + 10 —
10 cos 365d 10
22 = —28 cos 24
365
2 _ -8 o
8 =28 %365
21
—0.7857 = —d
0.785 cos 365d
29T
“H(=0.7857) = "l< “)
cos " (—0.7857) = cos 005365d
2
24746 = —
746 365d
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365 2w 365

. X o = e K

24746 2 365 2
d = 143.76

Since the first day when the temperature is
approximately 32°C is day 144, and since the

period of the function is 365 days, the other day
when the temperature is approximately 32°C is

365 — 144 = 221. Therefore, the temperature is
approximately 32°C or above from about day 144 to
about day 221, and those are the days of the year
when the air conditioners are running at the City Hall.
12. When graphed, the function modelling the
height of the nail above the surface of the water is

as follows:
N

O~V é\ﬁj%\;’o 24

—4 -

Time (s}

First it’s necessary to find the first time when the
nail is at the surface of the water. This can be done
as follows:

0=—4 sing—(t 1)+ 25
. ar
0-25= —4sin7(t 1) +25 - 25
—25= —4sin%(t— 1)
—25 -4

., T
—_74‘*——_—251n4(l‘ 1)

0.625 = sin %(r - 1)

sin”! (0.625) = sin”! <sin%(r - 1))

0.6751 = %(t ~1)
4 7 4
0.6751 x 7—7' = Z(l‘ — ]) X ;
t —1 =0.8596
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tr—1+1=0850 +1
t=1.86

Since the first time when the nail is at the surface of the
water is 1.86 s, and since the period of the function is
8 s, the next time the nail is at the surface of the water
is 6 — 1.86 = 4.14 s. Therefore, the nail is below the
water when 1.86 s < r < 4,14 s. Since the cycle
repeats itself two more times in the first 24 s that the
wheel is rotating, the nail is also below the water when
9.86s <t << 12.14 and when 17.86s < f << 20.14 s.

13. To solve sin (x + %) = V2 cos x for
0 = x = 27r, graph the functions y = sin (x + g)

and y = V2 cos x on the same coordinate grid as
follows:

. . w
Since the graphs intersect when x = 7 and when

Sm . L T 57
X= the solution to the equation 18 x = PRV

14. Given sin 260 = —<5 and 0 = x = 27, 26 must
equal %E + 27k or Z4E + 2ark. Therefore, the

solutions to the equation must be

S

74’2771( 5’7T+ .
= = or

2 g 7

T
gtk

2 g

S 77 13w 157

So the solution are 2R 8 and o When
the solutions are plotted on the graph of the
function y = sin 26 for 0 = § < 27, the graph

appears as follows:

154 g ~

ot (¥
ofl N S 3

haf7 ) (5 (99
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15. The value of f(x) = sin x is the same at x
and 7w — x. In other words, it is the same at x
and half the period minus x. Since the period of
f(x) = 25 sin 25 (x + 20) = 55 s 100, if the
function were not horizontally translated, its value at x
would be the same as at 50 — x. The function is
horizontally translated 20 units to the left, however,
so it goes through half its period from x = =20 to
x = 30. At x = 3, the function is 23 units away
from the left end of the range, so it will have the
same value at x = 30 — 23 or x = 7, which is
23 units away from the right end of the range.
16. To solve a trigonometric equation algebraically,
first isolate the trigonometric function on one side of
the equation. For example, the trigonometric equation
5cosx — 3 = 2 would become 5 cos x = 5, which
would then become cos x = 1. Next, apply the
" inverse of the trigonometric function to both sides of
the equation. For example, the trigonometric equation
cos x = 1 would become x = cos ™' 1. Finally,
simplify the equation. For example, x = cos ! 1
would become x = 0 + 2nw, where nel.
To solve a trigonometric equation graphically, first
1solate the trigonometric function on one side of the
equation. For example, the trigonometric equation
S5cos x — 3 = 2 would become 5 cos x = 5, which
would then become cos x = 1. Next, graph both
sides of the equation. For example, the functions
f(x) = cos x and f(x) = 1 would both be graphed.
Finally, find the points where the two graphs
intersect. For example, f(x) = cos x and f(x) = 1
would intersect at x = 0 + 2nar, where nel.
Similarity: Both trigonometric functions are first
isolated on one side of the equation.
Differences: The inverse of a trigonometric function is
not applied in the graphical method, and the points of
intersection are not obtained in the algebraic method.
17. To solve the trigonometric equation
2sinx cos x + sinx = 0, first factor sin x from the
left side of the equation as follows:
2sinxcosx + sinx = 0
(sinx)(2cosx +1)=20
Since (sinx)(2cosx + 1) = 0, either sinx = 0
or2cosx + 1 =20 (or both). I sin x = 0, one
solution to the equation is x = 0 + nr, where ne L.
If 2cosx + 1 = 0, x can be found by first rewriting
the equation as follows:

2cosx +1=0
2cosx +1—-1=0-1

2cosx = —1
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2 cos x 1

2 2
1
cosx = =3
The solutions to the equation cos x = —3 occur at

2 47 .
X = £ + 2n1r or EY + 2nar, where n e L, since

the period of the cosine function is 27r. Therefore, the
solations to the equation 2 sin x cos x + sinx = 0

2 4
are x = 0 + nrr, 5 + 2nr, or ?W + 2n7r, where

nel
18. a) Since sin 26 = 2 sin 6 cos 6, the equation
sin 2x — 2 cos? x = 0 can be rewritten as follows:
sin2x — 2 cos’x = 0

2sinxcosx —2cos’x =0
(2cos x)(sinx — cosx) =0
Since (2 cos x)(sinx — cos x) = 0, either
2cosx = 0orsinx — cosx = 0 (or both). If
2 cos x = 0, x can be found by first rewriting the
equation as follows:

2cosx =0
2cosx 0
22
cosx =0
The solutions to the equation cos x = 0 occur at

m
2
first rewriting the equation as follows:
sinx —cosx =0
sinx —cosx + cosx =0 + cosx
sinx = cos x
The solutions to the equation sin x = cos x occur

3 .
X = —or 7” If sinx — cos x = 0, x can be found by

5 .
atx = % or —4: Therefore, the solutions to the

. . T om ST
equation sin 2x — 2 cos*x = Qare x = —, —, —,
3 472" 4
or —.
2

b) Since cos 26 = 1 — 2 sin” @, the equation
3sin x + cos 2x = 2 can be rewritten as follows:
3sinx +cos2x =2
3sinx + 1 — 2sinx =2
3sinx +1 —2sinx —2=2-2
3sinx — 1 —2sin’x =0
—2sinx + 3sinx — 1 =0
(—=1)(=2sinx + 3sinx — 1) = (—1)(0)
2sinx —3sinx +1 =0
(2sinx — 1)(sinx — 1) =0
Since (2sinx — 1)(sinx — 1) = 0, either
2sinx — 1 =0orsinx — 1 = 0 (or both).
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If sin x — 1 = 0, x can be found by first rewriting
the equation as follows:

2sinx —1 =0
2sinx —14+1=0+1

2sinx =1

2sinx 1

22

. 1

smx—2

The solutions to the equation sin x = 3 occur at
5 .
x = % or‘;z. If sinx — 1 = 0, x can be found by

first rewriting the equation as follows:
sinx —1=20
sinx —1+1=0+1

sinx =1
The solution to the equation sin x = 1 occurs at
o . .
= Therefore, the solutions to the equation

T T S

‘Equations, pp.439-437 ...
1. a) The expression sin® # — sin # can be factored
as follows:

sin’# — sin @

(sinf)(sind — 1)

b) The expression cos’# — 2 cos # + 1 can be
factored as follows:

cos’f —2cosf + 1

(cos§ — 1)(cos 6 — 1)

¢) The expression 3 sin’6 — sin § — 2 can be
factored as follows:

(3sinf + 2)(sinfh — 1)

d) The expression 4 cos” § — 1 can be factored as
follows:

4cos’h — 1

(2cos — 1)(2cosf + 1)

e) The expression 24 sin” x — 2 sin x — 2 can be
factored as follows:

24sin’x — 2sinx — 2

(6sinx — 2)(4sinx + 1)

f) The expression 49 tan® x — 64 can be factored as
follows:

49 tan’ x — 64

(7tanx + 8)(7tanx — 8)
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2. a) The equation y? = § can be solved as follows:

1
=3
V2 =+ 1

3
v:%‘JI
. 3
V3
veEy

Likewise, the equation tan® x = } can be solved
as follows:

1
tan®x = =
an- x 3

1

Vtan’x = * 3
tanx = * l
TNV 3

V3
tanx:tT

-

The solutions to the equation tan x = +%* occur

w%7wmﬂz
6" 6 6 6

b) The equation y*> + y = 0 can be solved as
follows:

yV+y=0
My +1)=0
Since (y)(y + 1) = 0,eithery =0ory + 1 =0
(or both). If y + 1 = 0, y can be solved for as
follows:

y+1=20
y+1—-1=0-1

y=-1

Therefore, the solutions to the equation y* + y = 0
are y = 0 or y = — 1. Likewise, the equation
sin? x + sin x = 0 can be solved as follows:

sinx + sinx =0
(sinx)(sinx + 1) =0
Since (sinx)(sinx + 1) = 0, either sinx = Q or
sin x + 1 = 0 (or both). The solutions to the
equation sin x = 0 occur at x = 0, 7, or 2. If
sin x + 1 = 0, x can be solved for as follows:

sinx +1 =0
sinx +1—-1=0-1

sinxy = —1

The solution to the equation sin x = —1 occurs
atx = %T, so the solutions to the equation

. . 37
sinx + sinx = 0 are x = 0, 7T,7,0F27T.
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¢) The equation y — 2yz = 0 can be solved as
follows:

y—2yz=0
WA —-2z)=0
Since (y)(1 — 2z) = 0,eithery =0or1 - 27 =0
(or both). If 1 — 2z = 0, z can be solved for as
follows:

1-2z=0
1-2z24+2z2=0+ 22

1 =2z

1 2z

202

1

$T3

Likewise, the equation cos x — 2 cosx sinx = 0
can be solved as follows:
cosx —2cosxsinx =0
(cosx){1 —2sinx) =0
Since (cos x){1 — 2sinx) = 0, either cos x = 0 or
1 — 2sinx = O (or both). The solutions to the
. T 3w
equation cos x = O occur at x = Jor = If

1 — 2sinx = 0, x can be solved for as follows:

I —2sinx =0
1 —-2sinx+2sinx =0+ 2sinx
1 =2sinx
1 2sinx
2 2
. 1
sin x = >

The solutions to the equation sin x = } occur at

T 5w . .
X = 080 the solutions to the equation
-2 i :()alre)czzziioréz
cos x cos x sin x PEETEPEE
d) The equation yz = y can be solved as follows:
yz=y
yae-y=y—Vy
vz—-y=20
MEz-1)=0

Since (y){z — 1) = 0, eithery =0orz -1 =0
(or both). If z — 1 = 0, z can be solved for as
follows:

z—1=0
z—1+1=0+1
z=1

Therefore, the solutions to the equation yz = y

are y = 0 or z = 1. Likewise, the equation

tan x sec x = tan x can be solved as follows:
tan x secx = tan x

tanxsecx — tanx = tanx — tan x
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tanxsecx — tanx =0
(tanx)(secx — 1) =0
Since (tanx)(secx — 1) = 0, either tan x = 0 or
secx — 1 = O (or both). The solutions to the equation
tanx = Qoccuratx = 0,7, or 2. If secx — 1 = 0,
x can be solved for as follows:
secx —1 =0
secx —1+1=0+1
secx =1
The solutions to the equation sec x = 1 occur at
x = 0 or 277, so the solutions to the equation
(tanx)(secx — 1) = 0 are x = 0, 7, or 2.
3. a) The equation 6y? — y — 1 = 0 can be solved
as follows:
6y —y—1=0
2y -1)@By+1)=0
Since (2y — 1)(3y + 1) = 0, either2y — 1 =0 or
3y +1=0(orboth). If 2v — 1 =0, y can be
solved for as follows:

2y —1=10
2y —1+1=0+1
2y =1
2y 1
2 2
1
Y73
If 3y + 1 = 0, y can be solved for as follows:
3y+1=0
3Jy+1-1=0-1
3y = —1
3y 1
33
1
Y773

Therefore, the solutions to the equation

6y> —y —1=0arey =4}or -1

b) The equation 6 cos’x — cosx — 1 = 0 for
0 = x = 27 can be solved as follows:

6cossx —cosx — 1 =0
(2cosx = 1)(3cosx +1) =0
Since (2cosx — 1)(3cosx + 1) = 0, either
2cosx —1=0o0r3cosx + 1= 0 (orboth), If
2cosx — 1 = 0, x can be solved for as follows:
2cosx —1=0
2cosx —1+1=0+1
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The solutions to the equation cos x = 3 occur at
x=1050r524. 1f3cosx +1 =0, xcan be
solved for as follows:

3cosx+1=0

3cosx+1—-1=0-1
3cosx = —1
3cosx 1
33
1
cosx = —3
The solutions to the equation cos x = — 1 occur at

x = 1.91 or 4.37. Therefore, the solutions to the
equation 6 cos’ x —cosx — 1 = Oare x = 1.05,
1.91, 4.37, or 5.24.

4. a) The equation sin® § = 1 can be solved as
follows:

sin @ =1
Vsin? 9 = V1
sinf = *1

The solutions to the equation sin # = =1 occur at
# = 90° or 270°.

b) The equation cos* @ = 1 can be solved as follows:

cos’f =1
Veost = t\/l
cosfh = *1

The solutions to the equation cos ¢ = =1 occur at
6 = 07, 180°, or 360°.

¢) The equation tan’ § = 1 can be solved as follows:

tan’6 = 1
Vian?g = =V1
tanf = 1

The solutions to the equation tan § = *1 occur at
f = 45°,135°,225°, or 315°.

d) The equation 4 cos® 6 = 1 can be solved as
follows:

4cos’h =1
4 cos’ 6 _l
4 4
1
29 _ L
cos” 6 1
1
Veost 6 = =)=
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cos B = tz
The solutions to the equation cos § = =3 occur at
# = 60°, 120°, 240°, or 300°.
e) The equation 3 tan*# = 1 can be solved as
follows:

3tan’ 6 = 1
3tan’g _ 1
3 3
1
tan’f = =
an 3
1
Vitan?h = +. /=
an 3
V3
tanGzt—Sv

(%]

The solutions to the equation tan § = *-§> occur

at 6 = 30°, 150°, 2107, or 330°.

f) The equation 2 sin” # = 1 can be solved as follows:
2sin’6 =1

2 sin’ 6 B l

2 2

1

.20:_

sin 5
1
\Vsin? 6 = * 3
. V2
Sln():‘_‘“‘?

Y

The solutions to the equation sin § = +-%* occur at
f = 45°,135°,225°, or 315°.
5. a) Since sin x cos x = 0, either sinx = O or
cos x = 0 (or both). If sin x = 0, the solutions
for x occur at x = 0°, 180°, or 360°. If cos x = 0,
the solutions for x occur at x = 90° or 270°.
Therefore, the solutions to the equation occur at
x = 0°,90°, 180°, 270°, or 360°.
b) Since sin x(cos x — 1) = 0, either sinx = 0
or cos x — 1 = 0 (or both). If sin x = 0, the
solutions for x occur at x = 0°, 180°, or 360°. If
cos x — 1 = 0, x can be solved for as follows:

cosx —1=0
cosx—1+1=0+1

cosx =1

The solutions to the equation cos x = 1 occur at
x = (° or 360°. Therefore, the solutions to the
equation sin x(cos x — 1) = 0 occur at x = 0°,
180°, or 360°.
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¢) Since (sinx + 1) cosx = 0, eithersinx +1 =0
or cosx = 0 (or both). If sinx + 1 = 0, x can be
solved for as follows:

sinx +1=0
sinx+1—-1=0-1
sinx = —1
The solution to the equation sin x = —1 occurs at

x = 270° If cos x = 0, the solutions for x occur at

x = 90° or 270°. Therefore, the solutions to the

equation (sinx + 1) cos x = 0 occur at x = 90°

or 270°.

d) Since cos x (2sin x — V/3) = 0, either cos x = 0

or 2sin x — /3 = 0 (or both). If cos x = 0, the

solutions for x occur at x = 90° or 270°. If

2sinx — V3 = 0, x can be solved for as follows:
2sinx — V3 =0

2sinx — V3+ V3=0+ V3

2sinx = V3
2sinx V3
2 T 2
sinx = \—/_é
2

The solutions to the equation sin x = %3 occur at
x = 60" and 120°. Therefore, the solutions to the

equation cos x(2 sinx — V3) = 0 occur at x = 60°,
90°, 120°, or 270°.

e) Since (V2sinx — 1)(V2sinx + 1) = 0, either
V2sinx —1=0o0r V2sinx + 1 = 0 (or both). If
V2sinx — 1 = 0, x can be solved for as follows:

V2sinx —1=0
V2sinx —14+1=0+1
V2sinx =1
V72 sin x 1
V2 V2
i 1
smxz\—[i
sin)(Z\—/_g
2

The solutions to the equation sin x = % occur at

x =45%0r 135°. 1f V2sinx + 1 = 0, x can be
solved for as follows:

V2sinx +1=0
V2sinx+1-1=0-1
V2sinx = —1
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V2 sin x
V2

1
V2
) B 1
Sinx = _W
. V2
Sinx =

The solutions to the equation sin x = b%—i oceur
at x = 225° or 315°. Therefore, the solutions to the
equation (\/2 sin x — l)(\/i sinx + 1) = 0 occur
at x = 45°,135°,225° or 315°.
f) Since (sinx — 1)(cos x + 1) = 0, either
sinx — 1 =0orcosx + 1 =0 (or both). If
sinx — 1 = 0, x can be solved for as follows:

sinx —1=0
smx—1+1=0+1

sinx =1

The solution to the equation sin x = 1 occurs at
x =90° If cosx + 1 = 0, x can be solved for as
follows:

cosx+1=0

cosx+1—-1=0-1
cosx = —1
The solution to the equation cos x = —1 occurs at

x = 180°. Therefore, the solutions to the equation
(sinx — 1)(cosx + 1) = 0 occur at x = 90°

or 180°.

6. a) Since (2sinx — 1) cos x = 0, either

2sinx — 1 =0o0rcosx =0.If2sinx — 1 =0,
x can be solved for as follows:

2sinx — 1 =0
2sinx—-14+1=0+1

2sinx =1

2sinx_l

2 2

sin !

X ==

2

The solutions to the equation sin x = % occur at

5 . .
X = % or —671. Also, the solutions to the equation
3
cosx = 0 occur at x = g or 777 Therefore, the

solutions to the equation (2sinx — 1)cosx =0
7w 57 37

626 "2

b) Since (sinx + 1)*> = 0,sinx + 1 = 0, so x can
be solved for as follows:

sinx +1 =0

sinx +1-1=0-1

sinx = —1

occur at x =
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The solution to the equation sin x = —1 occurs at

3 . .
X ="7,80 the solution to the equation

. 3
(sinx + 1)* = 0 occurs at x = 777

¢) Since (2 cos x + V3)sinx = 0, either
2cosx + V3 = 0Oorsinx = 0 (or both). If
2 cos x + V3 = 0, x can be solved for as follows:

2cosx + V3=0

2cosx+V3-V3=0-V3
2cosx = —V3
2cosx _\/_5
2 2
cosx = —[é
2
The solutions to the equation cos x = ——? occur

5 7 . .
atx = ~6z or ~6E Also, the solutions to the equation

sin ¥ = 0 occur at x = 0, 7, or 27r. Therefore, the
solutions to the equation (2 cos x + V3)sinx =0

Sw
occur at x = 0, e ar, —, or 27r.

d) Since (2 cosx — 1)(2sinx + V3) = 0, either

2cosy —1 =0or2sinx + V3 =0.1If
2cosx — 1 = 0, x can be solved for as follows:

2cosx —1=0
2cosx —1+1=0+1

2cosx =1

2cosx 1

22

1

cosx—2

The solutions to the equation cos x = 3 occur at
5 .
x = 7%or%, If 2sinx + V3 = 0, x can be solved

for as follows:
2sinx + V3=10

2siny + V3 -V3=0-V3

2sinx = - V3
2sinx V3
2 2
sin x = —X_é
2
The solutions to the equation sin x = —%—g occur

4 5 .
atx = % or ‘3? Therefore, the solutions to the

equation (2 cosx — 1)(2sinx + V3) = 0 occur at
x=2 in or§z
3' 377 37
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e) Since (V2 cosx — 1)(V2cosx + 1) = 0, either

V2cosx — 1 =0o0r V2cosx + 1 = 0 (or both).

If V2 cosx — 1 = 0, x can be solved for as follows:
V2cosx —1=0

V2cosx —1+1=0+1

V2cosx =1
V2cosx 1
V2 V2
1
cos x = 5
V2
cosx = —-
The soluti70ns to the equation cos x = 3{; occur at
ko kgl

x = jor. If V2 cosx + 1 =0, xcan be solved

for as follows:
V2cosx+1=0

V2cosx+1-1=0-1
V2cosx = -1
V2cosx 1
V2 V2
1
cosx =~
cos v2
X =—-——
2
The solutions to the equation cos x = — %@ occur
5
atx = §4£ or ~4£. Therefore, the solutions to the
equation (V2 cos x — 1)(V2cosx + 1) = 0 occur
at x = 7 37 Sw T

PRVEIVEALVE

f) Since (sinx + 1)(cos x — 1) = 0, either

sinx + 1 =0orcosx — 1 = 0(or both). If

sin x + 1 = 0, x can be solved for as follows:
sinx +1=0

smx+1-1=0-1
sinx = —1
The solution to the equation sin x = —1 occurs at

x = §2E If cosx — 1 = 0, x can be solved for as
follows:
cosx —1=0
cosx —1+1=0+1
cosx =1
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The solutions to the equation cos x = 1 occur at

x = 0 or 27r. Therefore, the solutions to the equation
(sinx + 1)(cosx — 1) = 0 occur at x = 0, 3—271,

or 2.

7. a) Since 2 cos’ # + cosH — 1 = 0,

(2cos @ — 1)(cos O + 1) = 0. For this reason,

either 2 cos @ — 1= 0 or cos # + 1 = 0 (or both).
If 2cos @ — 1 = 0, 6 can be solved for as follows:

2cosh—1=0
2cos0—1+1=0+1

2¢cosf =1

2cosf 1

2 2

6_1

cos =3

The solutions to the equation cos # = 3 occur at

9="Zor 532 If cos 6 + 1 = 0, 6 can be solved for

as foflows:
cosf#+1=0
cosf+1-1=0-1
cos = —1
The solution to the equation cos # = —1 occurs at

# = 7. Therefore, the solutions to the equation

5
2cos°f +cosf — 1 =Ooccurat0=73—r,7-r,0r~3£.

b) The equation 2 sin? # = 1 — sin # can be rewritten
and factored as follows:
2sin@ =1 —sin#
2sin’@ — 1 +sinf=1-sinh —1+sinb
2sin6 +sinf — 1 =0
(2sinf — 1)(sin® + 1) =0
Since (2sin — 1)(sin 6 + 1) = 0, either
2sin — 1 =0orsiné + 1 = 0 (or both). If
2sin @ — 1 = 0, # can be solved for as follows:
2sinf—1=0
2sinf—-1+1=0+1

2sinf =1
2sing 1
2 2
. !
sm@—i

The solutions to the equation sin § = 1 occur at

0 zgor%ﬂ. Ifsin® + 1 = 0, 8 can be solved for
as follows:
simf+1=20
sinf+1—-1=0-1
sinf = —1
7-44

The solution to the equation sin § = —1 occurs at
37

" 2 5 3
) . a o el
2sin°f =1 —sin@ occurat § = g,?,or7.
¢) The equation cos®§ = 2 + cos # can be rewritten
and factored as follows:
cos’ @ = 2 + cos 6
cos’f — 2 —cosf =2 +cosh —2 — cos b
cos’f —cosh —2 =0
(cos® — 2)(cosf +1)=0
Since (cos @ — 2)(cos 8 + 1) = 0, either
cosf —2=0orcosf+1=0.1cosf —2=0,
the equation can be rewritten as follows:
cos —2=0
cosf —2+2=0+2
cosf =2
Since cos 6 can never equal 2, the factor cos § — 2
can be ignored. If cos  + 1 = 0, # can be solved
for as follows:

. Therefore, the solutions to the equation

cosf+1=0
cosf+1-1=0-1
cosf = —1
The solution to the equation cos # = — 1 occurs at

¢ = . Therefore, the solution to the equation

cos’# = 2 + cos # occurs at § = 1r.

d) Since 2sin”# + 5sinf — 3 = 0,

(2sin 6 — 1)(sin  + 3) = 0. For this reason, either
2sinf —1=0orsinf +3=01f2sing— 1 =0,
# can be solved for as follows:

2sinf—1=0
2sind —1+1=0+1

2sinf =1

2sinf 1

22

.0_1

sin =5

The solutions to the equation sin # = 1 occur at

v
0=—
6
rewritten as follows:

sinf+3=20
sinf+3-3=0-3
sinf = —3
Since sin 6 can never equal —3, the factor sin § + 3
can be ignored. Therefore, the solutions to the

5 . .
or ?ﬂ If sin § + 3 = 0, the equation can be

equation 2sin*8 + 5sinf — 3 = 0 occur at § = %
or 2Z
-

Chapter 7: Trigonometric ldentities and Equations




e) The equation 3 tan’ @ — 2 tan § = 1 can be
rewritten and factored as follows:
3tan’H — 2tan @ = 1

3tan’f — 2tanf — 1 =1 -1

3tan’# —2tanf — 1 =0
(3tan 6 + 1)(tan® — 1) =0
Since (3tan @ + 1)(tan 6 — 1) = 0, either
3tanf+ 1 =0 ortand — 1 = 0 (or both). If
3tanf + 1 = 0, 6 can be solved for as follows:

3tanf +1 =10

3tanf+1—-1=0-1

3tan6 = —1
Jtan6 1
33
P 0 = 1
tan 0 = 3
The solutions to the equation tan # = —3 occur at

9 =28lor596 Iftand — 1 = 0, 8 can be solved
for as follows:

tang — 1 =0
tanf —1+1=0+1
tan# =1
The solutions to the equation tan # = 1 occur at
5 . .
f= 727 or ~41. Therefore, the solutions to the equation

3tan6 — 2tan§ = loccuratd = 7. 2.82,543,

or 5.96.

f) Since 12sin’ @ + sinf — 6 = 0,

(4sin 6 + 3)(3sin6 — 2) = 0. For this reason,
eitherdsin® + 3 = 0 or 3sin® — 2 = 0 (or both).
If 4sinf® + 3 = 0, 0 can be solved for as follows:

4sinf +3 =20
4sinf+3-3=0-3
4sinfh = -3
4sinf 3
4 4
sin 8 = 1
The solutions to the equation sin § = —3 occur at

6 =39 o0r544.If3sin@ — 2 = 0, 8 can be solved
for as follows:

3sinf —2=0
3sinf —2+2=0+2

3sinf =2

3sinf 2

23

.0_2

sin =3
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The solutions to the equation sin = % occur at
0 = 0.73 or 2.41. Therefore, the solutions to the

equation 12 sin”# + sin § — 6 = 0 occur at
6 =0.73,2.41,3.99, or 5.44.
8. a) Sincesecxcscx — 2cscx = 0,
(csc x)(secx — 2) = 0. For this reason, either
cscx = Qorsecx — 2 = 0. Since csc x can never
equal 0, the factor csc x can be ignored. If
secx — 2 = 0, x can be solved for as follows:
secx —2=0
secx —2+2=0+2
secx =2
The solutions to the equation secx = 2 occur at

5 . .
x="or —37-7— Therefore, the solutions to the equation

3
T S
secxcscx —2cscx = Qoceur at x = — or —,

3
b) Since 3sec’?x — 4 = 0, :
(V3secx — 2) (V3secx + 2) = 0. For this reason,
either V3secx — 2= 0or V3secx +2 =0
(or both). If V3 secx — 2 = 0, x can be solved for
as follows:

V3secx —2 =10
V3isecx —2+2=0+2

V3secx =2
V3secx 2
Vi V3
2
secx = =
secx = 2A\/:3-
3
The solutions to the equation sec x = % occur at
x = gorl—éﬂ. If V3secx + 2 = 0, x can be solved
for as follows:
V3secx +2=0
V3secx +2-2=0-2
V3secx = -2
V3secx 2
V3B
2
secx = — &
2V3
secx = — =7~
The solutions to the equation sec x = —2—}/-5 occur
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5 7 .
atx = ?77 or ~6£ Therefore, the solutions to the

. 7w S I
equation 3sec’x — 4 = O occur at x = —, —, —,
6" 6 6
or 1l
e

¢) Since 2sin x sec x — 2V3sinx = 0,

(sin x)(2 secx — 2V3) = 0. For this reason,
either sin x = 0 or 2sec x — 2V/3 = 0 (or both).
The solutions to the equation sin x = 0 occur at
x =0, or 27 If 2secx — 2V3 = 0, x can be
solved for as follows:

2secx —2V3 =0
2secx —2V3+2V3=0+2V3

2secx =2V3
2secx 2V3
2 2
secx = V3

The solutions to the equation sec x = V3 occur at
x = 0.96 or 5.33. Therefore, the solutions to the
equation 2 sin x sec x — 2V/3 sin x = 0 occur at

x = 0,096, 7, 5.33, or 2m.

d) To solve the equation 2 cot x + sec’x = 0, graph
the function y = 2 cot x + sec’ x as follows:

. . . 3
Since the graph intersects the x-axis at x = 777 and

7 . .
717—7, the solutions to the equation 2 cot x + sec’ x = 0

occur at 37 or Im
X == 0r —.
4 4

e) The equation cot x csc> x = 2 cot x can be

rewritten and factored as follows:
cotxcsc’x = 2cotx

cotxcsc’x —2cotx = 2cotx — 2cotx

cotxcsc’x —2cotx =0

(cot x)(cscx — V2)(cscx + V2) =0
Since (cot x)(csc x — V2)(cscx + V2) = 0,
either cotx = 0, cscx — V2 = 0, or

7-46

cscx + V2 = 0. The solutions to the equation
3
cotx = Ooccuratx = gorg. Ifescx — V2 =0,

x can be solved for as follows:

escx — V2 =0
cscx — V2+V2=0+V2
cscx:\/i

The solutions to the equation csc x = V2 occur at

x=Zor %71_ If cscx + V2 = 0, x can be solved for

4

as follows:
escx + V2 =0
cscx +V2-V2=0-\V2
escx = —V2

The solutions to the equation csc x = — \/2 occur at

5 Tar . .
X = ~43 or - Therefore, the solutions to the equation
cotx cs® x = 2 cot x occur at x = =, % 37 27 37

4’2 47 472
or Im
e

f) Since 3tan’x — tanx = 0,
(tan x)(V3tanx — 1)(V3tanx + 1) = 0. For
this reason, either tanx = 0, V3tanx — 1 = 0, or

V3tanx + 1 = 0. The solutions to the equation
tan x = O occur at x = 0, 7, and 2. If

V3tanx — 1 = 0, x can be solved for as follows:
V3tanx —1=0
V3itanx —1+1=0+1

V3tanx = 1
V3tanx 1
V33
tanxz—}‘—
V3
V3
tanx:T

The solutions to the equation tan x = %@ occur at

ko

P or %T If V3tanx + 1 = 0, x can be solved

for as follows:
V3tanx +1=0

X =

V3tanx +1-1=0-1
V3tanx = -1
V3 tan x 1
RV RV
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1 20cos’x — 10 — 8cosx +1=0
tanx = ——=

3 20cos’x — 8cosx — 9 =0
V3 (I0cosx — 9)(2cosx +1) =0
tanx = -T For this reason, either 10 cos x — 9 = O or

2cosx + 1 =0 (orboth). If 10cosx — 9 =0,

. " _\3
The solutions to the equation tan x = -5~ occur ¥ can be solved for as follows:

5 . _ 0 =
atx = = or 1—171. Therefore, the solutions to the 10cosx —9=0
L6 - 10cosx —9+9=0+9
gquatlon 3tan"x — tanx = O occurat x = 0, o 10cosx = 9
T T 117
"g, w, —6*, *g“, or 2. 10 cos x . i
. ) . 10 10
9. a) Since cos 20 = 2 cos” 6 — 1, the equation
5c¢os 2x — cos x + 3 = 0 can be rewritten and CosS X = o

factored as follows:
5¢co82x —cosx +3 =0
(5)(2cos’x — 1) —cosx + 3 =0
10cos’x —5—cosx+3=0
10cos’x —cosx —2 =0
(5cosx +2)(2cosx — 1) =0

The solutions to the equation cos x = 5 occur at
x =0450r583. If2cosx + 1 = 0, x can be solved
for as follows:
2cosx+1=0
2cosx+1—-1=0-1

For this reason, either Scosx + 2 = Q or 2cosx = —1
2cosx — 1 = 0 (orboth). If 5cos x + 2 = 0, x can Zoosx 1
be solved for as follows: 2 2
S5cosx +2 =10 cosx:—l
5co0sx+2-2=0-2 2
Scosxy = —2 The solutions to the equation cos x = —% occur at
Scosx 2 x = 2{ or %7—7—. Therefore, the solutions to the equation
5 5
2 10cos2x — 8cosx + 1 = Qoccur at x = 0.45, 2{—,
cosx =~ ¢ T orsss.
The solutions to the equation cos x = —#2 occur at ¢) Since cos 26 = 1 — 2 sin” #, the equation
x = 1.98 or 4.30. 4 cos2x + 10sin x — 7 = 0 can be rewritten and
If 2cosx — 1 = 0, x can be solved for as follows: factored as follows:
2cosx —1 =0 4cos2x + 10sinx —7 =0
2cosx —1+1=0+1 (4)(1 — 2sin’x) + 10sinx —7 =0
2cosx = 1 4 — 8sinx + 10sinx — 7 =10
2cosx:l —8sin’x + 10sinx —3 =10
2 2 (—1)(—8sin’x + 10sinx — 3) = (= 1)(0)
1 8sinx — 10sinx +3 =0
cosx =+ (4sinx — 3)(2sinx - 1) =0

The solutions to the equation cos x = } occur at For this reason, either 4 sinx — 3 = 0 or

X = ul or =, Therefore, the solutions to the equation Zsinx — 1 =0 (or both). If 4sinx = 3 = 0, x can

3 3 - be solved for as follows:
5cos2x—cosx+3ZOOCcuratx=§,1.98, 4siny —3=0
4.30,or5?77. dsiny —3+3=0+3

4 sj =3

b) Since cos 260 = 2 cos* @ — 1, the equation 4 ::Ej 3
10 cos 2x — 8 cos x + 1 = 0 can be rewritten and = -
4 4

factored as follows: 5
10cos2x — 8cosx +1 =0 Sinx:Z

(10)(2cos’x — 1) —8cosx + 1 =10

Advanced Functions Solutions Manual 7-47



The solutions to the equation sin x = 3 occur at
x =0850r229. . If 2sinx — 1 = 0, x can be solved
for as follows:

2sinx — 1 =0
2sinx—1+1=0+1

2sinx =1

2sinx 1

2 2

) 1

smx—2

The solutions to the equation sin x = § occur at

5 . .
x = % or ?77 Therefore, the solutions to the equation

4cos2x + 10sinx — 7 = Ooceurat x = %, 0.85,
S
e or 2.29.
d) Since cos 20 = 1 — 2 sin’ 6, the equation
—2 cos 2x = 2 sin x can be rewritten and factored
as follows:
—2¢cos2x = 2sinx
(—=2)(1 — 2sin’ x) = 2sinx
—2 4+ 4sinx = 2sinx
—2 +4sin°x —2sinx = 2sinx — 2sinx
4sinx — 2sinx —2=0
(2)(2sinx + 1)(sinx — 1) =0
For this reason, either 2sinx +1 = 0 or
sinx — 1 =0{orboth). If 2sinx + 1 = 0, x can
be solved for as follows:
2sinx +1=0

2sinx +1 -1=0-1
2sinx = —1
2sinx 1
22
1
sinx = -5
The solutions to the equation sin x = — occur at
x = %ﬂorl%ﬂ. If sinx — 1 = 0, x can be solved

for as follows:
sinx —1=0
siny —1+1=0+1
sinx = 1
The solution to the equation sin x = 1 occurs at
x = g Therefore, the solutions to the equation

. 7 11
—2cos2x = 2sinx occur at x = %, ?77, or ~g7-7—.
10. To solve the equation 8 sin® x — 8sinx + 1 = 0,
first substitute # for sin x. The equation then becomes
86 — 89 + 1. Next, use the quadratic formula to

solve for 8 as follows:
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—b +* Vb? - 4ac

b= 2a
_ - (8 = V(=8 — 4B) ()
2(8)
8= Ved - 32
16
8= \V32
C 16
8 =4V2
C 16
_2=\V2
=S

= 0.1464 or 0.8536
Since # = 0.1464 or 0.8536, sinx = 0.1464 or
0.8536. If sinx = 0.1464, x = 0.150r 2.99. If
sin x = 0.8536, x = 1.02 or 2.12. Therefore, the
solutions to the equation 8 sin’x — 8sinx + 1 =0
occur at x = (.15, 1.02, 2.12, or 2.99.

11. Since the solutions of the quadratic trigonometric
. 5 T o I
equation cotx — bcotx + ¢ = O are PRirive and

5 .
7:1, the cotangent of these solutions must be found.

The cotangent of both % and %T is /3, while the

cotangent of both % and 5777 is 1. For this reason,
cotx = V3andcotx = 1,s0cotx —V3 =0
and cot x — 1 = 0. If the factors cot x — V3
and cot x — 1 are multiplied together as follows,
the quadratic trigonometric equation
cot?’x — bcotx + ¢ = 0 is formed:
(cotx — V3)(cotx — 1) =0

cot?’x — V3cotx —cotx + (-1)(=V3) =0

cot?x — (1 + V3)cotx + V3 =0
Therefore, b = 1 + V3 and ¢ = V3.
12. It’s clear from the graph that the quadratic
trigonometric equation sin” x — ¢ = 0 has solutions
at —Zzﬂslandh the sine of th

X= o o S0 the sine ese

. . 3
solutions must be found. The sine of both % and =2

4
: . . 5 Tir .
is %2, while the sine of both 777 and ~4£ is — 2.

For this reason, sin x = —? and sin x = —7\/2, SO

‘ N2 ; 2 _ ,

sinx — 5= = 0and sin x + 5* = 0. If the factors
V2 V2

sinx — 7: and sin x + 5= are multiplied together
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as follows, the quadratic trigonometric equation
sin x — ¢ = 0 is formed:

<sinx - \—2@><Sinx + —\g_—%) =0

2 V2
smx——zvsmx%-—vsmx
()0
sin® 2
in“x ——=10
4
1

--=0
SlIl X 7

Therefore, ¢ = 3

13. To solve the problem, first the zeros of the function

h(d) = 4 cos* d — 1 must be found as follows:
h(d) = 4cos’d — 1

0=4cos’d — 1

(2cosd —1)(2cosd + 1) =0

Since (2cosd — 1)(2cosd + 1) = 0, either

2cosd —1=0o0r2cosd + 1 =0 (or both). If

2cosd — 1 =0, d can be solved for as follows:

2cosd —1=0
2cosd—1+1=0+1

2cosd =1
2 cosd _l
2 2
1

d=~

cos 5

The solutions to the equation cos d = % occur at
5
d= %org. If2cosd + 1 = 0, d can be solved

for as follows:

2cosd+1=20
2cosd+1—-1=0-1
2cosd=—1
2cosd 1
2 2
1
d=—=
cos >
The solutions to the equation cos d = —1 occur at
d= %;j or ~3~ Therefore, the zeros of the function
_ 2 5 ™ 277 4ar §z
h(d) =4cos’d —lareatd = T3 3,or .

With the zeros known, the 27 stretch of rolling hills
can be broken down into the following regions:
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27 2w dm 4w 577
<TTlcg<T T cd<-—<
d 3’3 d 373 <d 373 d< 3

d> ~31 First, the region d < 5 can be tested by

finding h(%) as follows:

HREGR
()

()-

Since h(%) is positive, the height of the rolling

=3-1=2

hills above sea level relativg, to Natasha’s home is
positive in the region d < 3 Next, the region

T 2 . T
3 <d< - can be tested by finding h(g) as

follows:

- vee(z)

=4(0Y¥ -1=4(0) -1
=0-1=-1
Since h(g) is negative, the height of the rolling
hills above sea level relative to Natasha’s home is
L .o 2ar .
negative in the region 3 <d< Y Next, the region
n <d< T can be tested by finding /() as
follows:
h(1) = 4 cos*(m) — 1
=4(-1¥ -1=4(1) -1
=4-1=3
Since k() is positive, the height of the rolling hills
above sea level relative to Natasha’s home is positive

. .2 4 .
in the region — T<d< ?ﬂ Next, the region

S
4?77 <d< - can be tested by finding h( ) as

follows:
37 (37
) = =} -1
h<2> 4cos<2>
—4(0)2—1
=40)-1=0-1=

Since h S is negative, the height of the rollin
5 2 g

. . 4 5 .
negative in the region ~3£ <d < ?ﬂ Finally, the

7-49



region d > 5—372 can be tested by finding h(%)

as follows:

h<%71> =4 cos2<1162> -1
)"

3
=4)-1=3-1=2
(5

. 1 . .. . .
Since h ~1g7-7—> is positive, the height of the rolling
hills above sea level relativse to Natasha’s home is
positive in the region d > ?ﬂ Therefore, the

intervals at which the height of the rolling hills
above sea level relative to Natasha’s home is

. 2
negative are gkm <d< ~31km and
4 5
gkm <d< ~3zkm.

14. Since sin® 6 + cos’§ = 1,orsin®8 = 1 — cos* 4,
the equation 6 sin” x = 17 cos x + 11 can be
rewritten and factored as follows:
6sin’x = 17 cos x + 11;
6sinx — 17cosx — 11 = 17cosx + 11
—17cosx — 11;
6sin’x — 17cosx — 11 = 0;
6(1 — cos’x) — 17 cosx — 11 = 0;
6 —6cos’x — 17cosx — 11 = 0:
—6cos’x — 17cosx — 5 = 0;
(~1)(=6cos’x — 17 cosx — 5) = (—1)(0);
6cos’x + 17cosx + 5 = 0;
(2cosx +5)(3cosx +1) =0
For this reason, either 2 cosx + 5 = Qor
3cosx +1=0.If 2cosx + 5 = 0, x can be solved
for as follows:
2cosx +5=0

2cosx+5-5=0-175
2cosx = —5
2cosx 5
22
_ 3
cosx = 5

Since cos x can never equal —3, the factor 2 cos x + 5
can be ignored. If 3 cos x + 1 = 0, x can be solved for
as follows:
3cosx+1=0
3cosx+1-1=0-1
3cosx = —1

7-50

3cosx 1

3 3
1
CoOsSx = —=
3
The solutions to the equation cos x = —} occur at

x = 1.91 or 4.37. Therefore, the solutions to the
equation 6 sin’x = 17 cos x + 11 occur at x = 1.91
or 4.37.
15. a) Since sin @ + cos’° 6 = 1, or
sin’@ = 1 — cos? 6, the equation
sinx — V2 cosx = cos’x + V2cosx + 2
can be rewritten and factored as follows:
sinx — V2cosx = cos’x + V2 cosx + 2;
1 —cos’x — V2cosx = cos’x + V2cos x + 2:
1 —cos*x — V2cosx — cos’x — V2cosx — 2
=cos’x + V2cosx+2—cos’x — V2cosx — 2;
1 - cos’x — V2cosx — cos® x
- \V2cosx -2 = 0;
—2cos’x — 2V2cosx — 1 = 0;

1
<—5>(—Zcos2x - 2V2cosx — 1) = 0;
1
cos’x + V2 cosx + > =0

(cone e )
COSx+—2* =0

Since (cosx + %)2 =0, cosx + % = (. For
this reason, x can be solved for as follows:

2
+—===0
COsS x 7

cosx+\—@—[%:0—£
2 2 2
V2
Cosx = ———
The solutions to the equation cos x = ——2\/2 occur
atx = 542 or 5%, so the solutions to the equation
sin”x — V2 cosx = cos’x + V2 cos x + 2 oceur at
3w 5w
X = "4” or 7

b) Since the period of the cosine function is 27, a
general solution for the equation in part (a) is

3 5
X = ~4£ + 2nm orT7T + 2nm, where n el
16. 1t is possible to have different numbers of solutions
for quadratic trigonometric equations because, when

factored, a quadratic trigonometric equation can be
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one expression multiplied by another expression or
it can be a single expression squared. For example,
the equation cos” x + 1 cos x + 3 becomes

(cos x + 1)(cos x + 3) when factored, and it

. 2 4 . .
has the solutions —g, ar, and —371 in the interval

0 = x = 2. In comparison, the equation

cos’x + 2 cosx + 1 = 0 becomes (cos x + 1)
when factored, and it has only one solution, 7, in the
interval 0 = x < 2. Also, different expressions
produce different numbers of solutions. For example,
the expression cos x + I produces two solutions in
the interval 0 < x = 27 (%) and (%7[) because

cos x = —1 for two different values of x. The
expression cos x + 1, however, produces only one
solution in the interval 0 < x = 27 (), because
cos x = —1 for only one value of x.

17. To determine all the values of a such that

f(x) = tan(x + a), first graph the functions

tan x cot x -

fly =

tan x — cot
on the same coordinate grid as follows:

g

. and g{x) = tan x

It’s apparent from the graphs that if the graph of the

function g(x) = tan x were translated 7 units to the

left, it would be the same as the graph of the function
tan x cot x

f(x) - 1 —tanx 1 - cotx

the graph of the function g(x) = tan (x + %)

. For this reason,

would be the same as the graph of the function

tan x cotx
fx) =+

5
—471. Therefore, the values of a such that

- . The same is true for
— tanx 1 — cotx

5
f(x) =tan(x + a)area = % and —471.

18. To solve the equation 2 cos 3x + cos 2x + 1 = 0,
graph the function f(x) = 2 cos 3x + cos 2x + 1 on
a coordinate grid as follows:
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\VEERE VA
2 2

j ‘

It’s apparent from the graph that the x-intercepts are

3 .
atx = 0.72, § T, —2-75 and 5.56. Therefore, the

solutions to the equation 2 cos 3x + cos2x + 1 =0

3
occurat x = 0.72, ZZZ, T, ?Z or 5.56.

. 2tan g .
19. Since tan 20 = ————, the equation
1~ tan” 6

3 tan? 2x = 1 can be rewritten as follows:
3tan® 2x = 1;

2tanx  \°
() =1
<1— tan2x> ’

3< 4 tan” x
1 — tan®x — tan® x + tan*x

12 tan® x

I
—

— =1
1 — 2tan’x + tan‘x '
1 — 2tan®x + tan* x = 12 tan® x;
1 - 2tan’x + tan*x — 12tan’ x = 12 tan*x

— 12 tan’ x;
tan'x — 14tan°x + 1 =0
At this point the quadratic formula can be used to
solve for tan® x as follows:

—b + Vb - dac

tan’ x =
2a
_ —(m14) = V(= 14) — 4()(D)
2(1)
14+ V196 - 4
2
14 = V192
B 2
14 + 8\V3
- =
=7 +4V3

= 0.0718 or 13.9282
Since tan®x = 0.0718 or 13.9282, tan x = +0.2679
or +3.7321. Therefore, four solutions for x are
x = 15°,75°, 285°, or 345°. Also, since the value of
tan x repeats itself every 180°, four more solutions
for x are x = 105°, 165°, 195°, or 255°.
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20. To solve the equation V2sinf = V3 — cos 0,
first square both sides of the equation as follows:

V2sinf = V3 — cos 6
(V2sin8)? = (V3 — cos 6)>
2sin*0 =3 — V3cosH — V3cos b + cos*
2sin’6 =3 — 2V3cos 6 + cos? 6
Since sin® @ + cos’ 0 = 1, orsin® @ = 1 — cos? 0,
the equation 2 sin* @ = 3 — 2V/3 cos § + cos? 6 can
be rewritten as follows:
2sin*8 =3 — 23 cos 8 + cos?6;
2(1 — cos?0) = 3 — 2V3 cos 6 + cos’ ;
2 -2cos’@ =3 —2V3cos6 + cos?8;
2 —2cos’® — 2+ 2cos’ 0
=3 —2V3cos @ + cos’6 — 2 + 2 cos’ 6:

3cos’8® — 2V3cos@ +1 =0
At this point the quadratic formula can be used to
solve for cos 0 as follows:

—b + \Vb? - dac

cos 6 = >
_ —(=2V3) = V(-2V3) - 4(3)(1)
- 2(3)
:2\/§i VIZ - 12
6
:2\/§i\/6
6
_2V3x0 2V3 V3
6 6 3
Since 0050:{3, = 0.96

1. a) Answers may vary. For example: Since
sin (7 — @) = sin 0, sin § = sin (7 — ).

. 37 ) 37
Therefore, sin 0 - sin <’IT 1 O)

_ in(ﬁli_EE)_ i
M0 T 10/ T M 10

b) Answers may vary. For example: Since
cos (2m — 6) = cos B, cos 6 = cos (27 — ).
Therefore,

cos 6m cos <2 677)
o0 P
7 7

—cs<‘1i71—§71>—cs§71
S\T7T T 087
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¢) Answers may vary. For example: Since
—sin § = sin (7 + 6),

. 137 . 137
—51n7 = sin (’IT + *7—>
~sin <7_7r N Ez) _ gin 20
7 7 7
Since sin § = sin (8 — 217),

si ‘29—71— in<g~%—2>
1n7 =s 7 T

. <207T 1477) . 6T
sin{ — — — | = sin—

7 7 7
1 6
Therefore, —sin % = sin 777

d) Answers may vary. For example: Since
—cos 0 = cos (7 + 8),

- sﬁ’z—co< +8—W)
cos —= = cos {7 + =

—cs<7—ﬂ-+8—w>—os—
B\7 ") T8

Since cos 8 = cos (6 — 21r),
157 <15’n’ >
COS ——— = CO$ ? - 27

-
OS(J&_EJl)_CSZ
7 7 )"

8 T
Therefore, —cos 7 = Cos 7

2. Since sin 6 = cos <0 — g), the equation

y = —5sin (x - g) — & can be rewritten

y=—5005<x—%—%>—8

= —5cos (x — ) — 8. Since a horizontal
translation of 7 to the left or right is equivalent
to a reflection in the x-axis, the equation

y = —5cos (x — o) — 8 can be rewrilten

¥y = 5 cosx — 8. Therefore, the equation
a

y = —Ssinx (“5) — 8 can be rewritten

y=5cosx — 8.

3. a) Since sin (a — b) = sinacos b — cos a sin b,

) < 47r> ) 4ar Y
sin - — =smxcos—3——cosxsm?

: (sin x)<—%> — (cos x)<—$>
V3

=-——COSX — —Sinx
2 2

Chapter 7: Trigonometric Identities and Equations




b) Since cos (a + b) = cosacos b — sinasin b,

3 3T . . 3w
costx + — :cosx0057~smxsm7

4
= (cosx)<—-\2[%> - (sinx)(?)

V2 V2 .
—TCOSX - Tsmx
tana + tan b
1 —tanatan b’

w
’IT) tan x + tan =

tan<x+— 3

3) 1- tanxtan%

_ tanx + V3
1 — (tan x)(V3)
_tanx + V3

1-\V3tanx
d) Since cos (a — b) = cosacos b + sinasin b,

=(cos x)<cos %}) + (sin x)<sin 5777)

=(cos x)(—l/z—_%> + (sin x)<— %)
V2 V2

= ————COSX — ——Ssin x
2 2

4. a) Since tan (a + b) =

¢) Since tan (a + b) =

tana + tan b
1 —tanagtanp’

tan Z + tan ZE
12 4

¢ <7r+77r
el R
1 tanlztam4

= tan <_7r_ + ‘2}11) = tan‘2~2~71= tan~1E = —~\-/:3~
12 12 12 6 3
b) Since cos (a + b) = cosacosb — sinasin b,
T 197 .o . 197
COS—9‘ COS“ig— - SIHESIH*K
= cos(zﬁ»}gﬁ) = cos<%’1+&>
9 18 18 18
27 T V3
= COS‘i'é—Z COS_6— = —7

5. a) Since sin 260 = 2 sin § cos 8,

. T ™\ . 27w
2 sin 1 cos [ = sin <(2)<12>>sm 5

—sinz——
6 2
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b) Since cos 268 = cos’8 — sin’6,

cos’ % — sin? % = cos <(2)<%>>

Ccos 2T s s ™ o V3
AT 6 2
¢) Since cos 20 = 1 — 2 sin’#,
3 3
1-2 sinz?’rr = cos<(2)<§>)
= cosg—r = cosii = —l[%
8 4 2
. 2tan 6
d) Smce; tan 20 = T tanier
2 tan —
6 Ty mo_
_1——6;1? = tan2<g> = tang = \/§

6. a) Since sin x = £, the leg opposite to the angle
x in a right triangle has a length of 3, while the
hypotenuse of the right triangle has a length of 5.
For this reason, the other leg of the right triangle
can be calculated as follows:

32 + y2 — 52
9+ y?=25
9+3y°-9=25-9
¥ =16
y = 4, in quadrant [
. adjacent leg 4
Since cos x = ————==_cos x = —.
hypotenuse 5

Therefore, since sin 2x = 2 sin x co

sin 2x = (2)<%><%> = %

Also, since cos 2x = cos’x — sin’x,

08 2. _<£)2_<§)2_1§__9___7_
TS 5) 25 25 25

72]

X,

. ite |
Since tan x = M, tanx = 3.
adjacent leg
) 2tanx (2)(3
Since tan 2x = 5, tan 2x = <i>2
1 — tan“x 1- (g)
3 3 3
__z ___3 __3 _3, 16_24
- 9 — 16 9 7 = -
1-% %% w#® 2 7 7
b) Since cot x = —%, the leg opposite the angle

x in a right triangle has a length of 24, while the leg
adjacent to the angle x has a length of 7. For this
reason, the hypotenuse of the right triangle can be
calculated as follows:

T+ 24% = 2
49 + 576 = ¢*
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625 = ¢?
¢ =25

. . opposite le .
Since sinx = -BP——-—% sin x = %, and since
hypotenuse -

adjacent leg

cos x = cos x = —%. (The reason

hypotenuse’
the sign is negative is because angle x is in the
second quadrant.) Therefore, since

o o cosa sin2r = () 2N~ L
sin 2x = 2 sin x cos x, sin 2x = (2)<2S>< 25>

336 . .
= 22> Also, since cos 2x = cos’x — sin’x,

625
cos 2x = <—]~>2 - <—2ﬁ>2 = f~9~ - 5—7—6~ = —g—z
T 25 25 625 625 625
Since cot x = _ T tan x = —Zi
24’ 7.
Since tan 2x = -—2@%—,
1 — tan“x
; 24 48 48
tan 2x = (2)< ;) - - i -
1 — <_;7_>2 g 49 49 49
=¥ 48 49 336
- B

¢) Since cosx = 12, the leg adjacent to the angle x
in a right triangle has a length of 12, while the
hypotenuse of the right triangle has a length of 13.
For this reason, the other leg of the right triangle
can be calculated as follows:

X+ 122 =13
x* + 144 = 169
X+ 144 — 144 = 169 — 144
x> =25
x=5
Since sin x = SEEQSLG—IE-E, sinx = —%. (Sine is
hypotenuse .

negative because x is in the fourth quadrant.)
Therefore, since sin 2x = 2 sin x cOS X,

SN\/12 120
sin 2x = (2)<_§><E> = T Also, since
cos 2x = cos’x — sin® x,

<12 2 5V
8- (3
144 25 119
169 169 169

Finally, since tanx = — ————,
adjacent leg
(The reason the sign is negative is because angle x

is in the fourth quadrant.)

cos 2x

5
tanx = — 3.
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2t
Since tan 2x = an)i ,
1 — tan“x
(2) -3
tan 2x = ——ﬁ*%l
1= (1)
_3 _3 _3
6 6 6

el

55 T a5

I =& 4 144

5. L4 120
6 119 119
7. a) Since sin 26 = 2 sin 6 cos 6, and since

sin 2x 2 sin x oS x
0s20 =1 — 2sin’#, tan 2x = = )
¢ cos 2x L — 2sin°x

is a trigonometric

|

£

2 sin x cos x
Therefore, tan 2x = ————3
1 - 2sin"x

identity.

b) Since 1 + tan’x = sec’ x, sec’ x — tan’x = 1.
Therefore, since sec’ x — tan’x = 1isa
trigonometric identity, sec’ x — tan’ x = cos x must
be a trigonometric equation, because cos x does not
always equal 1.

¢) Since 1 + cot® x = csc? x, csc* x — cot’ x = L.

Therefore, since sin” x + cos®x = 1,

22 id 2 et -
csc? x — cot® x= sin’ x + cos® x is a trigonometric
identity.

d) Since tan’x = 1, tanx = = 1. Therefore, since
tan x does not always equal —1 or 1, tan’ x = 1

must be a trigonometric equation.
. .. .1 —sim2x

8. The trigonometric identity or =1 - cos’x
X

can be proven as follows:

1 — sin’x 5
———— =1 - cos"x
cot” x

COS2 X

=1 —cos’x
cot’ x

cos? x

cos2 x

sin? x
2 .2

(cos” x)(sin” x)

cos® x

R

sinx =1 — ¢cos” x

1 —cos’x=1-cos’x

=1-cos*x

=1 - cos’x

9. The trigonometric identity
2seczx — 2tan?x .
Z———"-—— = sin 2x sec x can be proven as
CsSC X

follows:
2sectx — 2tan’ x

= sin 2x sec x
csC X

2(sec’ x — tan’x)
csc x

= sin 2x sec x
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2(1 .
() = sin 2x sec x
CcSC X
2 .
= sin 2x sec x
cse X

2 sin x = sin 2x sec x
2 sin x cos x

= sin 2x sec x
coS X
sin 2x .
= sin 2x sec x
COS X

sin 2x sec x = sin 2x sec x

10. a) The trigonometric equation i-x* +10=6

can be solved as follows:
2

sin x

+10=6

2
sin x

+10-10=6 —10
2
sin x
—4sinxy =2
—4sinx 2

= -4

—4 _:4_
1

sinx = ——
2

The solutions to the equation sin x = —3 occur at

T 117
X = —O0r —.

6 6
b) The trigonometric equation _cotx Cgtx +1=-1
can be solved as follows:
Scotx 7 1
4+ — =
2 3 6
15cotx 14 1
— 4+ —_— = ——
6 6 6
—15cotx + 14 = —1
—1Scotx + 14— 14=-1- 14
—15cotx = —15

—15cotx -15

15 15
cotx =1

The solutions to the equation cot x = 1 occur at
x="Zor Sl
4 4"

¢) The trigonometric equation

3 + 10secx — 1 = — 18 can be solved as follows:

3+ 10secx —1=—-18

2+ 10secx = —18
24+ 10secx —2=-18-2

10secx = =20
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10secx _20

10 10
secx = —2
The solutions to the equation sec x = —2 occur at
_m AT
X =or

11. a) The equation y* — 4 = 0 can be solved as
follows:

y:-4=0
y-2)y+2)=0
Since (v — 2)(y +2) = 0,eithery —2 =0 or
y+2=0(orboth). Ify —2 =0,y can be solved
for as follows:

y—-2=0
y—2+2=0+2
y=2

If y + 2 = 0, y can be solved for as follows:
y+2=0
y+2-2=0-2
y=-2
Therefore, the solutions to the equation y* — 4 = 0
arey =2ory = —2.
b) The equation csc? x — 4 = 0 can be solved as
follows:
esctx —4=0
(cscx — 2)(cscx +2) =0
Since (cscx — 2)(csc x + 2) = 0, either
cscx — 2 =0orcscx + 2 = 0 (or both). If
csc x — 2 = 0, x can be solved for as follows:
cscx —2=20
cscx—2+2=0+2

cscx =2
The solutions to the equation csc x = 2 occur at
5
x = %or —;1 If cscx + 2 = 0, x can be solved for
as follows:
cscx+2=0
cscx +2-2=0-2
cscx = —2
The solutions to the equation csc x = —2 occur at
7 11 .
x = —g or _61 Therefore, the solutions to the
. 5 7T 5w Iw
equation csc” x — 4 = 0 occur at x = A
or Hm
0

12. a) The equation 2 sin®x — sinx — 1 = 0 can
be solved as follows:

2sinx —sinx —1=0
(2sinx + 1)(sinx — 1) =0
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Since (2sinx + 1)(sinx — 1) = 0, either

2sinx + 1 =0orsinx — 1 = 0 (or both). If

2sinx + 1 = 0, x can be solved for as follows:
2sinx +1=0

2sinx+1-1=0-1

2sinx = —1
2sinx 1
2 2
. 1
sinx = —=
2
The solutions to the equation sin x = —3 occur at
7 11 .
x = —671 or —61 If sinx — 1 = 0, x can be solved for
as follows:

simx —1=20
simx—1+1=0+1
sinx =1
The solution to the equation sin x = 1 occurs at

X = % Therefore, the solutions to the equation
<2 . _ o
2sin“x —sinx — 1 =0occuratx = —, —,
1 26
or —.
6

. . sin 2
b) The equation tan® x sin x — J;—Y = 0 can be

solved as follows:
5 sin x
tan® x sim x — =
3
: 5 1
(sin x)<tan*x - 5) =0
V3 V3
(sin x){ tan x — Y tan x + =) 0
Since (sin x)(tanx - 4)(tanx + \ﬁ) = 0, either

V3 = (. The
0 occur at x = 0,

sinx = (), tan x — V3 = =0,ortan x + %

solutions to the equatlon sin x =

,or 2m. If tanx — %—g = 0, x can be solved for as
follows:

tanx — = = 0
an x 3

g Y3, V3 V3
3 T3 3

V3

tanx:~—§~
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. . /3
The solutions to the equatlon tan x = - occur at

T
X ==- 0r—6w If tan x + 2 = = (), x can be solved for

6
as follows:

3
+ ===
tan x 3 0

tanx+~3~—~\-/—_3~:0—£
3 3 3
tanx = —l/:%
3
The solutions to the equation tan x = ——\@ occur
atx = %:1 or %— Therefore, the solutions to the
equation tan’ x sin x — -S—n;—{ = Qoccuratx = O -
571' 771' 117
6T e g Or 2.
¢) The equation
, (1 — '\f2> V2o
cos"x + | ————]cosx —— =0
2 4
can be solved as follows:
, < 1- \f2> V2o
cos“x + | ——)cosx — —— = ()
2 4
<cosx — ﬁ)(cosx + 1) =0
2 2
Since (cosx - —w)(cosx + ) = 0, either
Cos X — —\C = 0 orcosx + 3 = 0 (or both). If
coOsSx — —sz = (), x can be solved for as follows:
V2 _
cos x - =
VI VI 2
cos x 2 5 5
cosx = A/Z
2
The solutions to the equation cos x = —2@ occur at

7
x="Zor —4: Ifcosx + % = 0, x can be solved for

4
as follows:
cosx +—=90
2
N 1 1 0 1
cosx + - ——=0-=
2 2 2
1
cosx = ——
2
The solutions to the equation cos x = —3 occur at
2 4ar
X = —371 or —3~ Therefore, the solutions to the
equation cos® x + ( 5 \@) cosx — 2 =
oceur at x = — m 4w orzz
437 37 4"

Chapter 7: Trigonometric Identities and Equations




d) The equation 25 tan’ x — 70 tan x = —49 can be
solved as follows:
25tan’x — 70 tan x = —49
25tan’x — 70tanx + 49 = —49 + 49
25tan’x — 70tanx + 49 = 0
(S5tanx — 7)* = (
Since (Stanx — 7)> = 0,5 tanx — 7 = 0. For this
reason, x can be solved for as follows:

Stanx — 7 =0
Stanx —7+7=0+7

Stanx =7

Stanx 7

5 5

tanxzz

5

The solutions to the equation tan x = Toccur at

x = 0.95 and 4.09. Therefore, the solutions to the
equation 25 tan’ x — 70 tan x = —49 occur at

x = 0.95 or 4.09.

13. Since 1 + tan® x = sec’ x, the equation

1 . .
= —cos x can be rewritten and factored as

1+ tan’ x
follows:
1 —_
1 + tan®x Teosx
1
5 = —COS X
sec” x
cos’x = —COS X
COS* X + COSX = —COSX + COS X

cos’x + cosx =0
(cosx)(cosx +1)=0
Since (cos x)(cosx + 1) = 0, either cosx = 0 or
cos x + 1 = 0 (or both). The solutions to the
. T 3
equation cos x = 0 occur at x = 5 or . If

cos x + 1 = 0, x can be solved for as follows:

cosx+1=20
cosx+1—-1=0-1
cosx = —1
The solution to the equation cos x = —1 occurs at
x = . Therefore, the solutions to the equation
1 T 3w
T amic = Tcosxoccuraty =2, 0r

Chapter Self-Test, p. 441

1. The identity
1 — 2sin’x X X

e + 2 §IN — COS = = COS X
cos x + sin x 2 2

can be proven as follows:

Advanced Functions Solutions Manual

1 - 2sin’x X x

e + 2 §IN = COS = = COS X
cos x + sin x 2 2

1 - 2sin’x .

e + SIN X = COS X

cosx + sinx

1 — 2sin’x _ . ,

4 sin X — SINX = COSX — SIN X

cosSx + sinx

1 — 2sin’x .
——————— = C0SX — SINn X
COSX + sInx
1 = 2sin’x = (cos x — sin x)

X {cosx + sin x)

(cos x — sinx)

X (cosx + sinx)
cos 2x = cos’ x — sin® x
cos 2x = cOoS 2x

2. Since cos 20 = 1 — 2 sin” #, the equation

Ccos 2x

cos 2x + 2sin’ x — 3 = —2 can be rewritten and
solved as follows:
cos2x + 2sin*x — 3= =2
1 —2sin’x + 2sin*x —3 = -2
-2=-2
Since —2 always equals — 2, the equation
cos 2x + 2sinx — 3 = —2 is an identity and is
true for all real numbers x, where 0 = x = 2.
3. a) The solutions to the equation cos x = 5
curatx = " or 2T
oceur at x = or ==
b) The solutions to the equation tan x = — /3
) 27 5w
oceur at x = == or —-.
¢) The solutions to the equation sin x = —VT/Q oceur
_Sm w
atx = *4— or 1

4. Since the quadratic trigonometric equation

2 . ke
acos®x + bcosx — 1 = 0 has the solutions >

5 . , )
and ?ﬂ the left side of the equation must have
factors of cos x — 3 and cos x + 1. This is because

. r S, .
the cosine of 7 and 2T i1, and the cosine of 7
2

is — 1. For this reason, the quadratic trigonometric
equation can be found as follows:

1y, \
<cosx - §>(cosx +1)=90

cos’ x ]cosx+cos L 0
- = X — ==
2 2
1 1

Tx+ = -==0
COS” X 2cosx 2
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(2)<c052x + %cosx - %) = (2)(0)

2cos’x +cosx — 1 =0
Therefore,a = 2and b = 1.
5. Since the depth of the ocean in metres can be

modelled by the function d{(r) = 4 + 2 sin (%t),
when the depth is 3 metres, 3 = 4 + 2sin (%t)

The equation 3 = 4 + 2 sin (%z) can be solved as

follows:

3=4+ 2sin{ —
51n<6>

3~4:4+23in<%t>—4
a
—1 = 2sin{ =t
Sln<6>
. s
2sm<gt>

___3_

T I T
6 6 6
If gt = Zg, t can be solved for as follows:
T T
e
B -C)IE)
m/\ 6 m/\ 6
=17
If gt = %—W, t can be solved for as follows:
T 1w
6 6
B -GIF)
mT/\ 6 T 6
=11

Therefore, two times when the depth of the water is
3 metres are t = 7 h or 11 h. Also, since the period
of the function d(¢r) = 4 + 2sin (%t) is

2
i (271')(%) = 12 h, the depth of the water is

T
6
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alsoat 3metresatr =7 + 12 = 19 h or at
t=11+12=23h.

6. Nina can find the cosine of %ZT_ by using the

formula cos (x + y) = cos x cos y — sin x sin y.

. . . 77,
The cosine of 7 is — 1, and the cosine of 777 is —2@

. . . Tar .
Also, the sine of 7 is 0, and the sine of ~41 is

5 11 7
— %2, Therefore, cos —471 = cos (71' + —71)

(B) fox )
V2 V2

= - == ——

2 2
7. The equation 3 sin x + 2 = 1.5 can be solved as

follows:
3sinx +2=1.5

3sinx +2-2=15-2
3sinx = —0.5
3sinx 0.5
33
sinx = —0.1667
The solutions to the equation sin x = —0.1667

occur at x = 3.31 or 6.12.

8. Since tan a = 0.75, the leg opposite the angle a
in a right triangle has a length of 3, while the leg
adjacent to angle « has a length of 4. For this
reason, the hypotenuse of the right triangle can be
calculated as follows:

9+ 16 = 72
25 =22
z=15
. adjacent le .
Since cos o = W, cosa = % Also, since
. opposite le . .. .
sin o = h_l;%;tgxﬁf’ sin o = % In addition, since

tan 8 = 2.4, the leg opposite the angle B in a right
triangle has a length of 12, while the leg adjacent to
angle B has a length of 5. For this reason, the
hypotenuse of the right triangle can be calculated as
follows:

122 + 52 =22
144 4+ 25 = 72
169 = 72

z =13

. adjacent le .
Since cos B = SYACME cos B = 3. Also, since

hypotenuse’

. opposite | . 2 .

sin B = OPpOSTE o8 eg, sin B = —. Therefore, since
hypotenuse 13
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sin (@ — b) =sinacosb — cosasinb,
sin {& — B) = sinwcos B — cos a sin 3

GE)-GE) -5

Also, since cos{a + b) = cosacos b — sinasin b,

cos(a + B) = cosacos 3 — sin asin B

0 e
- \5/\13 s/\13/ 65 65 65
9. a) Since sin’ x = 3, and since the angle x is in

the second quadrant, sin x = \/é = —g =32

Since sin x = %, the leg opposite the angle x in a

right triangle has a length of 2, while the
hypotenuse of the right triangle has a length of 3.
For this reason, the other leg of the right triangle
can be calculated as follows:

xI+ (2)F =3
¥ +4=9
¥ +4-4=9-4
=5
(=5
Since cos x = M, and since the angle

hypotenuse

x is in the second quadrant, cos x = \/’ . Since
sin 26 = 2 sin # cos b,

sin 2x = 2 sIn X coS x

2\ V5
-ef3)(-)
4V5
9
b) Since sin’ x = §
second quadrant sinx = \/ \/

sin x = £, the leg opposite the dngle x in a right
triangle has a length of 2, while the hypotenuse of
the right triangle has a length of 3. For this reason,
the other leg of the right triangle can be calculated
as follows:

, and since the dngle x is in the

Smce

x>+ (2 =3
x> +4=9

*+4-4=9-14
x* =5

x=\5

adjacent leg

Since cos x = , and since the angle

hypotenuse

x is in the second quadrant, cos x = \[ . Since
cos 20 = cos’# — sin® 6,

cos 2x = cos’x — sin® x

Advanced Functions Solutions Manuai

l 5

J-C)

1

9

(The foxmulas cos20 = 2cos’# — 1 and

cos 20 = 1 — 2 sin? 6 could also have been used.)

¢) First note that because x is in the second quadrant,

L

ol P

X .o, . .

5 1sin the first quadrant, where the cosine is
positive. Since sin> x = §, and since the angle x is in
the second quadrant, sinx = \/é = l/\/% =2

Since sin x = %, the leg opposite the angle x in a

right triangle has a length of 2, while the hypotenuse
of the right triangle has a length of 3. For this
reason, the other leg of the right triangle can be
calculated as follows:

X2+ (22 =3
*+4=9
X>+4-4=9-4

x*=5

x=\5

adjacent leg

Since cos x = , and since the angle

\[ . Since
cos 260 = 2cos’f — 1, cos 6 = 2 cos? g -1, and

since cos x = —%6, \/S

hypotenuse
x is in the second quadrant, cos x =

= 2 cos? —2‘ — 1. The value

X .
of cosE can now be determined as follows:

Vs

———:200525—1

3 2
Vs

—“+1:20052%—1+1

3
3-V5
Y2 o 0¢
3 2
(3 ‘3\/.') 7 cos %
2 2
cos> = = G-V5)
2 6
2 6

d) Since sin’ x = §, and since the angle x is in
the second quadrant, sin x = \/é = —% =3
Since sin x = £, the leg opposite the angle x in

a right triangle has a length of 2, while the
hypotenuse of the right triangle has a length of 3.
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For this reason, the other leg of the right triangle From the graph, the solutions to the equation

can be calculated as follows: cos x = % occur at x = _227 _7_T, E’ or 571_
2+ (2P =3 3733 3
¥*+4=9 b) The equation 9 — 22 cosx — 1 = 19 can be

xT+4 - i =9-4 solved as follows:

xx:i/g 9 —-22cosx —1=19
Since cosx = adjacent leg and since the angle 8 — 32 002$2xco_s§ = ig -8

hypotenuse’

x is in the second quadrant, cos x = —%5 Since ~22cosx =11
sin 30 = 3 cos’ @sin H — sin’ 6, ~22cosx _ 11
sin 3x = 3 cos” x sin x — sin’ x —22 - iz

(e

From the graph, the solutions to the equation

:(3)<§><Z> - ‘8_ cosx = —Yoccuratx = Jgm 2w Im orﬁ
9/\3 27 3 30 30 30 3
_30 8 22 ¢) The equation 2 + 7.5 cos x = —5.5 can be solved
27 27 27 as follows:
10. a) The equation 2 — 14 cos x = —5 can be 2+ 75cosx = —55
solved as follows: 2+ 75cosx —2=-55-2
2—1d4cosx = =5 75cosx = —7.5
2—1d4cosx —2=-5-2 75cosx  —7.5
—l4cosx = =7 75 75
—1d4cosx -7 cosx = —1
-14  -14 From the graph, the solutions to the equation
1 cosx = —loccuratx = —7 and 7.
cosx = 3
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